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Abstract. We propose in the present work an iterative coupling method for a dimensionally heteregeneous problem.
We consider the 3D linearized hydrostatic Navier–Stokes equations coupled with corresponding 2D linearized shallow
water equations. We first show briefly how to derive the 2D linearized shallow water system from the 3D linearized
hydrostatic Navier–Stokes system. Then we propose and study a Schwarz-like algorithm to couple the two systems
and we prove under some assumptions that the convergence of this Schwarz algorithm is equivalent to the convergence
of the classical domain decomposition algorithm of shallow water equations. Finally, we give some theoretical results
related to the control of the difference between a global 3D reference solution and the 3D part of the coupled solution.
These results are illustrated numerically.
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Navier–Stokes equations, shallow water equations.

1. Introduction

Modeling complex phenomena, such as some hydrodynamical ones, may require the use of several
mathematical and numerical models rather than using a single system of equations. One can for
example replace locally the most general (often complex) model, such as the 3D Navier–Stokes system,
with simpler models when physics allows it. The simpler models could in particular work in lower
dimensions than the dimension of the most general model. For example, the 2D shallow water equations
can locally replace the 3D Navier–Stokes system, as they are derived from this set of equations by
vertical integration under the assumption of a small domain aspect ratio. One has thus to deal with a
dimensionally heterogeneous coupling problem. Such a coupling between a mD model and a nD model
where n > m may limit the need for heavy computations and lead to efficient results. In the context of
hydrodynamics, such coupled problems were studied in many works and used in several situations. For
example, to model blood flows in compliant vessels, Formaggia et al. proposed in [10] to couple the 1D
and the 3D Navier–Stokes equations. Miglio et al. [22], Marin and Monnier [20], Finaud-Guyot et al. [9]
and Malleron et al. [19] have coupled the 1D and 2D shallow water equations in the context of river
flows. Leiva et al. [17] also used dimensionally heteregeneous models in the context of fluid mechanics.
In [29], we investigated such a dimensionally heterogeneous coupling problem on the academic case
of a 2D Laplace equation with non-symmetric boundary conditions coupled with a corresponding
1D Laplace equation obtained by vertical integration of the 2D equation. To tackle this problem,
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we proposed and analysed an efficient Schwarz-like algorithm (Schwarz methods will be described in
Section 3). Similar test cases were addressed by Blanco et al. in [4] and by Panasenko [24] but with
different coupling methodologies (variational approach in [4] and asymptotic partial decomposition of
domain in [24]). The main difference between the approaches presented in [4] and [24] and those of [29]
is the choice of the coupling method. Note that other types of complex coupled problems arise in other
contexts, which are out of the scope of the present paper, like multiscale modeling (e.g. micro-macro
approaches in [15]) or coupling between a continuous model and a discrete model (e.g. for rarefied
gases in [25]).

In [29] the use of a Schwarz-like method was motivated by the need of a non-intrusive computational
approach. Indeed the Schwarz algorithms, developed initially in the context of domain decomposition,
do not require changes in the models, but only some exchange of information through boundary con-
ditions. Different strategies can thus be used for space discretization in each subdomain. Besides, the
choice of different time steps is also possible, by using the so-called Schwarz global-in-time or waveform
relaxation algorithms [11, 12, 13]. However, due to their iterative nature, these Schwarz algorithms
may generate huge computations. It is therefore useful to optimize the interface conditions in order to
accelerate the convergence. From a theoretical point of view, the so-called perfectly transparent or per-
fectly absorbing boundary conditions allow an exact convergence in only two iterations. Nevertheless,
they are generally non-local in space and/or time, which represents a major obstacle to their direct
use, and leads to the quest for local approximations. The situation is even further complicated for
dimensionally heterogeneous coupled problems by the addition of extension and restriction operators.

In the context of river flow modeling, one can consider 2D (or even 1D) shallow water equations in
many parts of rivers, and 3D Navier–Stokes equations where 3D effects cannot be neglected. Numerical
experiments were already performed for such configurations, e.g. in [7] and [23], with efficient perfor-
mances. Nevertheless, theoretical analysis is still lacking. As an intermediate step in this direction,
and in the continuity of [6] and [29], the objective of the present work is to design and analyse such
an algorithm for the corresponding linearized systems. We prove that under some assumptions the
convergence of the coupling algorithm is equivalent to the convergence of the Schwarz waveform re-
laxation algorithm for linear viscous shallow water equations designed and studied in [6]. Furthermore
we provide a control bound of the modeling error due the reduction of dimension as a function of the
coupling interfaces positions.

This paper is organized as follows: in Section 2 we introduce the 3D linearized hydrostatic Navier–
Stokes equations and we briefly show how to derive the 2D linearized shallow water equations. We
then define the coupling problem. In Section 3 we define the Schwarz waveform relaxation algorithm
and we prove that the convergence of this algorithm is equivalent to the convergence of the classic
domain decomposition algorithm for the shallow water system if the bottom friction is neglected.
Then we briefly study the well-posedness of the algorithm with Robin-like interface conditions. In
Section 4, we prove a theoretical result related to the control of the difference between the 3D part of
the coupled solution and the global 3D solution. Finally, Section 5 presents numerical illustrations of
the convergence of the classic domain decomposition method for the linearized shallow water system
with viscosity, and of the convergence of the coupling algorithm. It also illustrates the influence of the
interface position on the coupled solution.

2. Coupled models

In order to derive an efficient coupling algorithm between the 3D hydrostatic Navier–Stokes equations
and the 2D shallow water system, we first write the linearized approximation of the 3D hydrostatic
Navier–Stokes equations and derive the corresponding 2D linearized shallow water system.
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2.1. Hydrostatic Navier–Stokes equations

We consider the hydrostatic Navier–Stokes equations:
∂tUh + U.∇hUh − µ∆Uh + 1

ρ
∇hp = 0

divh Uh + ∂zW = 0

∂zp = −ρg

(2.1)

in the domain (x, y, z, t) ∈ Ωt × (0, T ) = ω × [−H, ζ(x, y, t)] × (0, T ), where ω is an open domain of R2,
T denotes the length of the considered time period (0 < T < +∞), ζ(x, y, t) denotes the free surface
height, and the depth H is constant (flat bottom). The unknowns are the velocity U = (Uh, W ) =
(U, V, W ) and the pressure p. The density ρ and the kinematic viscosity µ are assumed constant.

This set of equations is derived from the incompressible Navier–Stokes equations by introducing
the small aspect ratio ε = H

L , where L is the horizontal characteristic length, and considering the
hydrostatic approximation which consists in fixing ε = 0 in the equation for W in the nondimensional
system [18].

These equations are supplemented with initial and boundary conditions. At the bottom of the
domain (ΓB = {z = −H}), we impose a non-penetration condition and a frictionless condition:

W (x, y, −H, t) = 0 (2.2)

and
µ ∂zUh|z=−H = 0 (2.3)

At the free surface ΓT = {z = ζ(x, y, t)}, we impose a kinematic boundary condition and the balance
of the stresses:

∂tζ + Uh|z=ζ .∇hζ − W|z=ζ = 0 (2.4)
and

σ.n = 0 (2.5)
where n is the outward normal vector to the free surface and σ = −pI+µ

(
∇U + ∇Ut

)
is the constraint

tensor. We neglect here the atmospheric pressure.
At the lateral boundaries, we impose Dirichlet boundary conditions:

Uh = Ud on ∂Ωt \ (ΓB ∪ ΓT ) × (0, T ) and ζ = ζd on ∂ω × (0, T )

and in the case of an unbounded domain ω, we impose homogeneous Dirichlet boundary conditions
when ∥(x, y)∥ → ∞.

Finally, initial conditions are provided:

Uh( · , 0) = Uini
h in Ω0 and ζ( · , 0) = ζini in ω

Remark 2.1. In the case of the ocean, the set of hydrostatic equations is supplemented with equations
for temperature, salinity and density, and a Coriolis term is also added, leading to the so-called
“primitive equations” (e.g. [18]).

2.2. Linearized hydrostatic Navier–Stokes equations

The hydrostatic Navier–Stokes system can be transformed into an equivalent form, as in [3] or in [8].
Using the continuity equation and the non-penetration condition, the vertical velocity W can be
written as a function of the horizontal velocity Uh and, as shown in [8], one can prove by using the
Leibniz rule that the kinematic condition (2.4) is equivalent to a free surface equation. One can then
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write the pressure p as a function of the free surface ζ using the hydrostatic condition, and the set of
equations becomes: 

∂tUh + U.∇Uh − µ∆Uh + g∇hζ = 0 in Ωt × (0, T )

divh Uh + ∂zW = 0 in Ωt × (0, T )

∂tζ + divh

(∫ ζ

−H
Uh dz

)
= 0 in ω × (0, T )

(2.6)

In order to set up a Schwarz algorithm and to prove its convergence, we now linearize the problem
around a constant velocity (U0, w0) = (u0, v0, 0) and the reference value ζ0 = 0 of the free surface.
Such a linearization is a usual tool to get theoretical results for non linear equations. Such results are
helpful for actual applications since the reference state used for the linearization can be updated all
along the model trajectory. The linearized system reads (see [3] for more details):

∂tUG
h + U0.∇hUG

h − µ∆UG
h + g∇hζ = 0 in Ω × (0, T ) = ω × [−H, 0] × (0, T )

∂tζ + H divh(UG
h ) + U0.∇hζ = 0 in ω × (0, T )

µ ∂zUG
h = 0 at z = 0

µ∂zUG
h = 0 at z = −H

UG
h = Ud on ∂Ω \ (ΓB ∪ ΓT ) × (0, T )
ζ = ζd on ∂ω × (0, T )

UG
h ( · , 0) = Uini

h in Ω
ζ( · , 0) = ζini in ω

(2.7)

where the superscript G refers to what we will call the global reference solution, i.e. the solution of the
linearized hydrostatic Navier–Stokes equations throughout the whole domain Ω. The overbar denotes
the averaging operator in the vertical direction, defined by:

f = 1
H

∫ 0

−H
f(z) dz

The vertical velocity W G can be obtained from:{
divh UG

h + ∂zW G = 0 in Ω × (0, T )
W G(x, y, −H, t) = 0

(2.8)

In the sequel, similarly to the approach taken in [29], we want to take advantage of the shallowness
of Ω to derive a relevant simplified model that can locally replace the global model (2.7). We then
introduce the following definition:

Definition 2.2. Let Ω2D be the subset of Ω in which 3D effects may be neglected, and Ω3D = Ω\Ω2D

the subset of Ω in which 3D effects cannot be neglected.

Remark 2.3. As indicated in [29], the definition of Ω3D depends of course on several features, such
as the domain aspect ratio, the considered system of equations, forcing terms (including boundary
conditions), initial condition, etc.

We also assume that there exists L1 such that Ω2D = Ω ∩ {x < L1} and Ω3D = Ω ∩ {x > L1}.
Thus, the interface Γ between the two subdomains Ω2D and Ω3D is located at x = L1. For the
sake of simplicity, we suppose that L1 is independent of time. We will now replace the 3D linearized
hydrostatic Navier–Stokes equations in Ω2D by 2D linearized shallow water equations, and study the
resulting coupled 2D/3D problem (see Figure 2.1).
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x = L1

Ω3D

(x, y)

z

Ω2D

Ω Γ

−H

0

Ω3Dω2D

Γ

x = L1

Ω3D

(x, y)

z

Ω2D

Ω Γ

−H

0

Ω3Dω2D

Γ

Figure 2.1. Left panel: 3D reference domain Ω. Right panel: coupled configuration,
where the right part of Ω (x < L1) is replaced by the subdomain Ω2D, where simplified
2D shallow water equations will be solved instead of the 3D equations.

2.3. Linearized Shallow Water equations

The linearized shallow water system is obtained by averaging system (2.7). Due to the frictionless
condition at the bottom, we do not need to make any other approximation as in [14]. With U a
characteristic scale for the horizontal velocity and assuming now that the horizontal characteristic
length L is equal to L1, we can introduce the following dimensionless variables and numbers:

(x, y) = L1(x̃, ỹ), z = Hz̃, t = L1
U

t̃, Uh = UŨh, ζ = Hζ̃

and

ν = 1
Re

= µ

L1U
, Fr = U√

gH

Therefore we have the following result:

Lemma 2.4. The linearized shallow water system{
∂tζ + H divh(u) + U0.∇hζ = 0

∂tu + (U0.∇h)u − µ∆hu + g∇hζ = 0
(2.9)

results from an approximation in O(ε2) of the linearized hydrostatic Navier–Stokes equations in Ω2D

where ε = H
L1

. Moreover:

UG
h (x, y, z, t) = u(x, y, t) + O(ε2) for all (x, y, z, t) ∈ Ω2D × (0, T ) (2.10)

Proof. The proof being quite similar to the one given in [14], we only give here the outline and refer
to [14] for more details. First, by rescaling the system (2.7), we obtain (we omit the ˜ for the sake of
clarity):

∂tUG
h + U0.∇hUG

h − ν∆hUG
h − ν

ε2 ∂2
z UG

h + 1
Fr2 ∇hζ = 0 in ω2D × [−1, 0] × (0, T )

∂tζ + divh(Uh) + U0.∇hζ = 0 in ω2D × (0, T )
ν∂zUG

h = 0 at z = 0
ν∂zUG

h = 0 at z = −1
UG

h ( · , 0) = Uini in ω2D × [−1, 0]
ζ( · , 0) = ζini in ω2D

(2.11)

Let suppose as in [14] that ν = εν0. Thus, we deduce from the momentum equation and from the
boundary condition at the bottom that ∂zUG

h = O(ε). Then integrating between −1 and z, the
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following first order relation holds:
UG

h (x, y, z, t) = UG
h (x, y, −1, t) + O(ε) (2.12)

= UG
h (x, y, t) + O(ε) (2.13)

Now, averaging the momentum equation in (2.11) between −1 and 0 yields:

∂tU
G
h + (U0.∇h)UG

h + 1
Fr2 ∇hζ = ν∆hUG

h (2.14)

By keeping just the first order terms on ε in (2.14), we obtain:

∂tU
G
h + (U0.∇h)UG

h + 1
Fr2 ∇hζ = O(ε) (2.15)

The first equations of (2.11), (2.12) and (2.15) give:
ν0
ε

∂2
z UG

h = ∂tUG
h + U0.∇UG

h − ν∆hUG
h + 1

Fr2 ∇hζ

= ∂tU
G
h + U0.∇UG

h + 1
Fr2 ∇hζ + O(ε)

= O(ε)
By integrating between z and 0 we obtain:

∂zUG
h = O(ε2)

Then, by integrating this time between −1 and z, we have:
UG

h = UG
h |z=−1 + O(ε2) (2.16)

Thus we deduce the second order relation:
UG

h = UG
h |z=−1 + O(ε2) (2.17)

Hence the final result, after a back transformation into dimensional variables.

Remark 2.5. If we consider an additional bottom friction term, the boundary condition (2.3) becomes:

−µ ∂zU + κUh = 0 at z = −H (2.18)

By introducing the dimensionless variable K = κ
U = K0ε and assuming as in [14] that K0 = 0(1) (a

small friction) then the term κ
1+ κH

3µ

u must be added into the left-hand side of the second equation of
system (2.9).

Moreover, the second order relation (2.10) becomes UG
h (x, y, z, t) = u(x, y, t)(α+β(z2−H2))+O(ε2)

where α and β are constants. More details about how to derive the shallow water equations when a
small friction is considered on the bottom can be found in [14]. Now, if we suppose that K0 = O(ε),
then we still have the shallow water system (2.9) and the second order relation (2.10).

2.4. The coupling problem

Once a criterion has been defined to quantify 3D effects, we have seen that Ω2D and Ω3D are supposed
to be separated by an interface x = L1. However, in practice, we do not know its exact location. On
the other hand, we generally know a value L2 such that we are sure that the 3D effects are significant
for x > L2. So, in practice, we will choose a value L0 < L2 and place our interface at x = L0 (but
with no full guarantee that L0 will indeed be smaller than the optimal value L1).

For the sake of simplicity we suppose here that L0 = 0. Thus we consider the linearized shallow
water system in Ω− = ω−×[−H, 0], where ω− = ω∩{x < 0}, and we keep the 3D linearized hydrostatic
Navier–Stokes equations in Ω+ = ω+ × [−H, 0], where ω+ = ω ∩{x > 0}. We denote by Γ the common
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2D interface between these two non-overlapping subdomains Ω− and Ω+: Γ = {x = 0}. We also denote
by γ the 1D interface between ω− and ω+.

We then consider the two following systems:

∂tu + (U0.∇h)u + g∇hζ − µ∆hu = 0 in ω− × (0, T )
∂tζ + H divh(u) + U0.∇hζ− = 0 in ω− × (0, T )

(u, ζ−) =
(
Ud

−, ζd
−

)
on ∂ω−

out × (0, T )

u( · , 0) = Uini
− in ω−

and ζ−( · , 0) = ζini
− in ω−

(2.19a)
(2.19b)

(2.19c)

(2.19d)

and 

∂tUh + (U0.∇h)Uh − µ∆Uh + g∇hζ+ = 0 in Ω+ × (0, T )
∂tζ+ + H divh(Uh) + U0.∇hζ+ = 0 in ω+ × (0, T )

µ∂zUh = 0 at z = 0
µ∂zUh = 0 at z = −H

Uh = Ud
+ in (∂Ω+

out \ ΓB ∪ ΓT ) × (0, T )
ζ+ = ζd

+ in ∂ω+
out × (0, T )

Uh( · , 0) = Uini
+ in Ω+

and ζ+( · , 0) = ζini
+ in ω+

(2.20a)
(2.20b)
(2.20c)
(2.20d)
(2.20e)
(2.20f)

(2.20g)

where the boundaries ∂ω−
out and ∂Ω+

out are respectively ∂ω− \ γ and ∂Ω+ \ Γ. These two systems are
to be coupled through the interfaces γ and Γ = γ × [−H, 0] by defining interface conditions under the
form:

B−(u, ζ−) = B−(R(Uh), ζ+) on γ × (0, T ) (2.21)
B+(Uh, ζ+) = B+(E(u), ζ−) on Γ × (0, T ) (2.22)

Operators R and E are respectively a restriction (or projection) on γ and an extension on Γ to be
defined, and the boundary operators B− and B+ are to be determined.

In order to set up an efficient Schwarz coupling algorithm in the next section, we first need to define
the coupling notion by itself, that is, defining the quantities or values to be exchanged between the
two models through the coupling interfaces. Let us first define the natural transmission conditions of
system (2.7):

Lemma 2.6. The natural transmission condition of system (2.7) through the interface Γ, obtained by
a simple variational formulation, is the continuity of:(

µ∂xUG
h − u0UG

h − g

(
ζ
0

)
, u0ζ + HU

G
h

)
(2.23)

Proof. The proof is quite similar to the one given in [6], so we refer to this work for more details.

As a consequence in our case, a natural formulation of the coupled problem is the following:
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Definition 2.7. The coupled problem is defined by systems (2.19) and (2.20), with the following
interface conditions on γ:

µ∂xu − u0u − g

(
ζ−
0

)
= µ∂xUh − u0Uh − g

(
ζ+
0

)
(2.24)

u0ζ− + H u = u0ζ+ + H Uh (2.25)

3. Schwarz multidimensional coupling algorithm

Several approaches can be used to couple different models: variational, algebraic or domain decomposi-
tion methods. We choose here a Schwarz domain decomposition approach, which has several practical
advantages (simplicity for set-up, few changes in the numerical codes), see e.g. [12] for a general in-
troduction to these methods. The Schwarz domain decomposition methods have been generalized to
the case of heterogeneous spatial dimension coupling in [29].

3.1. Schwarz coupling algorithm

After having defined the coupling notion, we now set up a Schwarz coupling algorithm and solve it.
We propose the following algorithm:

Algorithm 1. Schwarz multidimensional algorithm

Initialization : for U0
h and ζ0

+ given
At each iteration k (k ≥ 0), solve :

LLSW

(
uk+1, ζk+1

−

)
= 0 in (ω− × (0, T ))2

Bout
−

(
uk+1, ζk+1

−

)
= G

out
− on (∂ω−

out × (0, T ))2

B−
(
uk+1, ζk+1

−

)
= B−

(
R(Uk

h), ζk
+

)
on (γ × (0, T ))2

uk+1( · , 0) = Uini
− in ω−

ζk+1
− ( · , 0) = ζini

− in ω−

then solve:

LLHNS
(
Uk+1

h , ζk+1
+

)
= 0 in

(
Ω+ × (0, T )

)
×
(
ω+ × (0, T )

)
Bout

+

(
Uk+1

h , ζk+1
+

)
= Gout

+ on (∂Ω+
out × (0, T )) × (∂ω+

out × (0, T ))
B+
(
Uk+1

h , ζk+1
+

)
= B+

(
E(uk+1), ζk+1

−

)
on (Γ × (0, T )) × (γ × (0, T ))

Uk+1
h ( · , 0) = Uini

+ in Ω+

ζk+1
+ ( · , 0) = ζini

+ in ω+

The operator LLSW denotes the set of equations (2.19a) and (2.19b) and the operator LLHNS denotes
the set of equations (2.20a) and (2.20b). The exterior boundaries are ∂ω−

out = ∂ω− \γ, ∂Ω+
out = ∂Ω+ \Γ

and the operators Bout
− et Bout

+ denote the exterior boundary conditions. The operators G
out
− and Gout

+
take the values 0 or (Ud

−, ζd
−) and (Ud

+, ζd
+) depending on if we have Neumann or Dirichlet conditions.

The operators B− and B+ will be determined such that the algorithm converges and the natural
transmission conditions (2.24) and (2.25) are satisfied. Their choice is crucial in order to set up an
efficient coupling algorithm with optimal convergence.
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As in [4] and [29] we can define the restriction and extension operators R and E by:

R : Λ3D × (0, T ) −→ Λ2D × (0, T ) and E : Λ2D × (0, T ) −→ Λ3D × (0, T )
(U)|Γ×(0,T ) 7−→ (RU)|γ×(0,T ) (u)|γ×(0,T ) 7−→ (Eu)|Γ×(0,T )

where Λ2D and Λ3D denote the trace spaces on the interface γ for the 2D spatial functions and on
Γ for the 3D spatial functions. In view of the derivation of the linearized shallow water system from
linearized Navier–Stokes equations, we define the restriction operator R as the vertical average:

R : Λ3D × (0, T ) −→ Λ2D × (0, T )

(Uh)|Γ×(0,T ) 7−→ 1
H

∫ 0

−H
(Uh)|Γ×(0,T ) dz

that is R(Uh)(0, y, t) = 1
H

∫ 0
−H Uh(0, y, z, t) dz.

Now, in view of the second order relations (2.16) and (2.17), we may define the extension operator
E by:

E : Λ2D × (0, T ) −→ Λ3D × (0, T )
(u)|γ×(0,T ) 7−→ (u)|Γ×(0,T )

that is E(u)(0, y, z, t) = u(0, y, t). In other words, as we assumed a frictionless condition at the bottom,
the quantities coming from the 2D model are extended uniformly along the vertical axis through the
interface Γ. Note that this could be no longer true if there is an additional bottom friction term.
In fact, depending on the amplitude of the friction coefficient, the distribution through the interface
could be parabolic, see [14].

Remark 3.1. Note that the time interval (0, T ), if long, can be divided into several successive time
windows over each of which the algorithm is applied.

3.2. Rewriting the Schwarz algorithm

In this section we study the convergence of the Schwarz Algorithm 1. But in order to simplify the
theoretical study of the coupling algorithm, we first rewrite it by decomposing the 3D velocity into
vertical modes, which implies to find the spectrum of the operator −∂2

z in [−H, 0] with homogeneous
Neumann boundary conditions (see [5, 26, 27]).

Then we look for Uh under the form:

Uh(x, y, z, t) =
∞∑

n=0
Un

h(x, y, t)wn(z) = Uh(x, y, t) +
∞∑

n=1
Un

h(x, y, t)wn(z)

where wn(z) = αn cos
(

nπz
H

)
with α0 = 1 and αn =

√
2 (n > 0) and Uh(x, y, t) = 1

H

∫ 0
−H Uh(x, y, z, t)dz

(the index n denotes here the rank of the vertical mode, not to be confused with Schwarz iteration
index k). Note that, in the present case where the density is constant, the expansion corresponds to
a simple Fourier series expansion, which ensures pointwise convergence or at least almost everywhere
as soon as Uh is regular enough with respect to z.

By injecting this decomposition into (2.20), then multiplying by wn and integrating between −H
and 0, we obtain (using the fact that (wn)n≥0 is an orthonormal basis):

9
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• For n = 0, the first vertical mode (also called barotropic mode) U0
h = Uh coupled with the

free surface is solution of the 2D linearized shallow water system in ω+:

∂tUh + (U0.∇h)Uh + g∇hζ − µ∆hUh = 0 in ω+ × (0, T )
∂tζ + H divh(Uh) + U0.∇hζ = 0 in ω+ × (0, T )(

Uh, ζ
)

=
(
Ud

+, ζd
+

)
on (∂ω+

out × (0, T ))2(
Uh( · , 0), ζ( · , 0)

)
=
(
Uini

+ , ζini
+

)
in (ω+)2

(3.1)

• For n ≥ 1 (baroclinic modes) :

∂tUn
h + (U0.∇h)Un

h − µ∆hUn
h + µ(nπ)2

H2 Un
h = 0 in ω+ × (0, T ) (3.2)

The sum of the baroclinic modes Ub = Uh − Uh is solution of the system:
∂Ub

∂t
+ (U0.∇h)Ub − µ∆Ub = 0 in Ω+ × (0, T )

Bout
+ (Ub) = Gout

+ − G
out
+ on ∂Ω+

out × (0, T )

Ub( · , 0) = Uini
+ − Uini

+ in Ω+

(3.3)

We can then rewrite the Schwarz Algorithm 1 as follows:

Algorithm 2. Schwarz multidimensional coupling algorithm - Version 2

Initialization : U0
h and ζ0

+ given
At each iteration k (k ≥ 0), solve:

LLSW

(
uk+1, ζk+1

−

)
= 0 in (ω− × (0, T ))2

Bout
−

(
uk+1, ζk+1

−

)
= G

out
− on (∂ω−

out × (0, T ))2

B−
(
uk+1, ζk+1

−

)
= B−

(
Uk

h, ζk
+

)
on (γ × (0, T ))2

uk+1( · , 0) = Uini
− in ω−

ζk+1
− ( · , 0) = ζini

− in ω−

then solve 

LLSW

(
Uk+1

h , ζk+1
+

)
= 0 in

(
ω+ × (0, T )

)2
Bout

+

(
Uk+1

h , ζk+1
+

)
= G

out
+ on (∂ω+

out × (0, T ))2

B0
+

(
Uk+1

h , ζk+1
+

)
= B0

+

(
uk+1, ζk+1

−

)
on (γ × (0, T ))2

Uk+1
h ( · , 0) = Uini

+ in ω+

ζk+1
+ ( · , 0) = ζini

+ in ω+

and 

LCD

(
(Ub)k+1

)
= 0 in Ω+ × (0, T )

Bout
+

(
(Ub)k+1

)
= Gout

+ − G
out
+ on ∂Ω+

out × (0, T )
B′

+

(
(Ub)k+1

)
= 0 on Γ × (0, T )

(Ub)k+1( · , 0) = Uini
+ − Uini

+ in Ω+

where B0
+ denotes the restriction of the operator B+ for 2D spatial functions, B′

+ is obtained from
B+ by vanishing all terms containing ζ+, and LCD denotes the convection-diffusion operator ∂t +
(U0.∇h) − µ∆.
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Due to this new form of the algorithm, we have then the following convergence result as a direct
consequence of the Algorithm 2:

Lemma 3.2. The coupling Algorithm 1 converges if and only if the classic domain decomposition
algorithm of the linearized shallow water system defined by: U0

h and ζ0
+ given

LLSW

(
uk+1

− , ζk+1
−

)
= 0 in (ω− × (0, T ))2

Bout
−

(
uk+1

− , ζk+1
−

)
= G

out
− on (∂ω−

out × (0, T ))2

B−
(
uk+1

− , ζk+1
−

)
= B−

(
Uk

h, ζk
+

)
on (γ × (0, T ))2(

uk+1
− , ζk+1

−

)
( · , 0) =

(
Uini

− , ζini
−

)
in ω−

(3.4)

then 

LLSW

(
Uk+1

h , ζk+1
+

)
= 0 in (ω+ × (0, T ))2

Bout
+

(
Uk+1

h , ζk+1
+

)
= G

out
+ on (∂ω+

out × (0, T ))2

B0
+

(
Uk+1

h , ζk+1
+

)
= B0

+

(
uk+1

− , ζk+1
−

)
on (γ × (0, T ))2(

Uk+1
h , ζk+1

+

)
( · , 0) =

(
Uini

+ , ζini
+

)
in ω+

(3.5)

converges, and the baroclinic velocity Ub = Uh − Uh is solution of the system:

∂Ub

∂t
+ (U0.∇h)Ub − µ∆Ub = 0 in Ω+ × (0, T )

Bout
+ (Ub) = Gout

+ − G
out
+ in ∂Ω+

out × (0, T )
B′

+(Ub) = 0 on Γ × (0, T )
Ub( · , 0) = Uini

+ − Uini
+ in Ω+

Remark 3.3. Note that this result is no longer true if there is an additional bottom friction term,
since the vertical modes of the operator −∂2

z cannot be decoupled in this case, see [3].

3.3. Study of the coupling algorithm with “Robin boundary” conditions

We investigated in [6] the convergence of the domain decomposition algorithm for the linearized shallow
water system. We first studied the approximation of the optimal transmission conditions by assuming
a large Reynolds number and a small ratio aspect ε, as in Section 2.3. Unfortunately we were not
able to find a useful approximation of these operators. Therefore we studied the domain decomposi-
tion algorithm with “Robin” boundary conditions. More precisely we studied the convergence of the
algorithm with the following boundary conditions (for u0 > 0):

B−(u, ζ) =

 µ
∂u

∂x
− gζ + (λ − u0)

2 u

µ
∂v

∂x
+ (λ − u0)

2 v

 (3.6)

and

B0
+(u, ζ) =


−µ

∂u

∂x
+ gζ + (λ + u0)

2 u

−µ
∂v

∂x
+ (λ + u0)

2 v

u0ζ

 (3.7)

where λ is an artificially introduced positive constant whose value will be optimized to accelerate the
convergence of the algorithm, while still guaranteeing that coupling conditions (2.24)-(2.25) will be
satisfied by the converged coupled solution.
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We can extend the operator B+ defined by (3.7) in the case of 3D spatial functions:

B+(Uh, ζ) =


−µ

∂U

∂x
+ gζ + (λ + u0)

2 U

−µ
∂V

∂x
+ (λ + u0)

2 V

u0ζ

 (3.8)

and redefine the Schwarz Algorithm 2 with the operators (3.6) and (3.8).

Proposition 3.4. The coupling algorithms 1 and 2 defined with the operators (3.6), (3.7) and (3.8) are
well-posed. The sequences (uk+1, ζk+1

− ) and (Uk+1
h , ζk+1

+ ) defined by the algorithms 1 and 2 converge
to (u|ω− , ζ|ω−) and (Uλ

h, ζλ
+) respectively in(

C(0, T ; L2(ω−,R2) ∩ L2(0, T ; H1(ω−,R2))
)

×
(
L2(ω− × (0, T )) ∩ C(0, T ; L2(ω−))

)
and (

C(0, T ; L2(Ω+,R2) ∩ L2(0, T ; H1(Ω+,R2))
)

×
(
L2(ω+ × (0, T )) ∩ C(0, T ; L2(ω+))

)
,

where u|ω− et ζ|ω− denote the restriction in ω− of (u, ζ) solution of the linearized shallow water system
throughout the domain ω. The sequence of barotropic velocities (Uk+1

h )k≥0 and the sequence (ζk+1
+ )k≥0

converge repectively to u|ω+ and ζ|ω+. At convergence, the natural constraints (2.24) and (2.25) are
satisfied.

Proof. The convergence of the coupling algorithm results from Lemma 3.2.
The proof of the well-posedness of the two systems in Algorithms 1 and 2 is quite similar to the one
given in [3] and [6]. We will only give here its outline.
For U0

h and ζ0
+ given and for all k ≥ 0, the proof of the well-posedness of the coupling Algorithm 1

is equivalent to the proof of the well-posedness of the following systems with the prescribed Dirichlet
boundary conditions Ud

−, ζd
−, Ud

+ and ζd
+ respectively on ∂ω−

out × (0, T ), ∂ω−
out × (0, T ), (∂Ω+

out \ ΓB ∪
ΓT ) × (0, T ) and ∂ω+

out × (0, T ):

• In the domain ω−, we solve the parabolic system:
∂tuk+1 + (U0.∇h)uk+1 − µ∆huk+1 = −g∇hζk+1

− in ω− × (0, T )

B−(uk+1, ζk+1
− ) = B−(Uk

h, ζk
+) on γ × (0, T )

uk+1( · , 0) = Uini
− in ω−

(3.9a)

(3.9b)

(3.9c)
and the transport equation:∂tζ

k+1
− + U0.∇hζk+1

− = −H divh(uk+1) in ω− × (0, T )
ζk+1

− ( · , 0) = ζini
− in ω−

(3.10a)
(3.10b)

We do not consider here a boundary condition at x = L0 = 0 for the transport equation as we
assumed u0 > 0.

• In the domain Ω+, we solve the parabolic system:

∂tUk+1
h + (U0.∇h)Uk+1

h − µ∆hUk+1
h = −g∇hζk+1

+ in Ω+ × (0, T )
µ∂zUk+1

h = 0 at z = 0
µ∂zUk+1

h = 0 at z = −H

Bu
+(Uk+1

h , ζk+1
+ ) = Bu

+(uk+1, ζk+1
− ) on Γ × (0, T )

Uk+1
h ( · , 0) = Uini

+ in Ω+

(3.11a)
(3.11b)
(3.11c)
(3.11d)
(3.11e)

12



NS-SW Schwarz coupling algorithm

and the transport equation:
∂tζ

k+1
+ + U0.∇hζk+1

+ = −H divh(Uk+1
h ) in ω+ × (0, T )

Bζ
+

(
Uk+1

h , ζk+1
+

)
= Bζ

+

(
uk+1, ζk+1

−

)
on γ × (0, T )

ζk+1
+ ( · , 0) = ζini

+ in ω+

(3.12a)

(3.12b)

(3.12c)

where the operator B+ is split as B+ = (Bu
+, Bζ

+)T with

Bu
+(u, ζ) = −µ

∂u
∂x

+ g

(
ζ
0

)
+ (λ + u0)

2 u and Bζ
+(u, ζ) = u0ζ

Then we prove in each subdomain the well-posedness of the parabolic system with a prescribed water
height and the transport equation with a prescribed velocity. Finally one can use the fixed point
theorem to conclude that the Schwarz algorithm is well-posed (see [3] and [6] for further details).

4. Modeling error

Unlike the usual case of domain decomposition, at convergence of the Schwarz algorithm, we do not
have Uλ

h the limit of (Uk
h) equal to UG

h|Ω+ , where UG
h is the solution of system (2.7).

Due to the way the coupling algorithm is rewritten, the error is obviously contained in the baroclinic
velocity. We will thus investigate, as in [29], the amplitude of the modeling error between the baroclinic
velocity Uλ

b of the coupled solution and the baroclinic velocity UG
b = UG

h − UG
h of the global reference

solution. As in [29], the choice of Robin-like operators allows its control. Actually we have the following
result:

Theorem 4.1. For every λ > 0, let Uλ
b denote the sum of the baroclinic modes of the coupled solution.

If L0 < L1, then there exists M = M(λ) such that

∥UG
h − UG

h − Uλ
b ∥L2((0,T );H1(Ω+) + ∥UG

h − UG
h − Uλ

b ∥C([0,T ];L2(Ω+) ≤ M(λ)ε
√

1 + δ2 (4.1)

where δ = L1
L1−L0

Proof. Let us introduce in the sequel the function Eλ
+ defined by Eλ

+ = UG
h − UG

h − Uλ
b . Therefore

Eλ
+ is solution of the system:

∂Eλ
+

∂t
+ (U0.∇h)Eλ

+ − µ∆Eλ
+ = 0 in Ω+ × (0, T )

Bout
+

(
Eλ

+

)
= 0 in ∂Ω+

out × (0, T )
B′

+

(
Eλ

+

)
= B′

+(UG
h − UG

h ) on Γ × (0, T )
(E)λ

+( · , 0) = 0 in Ω+

(4.2)

where U0 = (u0, v0) with u0 > 0 and the interface operator B′
+ is defined by:

B′
+(U) =

 −µ
∂U

∂x
+ (λ + u0)

2 U

−µ
∂V

∂x
+ (λ + u0)

2 V


where U = (U, V ). Multiplying (4.2) by Eλ

+ and integrating over Ω+ leads to:∫
Ω+

∂Eλ
+

∂t
.Eλ

+ +
∫

Ω+
(U0.∇h)Eλ

+.Eλ
+ − µ

∫
Ω+

∆Eλ
+.Eλ

+ = 0 (4.3)
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Integrating by parts and using the following relation:

−µ

∫
Ω+

∆Eλ
+.Eλ

+ = µ

∫
Ω+

∇hEλ
+ : ∇hEλ

+ + µ

∫
Ω+

∂Eλ
+

∂z
.
∂Eλ

+
∂z

− µ

∫
Γ

∂Eλ
+

∂n+ .Eλ
+

where n+ = (n+
1 , n+

2 , n+
3 )T denotes the unit outward vector normal to Ω+, equation (4.3) then becomes:

1
2

d
dt

∥∥∥Eλ
+

∥∥∥2

Ω+
+
∫

Ω+
(U0.∇h)Eλ

+.Eλ
+ + µ

∥∥∥∇hEλ
+

∥∥∥2

Ω+
+ µ

∥∥∥∥∥∂Eλ
+

∂z

∥∥∥∥∥
2

Ω+

− µ

∫
Γ

∂Eλ
+

∂n+ .Eλ
+ = 0

Now, one has:∫
Ω+

(U0.∇h)Eλ
+.Eλ

+ = −
∫

Ω+
(U0.∇h)Eλ

+.Eλ
+ +

∫
Γ

u0Eλ
+.Eλ

+n+
1 +

∫
Γ

v0Eλ
+.Eλ

+n+
2

and as n+ = (−1, 0, 0), this implies:∫
Ω+

(U0.∇h)Eλ
+.Eλ

+ = −1
2

∫
Γ

u0Eλ
+.Eλ

+n+
1

Equation (4.3) leads to:
1
2

d
dt

∥∥∥Eλ
+

∥∥∥2

Ω+
+ µ

∥∥∥∇hEλ
+

∥∥∥2

Ω+
+ µ

∥∥∥∥∥∂Eλ
+

∂z

∥∥∥∥∥
2

Ω+

=
∫

Γ

(
1
2u0Eλ

+ − µ
∂Eλ

+
∂x

)
.Eλ

+

Due to the boundary condition on Γ, one has:
1
2

d
dt

∥∥∥Eλ
+

∥∥∥2

Ω+
+ µ

∥∥∥∇hEλ
+

∥∥∥2

Ω+
+ µ

∥∥∥∥∥∂Eλ
+

∂z

∥∥∥∥∥
2

Ω+

=
∫

Γ

(
B′

+(Eλ
+) − λ

2 Eλ
+

)
.Eλ

+

and therefore:
1
2

d
dt

∥∥∥Eλ
+

∥∥∥2

Ω+
+ µ

∥∥∥∇hEλ
+

∥∥∥2

Ω+
+ µ

∥∥∥∥∥∂Eλ
+

∂z

∥∥∥∥∥
2

Ω+

+ λ

2

∥∥∥Eλ
+

∥∥∥2

Γ
=
∫

Γ
B′

+(Eλ
+).Eλ

+ (4.4)

The right-hand side of equation (4.4) reads as follows (since B′
+(Uλ

b ) = 0):∫
Γ

B′
+(Eλ

+).Eλ
+ =

∫
Γ

B′
+(UG

h − UG
h ).
(
UG

h − UG
h − Uλ

b

)
(4.5)

=
∫

Γ
B′

+(UG
h − UG

h ).
(
UG

h − UG
h

)
−
∫

Γ
B′

+(UG
h − UG

h ).Uλ
b (4.6)

Due to the relations (2.16) and (2.17), one has:
UG

h − UG
h = O(ε2)

Then, due again to the relations (2.16) and (2.17), it is reasonable to assume that B′
+(UG

h −UG
h ) = O(1),

so that one has: ∫
Γ

B′
+(UG

h − UG
h ).
(
UG

h − UG
h

)
= O(ε2)

Now we will focus on the term
∫

Γ B′
+(UG

h − UG
h ).Uλ

b . In the same way and as in [29], if we assume
that L0 < L1, so that the 3D effects are insignificant in Ω+ ∩ {L0 ≤ x ≤ L1}, and applying a similar
asymptotic analysis as in the first section to the 3D model, we can deduce:

Uλ
h = Uλ

h + O(ε′2)
where ε′ = H

L1−L0
= L1

L1−L0
ε. We denote in the sequel δ = L1

L1−L0
, therefore:

Uλ
b = Uλ

h − Uλ
h = O(δ2ε2)

So that, there exists a positive constant C1 depending continuously on λ and t such that:
1
2

d
dt

∥∥∥Eλ
+

∥∥∥2

Ω+
+ µ

∥∥∥∇hEλ
+

∥∥∥2

Ω+
+ µ

∥∥∥∥∥∂Eλ
+

∂z

∥∥∥∥∥
2

Ω+

+ λ

2

∥∥∥Eλ
+

∥∥∥2

Γ
≤ C1(1 + δ2)ε2 (4.7)
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Integrating between 0 and t for t ∈ [0; T ] and using the initial conditions, (4.7) leads to:
1
2

∥∥∥Eλ
+

∥∥∥2

Ω+
+ µ

∫ t

0

∥∥∥∇hEλ
+

∥∥∥2

Ω+
+ µ

∫ t

0

∥∥∥∥∥∂Eλ
+

∂z

∥∥∥∥∥
2

Ω+

+ λ

2

∫ t

0

∥∥∥Eλ
+

∥∥∥2

Γ
≤ C2(λ, t)(1 + δ2)ε2 (4.8)

and then (since µ > 0 and λ > 0) one has:∥∥∥Eλ
+

∥∥∥2

Ω+
≤ 2C2(λ, t)(1 + δ2)ε2 (4.9)

and we can also deduce that:∫ T

0

∥∥∥Eλ
+

∥∥∥2

Ω+
+
∫ T

0

∥∥∥∇Eλ
+

∥∥∥2

Ω+
≤ C3(λ)(1 + δ2)ε2 (4.10)

Finally, we can establish the error majoration (4.1).

Remark 4.2. Note that if we consider a bottom friction, as explained previously in Remark 2.5,
Section 3.1 and Remark 3.3, Lemma 3.2 is no longer true as the two Algorithms 1 and 2 are no
more equivalent. Besides, depending on the amplitude of the friction coefficient, the second order
relation (2.10) has to be revised. Nevertheless, if the dimensionless friction amplitude K introduced
in Remark 2.5 is small enough, that is K = O(ε2), one can deal directly with the Schwarz algorithm 1
with boundary conditions (3.6) and (3.8). As the systems remain of the same mathematical nature,
the proof of the convergence of the Schwarz coupling algorithm 1 with the boundary conditions (3.6)
and (3.8) should be similar to the proof of the convergence of the classical domain decomposition
algorithm of shallow water equations with boundary conditions (3.6) and (3.7) established in [6]. In
this case, Theorem 4.1 has to be revisited by comparing the restriction of the global solution to the
domain Ω+ with the 3D part of the coupled solution. Now, if we assume that K = O(ε), one has to
consider the appropriate second order shallow water system as explained in Remark 2.5 and to deal
with a parabolic distribution throughout the interface Γ. This implies a new definition of the extension
operator E . The main results of this work and of the related work [6], i.e. the well-posedness and the
convergence of the algorithm 1 and the control of the modeling error, have then to be revised in order
to take in account this new extension operator.

5. Numerical schemes and tests

The aim of this section is to illustrate the previous theoretical results with some numerical experiments.
In a first step and to illustrate the theoretical convergence result of the Schwarz coupling algorithm,
we study the numerical convergence of the domain decomposition method applied to the shallow water
equations. Then, in a second step, experiments with the dimensionally heterogeneous coupling method
are conducted. All the codes are available in [1].

5.1. Domain decomposition for the 2D shallow water equations

In this subsection, we numerically study the convergence of the domain decomposition method for
2D linearized shallow water equations. We first present the monodomain solution, i.e. the numerical
solution to system (2.19) throughout the whole domain ω, and then we numerically set up the Schwarz
algorithm and illustrate its convergence.

5.1.1. Reference monodomain solution

In this paragraph, we detail the parameters of the numerical monodomain configuration and the
resulting simulated solution. This reference solution will allow to quantify the convergence of the
domain decomposition algorithm.
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Domain and boundary conditions. The 2D linearized shallow water equations are solved in
ω = [−L; L] × [0; Ly]. Although the mathematical analysis has been developed with a null right-hand
side, we consider for the numerical tests a non-zero source term τ = (τx, 0)T (wind stress) (this does
not change the theoretical convergence results, since the proofs concern the errors at each iteration,
not the solutions). We impose also homogeneous Dirichlet conditions for the velocity u and for the
water height ζ on the boundary ∂ω.

Numerical schemes. Model equations are discretized using a finite difference scheme on a 2Nx×Ny

cartesian staggered Arakawa C-grid [2] (velocities are computed on the edges of each cell and water
height in the center – see Figure 5.1). The space steps are ∆x = L

Nx
and ∆y = Ly

Ny
. For 0 ≤ i ≤ 2Nx

and 0 ≤ j ≤ Ny, the cell Ci,j is defined by Ci,j = [xi; xi+1] × [yj ; yj+1], where xi = −L + i∆x and
yj = j∆y. We define also a time step ∆t = T

Nt
, and tn = n∆t for 0 ≤ n ≤ Nt. The discrete unknowns

are un
i,j ≃ u(xi, yj , tn), vn

i,j ≃ v(xi+ 1
2
, yj+ 1

2
, tn) and ζn

i,j ≃ ζ(xi+ 1
2
, yj , tn).

V(i,j-1)

U(i-1,j) U(i,j)

ζ(i+1,j-1)

ζ(i+1,j)ζ(i,j)

Ghost 
points

V(i,j)

Figure 5.1. Staggered grid in space

• The equation for u

∂u

∂t
+ u0

∂u

∂x
+ v0

∂u

∂y
+ g

∂ζ

∂x
= µ

(
∂2u

∂x2 + ∂2u

∂y2

)
+ τx (5.1)

is discretized using standard explicit schemes as follows:
1

∆t
(un+1

i,j − un
i,j) + u0

∆x
(un

i,j − un
i−1,j) + v0

2∆y
(un

i,j+1 − un
i,j−1) + g

∆x
(ζn

i,j − ζn
i−1,j)

= µ

∆x

(
∂u

∂x

)n

i+1,j
− µ

∆x

(
∂u

∂x

)n

i,j
+ µ

un
i,j+1 − 2un

i,j + un
i,j−1

∆y2 + (τx)i,j (5.2)

Note that the discretization of ∂2u/∂x2 can also be written as
un

i+1,j − 2un
i,j + un

i−1,j

∆x2 = 1
∆x

((
∂u

∂x

)n

i+1,j
−
(

∂u

∂x

)n

i,j

)
(5.3)

where
(

∂u
∂x

)n

i,j
= un

i,j−un
i−1,j

∆x ≃ ∂u
∂x(tn, xi, yj). This will be used later for the discretization of the

Schwarz algorithm.
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• Similarly the equation for v

∂v

∂t
+ u0

∂v

∂x
+ v0

∂v

∂y
+ g

∂ζ

∂y
= µ

(
∂2v

∂x2 + ∂2v

∂y2

)
(5.4)

is discretized as

1
δt

(vn+1
i,j − vn

i,j) + u0
∆x

(vn
i,j − vn

i−1,j) + v0
2∆y

(vn
i,j+1 − vn

i,j−1) + g

2∆y
(ζn

i,j+1 − ζn
i,j−1)

= µ

∆x

(
∂v

∂x

)n

i+1,j
− µ

∆x

(
∂v

∂x

)n

i,j
+ µ

vn
i,j+1 − 2vn

i,j + vn
i,j−1

∆y2 (5.5)

• Finally, the discrete equation for ζ is:

1
δt

(ζn+1
i,j − ζn

i,j) + H

∆x
(un

i,j − un
i−1,j) + H

∆y
(vn

i,j − vn
i,j−1)

+ u0
2∆x

(ζn
i+1,j − ζn

i−1,j) + v0
2∆y

(ζn
i,j+1 − ζn

i,j−1) = 0 (5.6)

Note that actual schemes in realistic models are of course more sophisticated (e.g. property preserving,
higher order, etc.).

Monodomain reference solution. For this reference simulation, we choose a 300 m × 100 m
rectangular basin and T = 5 seconds. The other physical parameters of the simulation are detailed in
the following table:

∆x ∆y ∆t µ u0 v0

1.2 m 1.0 m 0.001 s 30 m2/s−1 1.02 m/s 1.02 m/s

Regarding the term source and the initial velocity, we choose τx(x, y) = τ0 sin
(

π
Ly

y
)

with τ0 = 1 ms−2

and the simulation is started at rest. That is u( · , 0) = (0, 0)T . The simulation lasts for 5 seconds. The
zonal velocity u of this reference solution at t = 5 seconds is displayed in Figure 5.2.

Figure 5.2. Zonal velocity u of the reference monodomain solution at t = 5 s.
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5.1.2. Numerical scheme for the domain decomposition algorithm

We now numerically study the domain decomposition algorithm (3.4) and (3.5) with Robin-like bound-
ary conditions at the interface. Let split ω = [−L; L] × [0; Ly] into two non-overlapping subdomains
ω− = [−L; 0] × [0; Ly] and ω+ = [0; L] × [0; Ly]. Boundary conditions for (u, v, ζ) are exchanged at
the interface γ located at x = 0. The grids of ω− and ω+ have both Nx × Ny cells. As the grids
are staggered, the physical boundary along the y-axis (western portion x = −L and eastern portion
x = L) is located on u-points, while it is located on v-points along the x-axis (southern portion y = 0
and northern portion y = Ly), resulting in the need for ghost points for the other variables.

For the subdomain ω− (the discretization is similar in ω+), and at each iteration k of the Schwarz
algorithm, one has to solve the following problem:

LLSW

(
uk+1

− , ζk+1
−

)
= τ in (ω− × (0, T ))2

Bout
−

(
uk+1

− , ζk+1
−

)
= G

out
− on (∂ω−

out × (0, T ))2

B−
(
uk+1

− , ζk+1
−

)
= B−

(
uk

+, ζk
+

)
on (γ × (0, T ))2(

uk+1
− , ζk+1

−

)
( · , 0) =

(
Uini

− , ζini
−

)
in ω−

As in [21], we focus on two key points: the discretization of the boundary condition B−(u−, ζ−) = G
for a given G, and the extraction of the quantity B−

(
uk

+, ζk
+

)
from ω+.

Recall that the transmission condition on γ reads:
µ

∂uk+1
−

∂x
− g ζk+1

− + 1
2(λ − u0) uk+1

− = µ
∂uk

+
∂x

− g ζk
+ + 1

2(λ − u0) uk
+

µ
∂vk+1

−
∂x

+ 1
2(λ − u0) vk+1

− = µ
∂vk

+
∂x

+ 1
2(λ − u0) vk

+

(5.7)

The discrete value of u and v at the interface γ should satisfy simultaneously this transmission con-
dition and the discrete interior equations for u and v.

Let consider the discretization of the first equation of (5.7):

µ

(
∂u−
∂x

)k+1,n

Nx,j
− g ζk+1,n

−,Nx,j + 1
2(λ − u0) uk+1,n

−,Nx,j = µ

(
∂u+
∂x

)k,n

0,j
− g ζk,n

+,0,j + 1
2(λ − u0) uk,n

+,0,j

We note that the first two terms on the left hand-side are present in the discrete equation for u (5.2).
We then isolate those two terms:

µ

(
∂u−
∂x

)k+1,n

Nx,j
− g ζk+1,n

−,Nx,j = Ak
+ − 1

2(λ − u0) uk+1,n
−,Nx,j (5.8)

where Ak
+ denotes the right-hand side of the first equation of (5.7), i.e. all the terms depending on

uk
+. The main objective in the sequel is to identify Ak

+ in the discrete equation for u in ω− and then
to extract it from the model defined in ω+.

From the discrete interior equation for u in ω−, we deduce:

1
∆t

(
uk+1,n+1

−,Nx,j − uk+1,n
−,Nx,j

)
+ u0

∆x

(
uk+1,n

−,Nx,j − uk+1,n
−,Nx−1,j

)
+ v0

2∆y

(
uk+1,n

−,Nx,j+1 − uk+1,n
−,Nx,j−1

)
− g

∆x
ζk+1,n

−,Nx−1,j + µ

∆x

(
∂u−
∂x

)k+1,n

Nx−1,j
− µ

uk+1,n
−,Nx,j+1 − 2uk+1,n

−,Nx,j + uk+1,n
−,Nx,j−1

∆y2 − (τx)Nx,j

= µ

∆x

(
∂u−
∂x

)k+1,n

Nx,j
− g

∆x
ζk+1,n

−,Nx,j (5.9)
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Therefore, we replace the right-hand side by (5.8):

1
∆t

(
uk+1,n+1

−,Nx,j − uk+1,n
−,Nx,j

)
+ u0

∆x

(
uk+1,n

−,Nx,j − uk+1,n
−,Nx−1,j

)
+ v0

2∆y

(
uk+1,n

−,Nx,j+1 − uk+1,n
−,Nx,j−1

)
− g

∆x
ζk+1,n

−,Nx−1,j + µ

∆x

(
∂u−
∂x

)k+1,n

Nx−1,j
− µ

uk+1,n
−,Nx,j+1 − 2uk+1,n

−,Nx,j + uk+1,n
−,Nx,j−1

∆y2 − (τx)Nx,j

=
Ak

+
∆x

− 1
2∆x

(λ − u0)uk+1,n
−,Nx,j (5.10)

The next step consists in extracting Ak
+ from the model defined in ω+. We have:

Ak
+

∆x
= µ

∆x

(
∂u+
∂x

)k,n

0,j
− g

∆x
ζk,n

+,0,j + 1
2∆x

(λ − u0)uk,n
+,0,j (5.11)

The equation for u in ω+ at iteration k of the Schwarz algorithm and at the interface γ reads:

1
∆t

(
uk,n+1

+,0,j − uk,n
+,0,j

)
+ u0

∆x

(
uk,n

+,1,j − uk,n
+,0,j

)
+ v0

2∆y

(
uk,n

+,0,j+1 − uk,n
+,0,j−1

)

+ g

∆x

(
ζk,n

+,1,j − ζk,n
+,0,j

)
− (τx)0,j − µ

(
uk,n

+,0,j+1 − 2uk,n
+,0,j + uk,n

+,0,j−1

)
∆y2

= µ

∆x

(
∂uk

∂x

)n

+,1,j

− µ

∆x

(
∂uk

∂x

)n

+,0,j

(5.12)

We deduce then that:

µ

∆x

(
∂uk

∂x

)n

+,0,j

− g

∆x
ζk,n

+,0,j

= − 1
∆t

(
uk,n+1

+,0,j − uk,n
+,0,j

)
− u0

∆x

(
uk,n

+,1,j − uk,n
+,0,j

)
+ µ

(
uk,n

+,0,j+1 − 2uk,n
+,0,j + uk,n

+,0,j−1

)
∆y2

− v0
2∆y

(uk,n
+,0,j+1 − uk,n

+,0,j−1) − g

∆x
ζk,n

+,1,j + µ

∆x

(
∂uk

∂x

)n

+,1,j

+ (τx)0,j (5.13)

and then we have:

Ak
+

∆x
= 1

2∆x
(λ − u0)uk,n

+,0,j − 1
∆t

(
uk,n+1

+,0,j − uk,n
+,0,j

)
− u0

∆x

(
uk,n

+,1,j − uk,n
+,0,j

)
− v0

2∆y

(
uk,n

+,0,j+1 − uk,n
+,0,j−1

)

+ µ

(
uk,n

+,0,j+1 − 2uk,n
+,0,j + uk,n

+,0,j−1

)
∆y2 − g

∆x
ζk,n

+,1,j + µ

∆x

(
∂uk

∂x

)n

+,1,j

+ (τx)0,j (5.14)
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Substituting Ak
+ in (5.10), we obtain the final discrete equation for u in ω−:

1
∆t

(
uk+1,n+1

−,Nx,j − uk+1,n
−,Nx,j

)
+ u0

∆x

(
uk+1,n

−,Nx,j − uk+1,n
−,Nx−1,j

)
+ v0

2∆y

(
uk+1,n

−,Nx,j+1 − uk+1,n
−,Nx,j−1

)
− g

∆x
ζk+1,n

−,Nx−1,j + µ

∆x

(
∂u−
∂x

)k+1,n

Nx−1,j
− µ

uk+1,n
−,Nx,j+1 − 2uk+1,n

−,Nx,j + uk+1,n
−,Nx,j−1

∆y2 − (τx)Nx,j

= − 1
2∆x

(λ − u0)uk+1,n
−,Nx,j + 1

2∆x
(λ − u0)uk,n

+,0,j − 1
∆t

(
uk,n+1

+,0,j − uk,n
+,0,j

)
− u0

∆x

(
uk,n

+,1,j − uk,n
+,0,j

)
+ µ

(
uk,n

+,0,j+1 − 2uk,n
+,0,j + uk,n

+,0,j−1

)
∆y2 (5.15)

Note that the discretization of the equations in ω+ and of the boundary condition B+ is similar
to the previous calculations. The additional (third) component of B+ implies a Dirichlet–Dirichlet
transmission condition: no special treatment is then needed.

5.1.3. Numerical results

V1(nx)

V2(1)

U1(nx-1) U1(nx)

U2(1)U2(0) ζ2(1)

ζ1(nx)

Model 1

Model 2

Figure 5.3. Configuration of the splitted domain

We split the channel into two subdomains of similar dimensions (Figure 5.3), and implement the
discrete domain decomposition algorithm described in the previous paragraph. In order to avoid heavy
computations by solving the algorithm over a long time interval, and because Schwarz algorithm is
more efficient on small windows, we decompose the time interval (0, T ), where T = 5 seconds, into P
windows of equal lengths, as in [3] and [21]. In this experiment, we split the whole time interval into
16 windows of 100 time steps each. Since the aim of this numerical test is to validate the convergence
of the decomposition domain algorithm for any λ > 0, Figure 5.4(a) displays the relative L2 norm
∥u−uk∥L2(ω+×(0,T ))

∥u∥L2(ω+×(0,T ))
, integrated in time over the period, of the difference between the solution of the

eastern model and the corresponding reference solution as a function of the Schwarz iteration k, for
different values of λ. We can see that the algorithm converges but this convergence is very slow. In fact,
a kind of saturation can be observed after a few iterations of the domain decomposition algorithm
and the errors are of the order of 10−3. This slow convergence and this error order are similar to
those obtained in [21] in the case of a non-overlapping algorithm. As mentioned in this work, an
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overlapping of one grid point could accelerate the convergence for a low extra cost. We do not test
this possibility in the present work. We also notice that some “extremal” values of λ imply a very
slow convergence (e.g. for λ > 100) of the algorithm. This is because such values make the algorithm
behave like a non-overlapping domain decomposition algorithm with almost “Dirichlet–Dirichlet” or
“Neumann–Neumann” interface conditions. We also show in Figure 5.4(b) the L2 norm of the error
at the iteration 19 of the algorithm as a function of λ. The numerical results suggest that some values
of λ give a better convergence of the algorithm. One can then numerically optimize the rate of the
convergence.
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Figure 5.4. Left panel: Relative L2 norm of the error as a function of the iteration
index, for several values of λ. Right panel: L2 norm of the error at iteration k = 19 for
different values of λ

5.2. Coupling hydrostatic linearized Navier–Stokes system with corresponding linearized
shallow water system

First, let us note that for the sake of simplicity, and since the boundary conditions (3.6) and (3.8) do
not depend on y, we will numerically illustrate the coupling of the one dimensional x version of (2.19)
with the two dimensional (x, z) version of (2.20). We do not detail the discretization of the models
and of the interface boundary conditions, since it is quite similar to the discretization of the linearized
shallow water equations.

5.2.1. Reference monodomain global solution

In this paragraph we detail the parameters of the numerical global solution. This reference solution will
enable the modeling error made to be quantified, as a function of the parameter λ and of the interface
position. The numerical reference solution is obtained by solving the x-z version of the system (2.7)
on the whole domain Ω.

Domain and boundary conditions. The numerical reference solution is obtained by solving the
x-z version of the system (2.7) on the whole domain Ω = [−L; L] × [−H; 0] with ω = [−L; L] then.
As for the numerical monodomain solution of the Shallow Water system, a source term τ = (τx, 0)T is
added. We impose homogeneous Dirichlet boundary conditions for the velocity Uh and for the water
height ζ on the boundaries ∂Ω and ∂ω. We start also from a non-zero initial velocity Uini

h = (U ini, 0)T .

21



M. Tayachi et al.

Numerical reference global solution. The physical dimensions of the whole domain are L =
200m, and H = 2m. Consequently the ϵ parameter for the Navier–Stokes model is equal to 0.005. The
other physical parameters of the simulation are detailed in the following table:

∆x ∆z ∆t µ u0

0.5 m 0.1 m 0.0004 s 10 m2/s−1 1 m/s
Due to the explicit Euler time scheme discretization, the time-step is very small.

Regarding the term source and the initial velocity, we choose τx = m exp
(
− (x−x∗)2

D

)
sin
(
2π z

H

)
where m = 0.1ms−2, D = 50 and x∗ located at around 93% of the whole domain length and U ini =
mi exp

(
− (x−x∗)2

D

)
sin
(
2π z

H

)
with mi = 0.001ms−2. Figure 5.5 displays the numerical reference solution

corresponding to (2.7) for different time steps. We can clearly see the vertical effects in the rightmost
part of the domain, which persist over time.
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Figure 5.5. Horizontal velocity of the NS reference simulation after 10 (top) and
14000 (bottom) time steps.

5.2.2. Numerical results of the coupling algorithm

We now split the domain Ω into two subdomains of equal size, and in the left subdomain, we replace
the x-z version of the linearized hydrostatic Navier–Stokes system (designed in the sequel by the
NS model) by a x version of the linearized shallow water system (designed by the SW model) — see
Figure 5.6. The discretization and the boundary conditions for both SW and NS models are calculated
in the same way as in the domain decomposition method. In this experiment, we split the whole time
interval into 9 windows of 2000 time steps each.

Convergence. Figure 5.7 presents the absolute and relative L2 norms of the difference between the
successive iterates of the Schwarz algorithm. We can see that the algorithm converges for the different
tested values of λ. However the convergence is slow for some values of λ.

Sensitivity to the parameter λ. As mentioned and studied in Section 2.4, unlike the classical
domain decomposition methods, the converged coupled solution is not equal to the restriction of the
reference solution on each subdomain. In Theorem 4.1 we highlight a dependence of this modeling
error with respect to λ, to ε and to the interface position. Figure 5.8(a) illustrates this dependence
w.r.t. λ. We can see that, for the values of λ leading to comparable rates of convergence of the coupling
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Figure 5.6. Grids of the 1D/2D domains
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Figure 5.7. Left panel: L2 norm of the difference between successive iterates
∥Uk+1 − Uk∥Ω+×(0;T ) as a function of k. Right panel: corresponding relative L2 norm
∥Uk+1−Uk∥L2(Ω+×(0;T ))

∥Uk∥L2(Ω+×(0;T ))

algorithm (see Figure 5.7), this error remains of the order of 10−7 m.s−1 all along the coupling windows.
Similarly to the numerical results obtained in [28] in the elliptic case, the amplitude of its variations
in L2 seems to not depend on λ.

Sensitivity to the interface position. We also performed experiments to illustrate the dependence
of the modeling error on the interface position. We fixed the value of λ to 5, which leads to a good
convergence rate and minimizes the modeling error (see Figures 5.7 and 5.8(a)) and looked at the
solution after 5, 10 and 40 iterations. We can see on Figure 5.8(b) that the error regularly increases
with the shift of the coupling interface. The error begins to increase significantly for an interface
located around 85% of the entire 2D domain length, meaning that the global solution changes from
1D to 2D behavior. This is consistent with the expression of the source term, for which x∗ is located
at around 93% of the total domain length (see also Figure 5.5). This numerical result is similar to the
one obtained in [29] in the case of a 1D Laplace equation coupled to a 2D Laplace equation.

CPU time. Finally, in Table 5.1, we compare the CPU time needed to compute the global reference
solution on the whole domain (477 seconds in our case) with the CPU time needed to solve the Schwarz
coupling algorithm. According to the convergence results in Figure 5.7, we choose to measure the CPU
time after 5 and 10 iterations, since it corresponds to a rather good convergence and a small modeling

23



M. Tayachi et al.

2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0
lambda

10 7

L2
 n

or
m

 o
f 

th
e 

m
od

el
in

g 
er

ro
r

L2 norm of modeling error integrated in time

(a)

50% 55% 60% 65% 70% 75% 80% 85% 90% 95%
1D model extension: percentage of the total domain

10 7

10 6

10 5

10 4

10 3

10 2

10 1

L2
 n

or
m

 o
f t

he
 m

od
el

in
g 

er
ro

r

L2 norm of the modeling error integrated in time

40 iterations
5 iterations
10 iterations

(b)

Figure 5.8. Left panel: Time integrated L2 norm of the modeling error, as a function
of λ. Right panel: Time integrated L2 norm of the modeling error after 5, 10 and 40
iterations, as a function of the interface position (expressed as a percentage of the total
length of the domain).

error, as shown in Figure 5.8(b), if the interface position remains in the zone where the vertical effects
are small enough. We added also two time measurements after 40 iterations.

One of the main objectives of the coupling algorithm is, of course, to minimise CPU time without
compromising the precision too much. In this context, when we consider 10 iterations, the CPU time
is smaller than for the reference simulation when the interface position is optimal. In the case of 5
iterations, the CPU time is smaller for almost all tested interface positions (even far from optimal).
As expected, if the total number of iteration is large (40 here), and without overlapping, the coupling
algorithm loses its advantage compared to a direct execution of the NS system throughout the whole
domain.

Table 5.1. CPU time (in seconds) as a function of the extension of the 1D model and
of the amount of iterations. The values correspond to the average obtained from three
executions of the code. The time needed to compute the global reference solution on
the whole domain is 477 seconds.

Total number of iterations
Interface position 50% 60% 70% 80% 85%

5 581 465 357 248 197
10 1120 910 700 484 379
40 - - - 2032 1703

6. Conclusion

We presented in this work a theoretical analysis of a Schwarz-like algorithm to couple the 3D linearized
hydrostatic Navier–Stokes system with corresponding 2D linearized shallow water system obtained
from the 3D equations under a small aspect ratio hypothesis. After introducing the iterative coupling
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method, we prove that, if we assume a frictionless condition at the bottom, the convergence of the
coupling algorithm is equivalent to the convergence of classical domain decomposition method applied
to the shallow water system. The other main contribution of this work is the control of the modeling
error as a function of the coupling interface location. This work can be extended in several direc-
tions: numerical optimization of the convergence rate of the domain decomposition algorithm for the
linearized shallow water equation, numerical implementation and theoretical study of an overlapping
coupling algorithm, study of the sensitivity of the modeling error to the aspect ratio, or set-up of a
method to calculate the optimal interface location. Moreover, if we consider a non-zero friction on the
bottom, which is often the case in real applications, there is no more equivalence between the con-
vergence of the coupling algorithm and the convergence of the classical domain decomposition of the
shallow water system. Therefore the convergence of the multi-dimensional coupling algorithm with
Robin-type conditions, as well as the control of the modeling error, could be more complicated to
obtain. This is essentially due to the expression of the extension operator: the quantities coming from
the 2D model are no more uniformly extended on the vertical through the interface, but rather follow
a parabolic distribution. The study of this case is therefore an interesting alternative. This work is
also a first step for more realistic coupling problems of 2D shallow water system and 3D hydrostatic or
nonhydrostatic Navier–Stokes systems, and for coupled problems involving other related systems like
for instance moment shallow water models [16]. The most challenging perspective of the present work
remains the design of a Schwarz algorithm to couple dimensionally heterogeneous nonlinear systems.
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