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Abstract. We consider a two-phase Darcy flow in a heterogeneous porous medium while taking into account
the effects of temperature. The set of governing equations consists of the usual equations derived from the mass
conservation of both fluids along with the Darcy—Muskat, the capillary pressure laws, and the energy balance
equation. The problem is written in terms of the fractional flow formulation, i.e. the saturation of one phase, the
nonisothermal global pressure and the temperature are primary unknowns. The spatial and temporal discretizations
are carried out applying a vertex-centered finite volume scheme and the implicit Euler scheme, respectively, resulting
in the final system of fully coupled nonlinear equations. Under some realistic assumptions on the data, we establish
a sufficient condition on the mesh to demonstrate the discrete maximum principle for saturation and temperature.
Various a priori estimates are derived that yield an existence result for discrete solutions. Based on preliminary
estimates and compactness arguments, we prove the convergence of the numerical scheme to a weak solution of the
continuous model. The open source platform DuMu® has been used to implement the resulting algorithm. Two
numerical experiments are presented to illustrate the effectiveness and the robustness of the scheme.
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Keywords. Nonlinear degenerate system, Finite volume, Two-phase flow, Nonisothermal, Heterogeneous
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1. Introduction

Multiphase flows in porous media are involved in many applications related to reservoir simulation,
subsurface environment and energy issues. We can mention non exhaustively production of geothermal
energy, geological sequestration of gas (Hy, CO2, CHy) or nuclear waste management. Although differ-
ent, these applications actually have many similarities. Finite volume schemes are the most commonly
used methods for solving the systems modeling these problems. They are locally mass conservative
schemes which is essential when solving such applications.

During recent decades, several finite volume discretizations have been developed for the resolution of
coupled systems describing immiscible incompressible two-phase flows in porous media [2, 7, 14, 16, 17,
21, 22, 29]. Let us mention that in [2] and [29], nonlinear finite volume methods are discussed. In these
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works and the references therein, the authors were mainly interested in and addressed the difficulties
raised in the isothermal setting, namely the construction of stable and consistent fluxes on irregular
grids with anisotropy as well as the presence or absence of the discontinuous capillary pressure. They
elaborated the key elements to establish the convergence analysis of the proposed numerical schemes.
It turns out that the isothermal framework is not sufficient to handle the physics of some applications
arising for instance in the simulation of geothermal energy production, high-level radioactive waste
repositories or geological sequestration of gas. Incorporating thermal behavior is essential for such
systems, and this work is motivated by that need. Despite some progress in the numerical simulation
of two-phase problems under nonisothermal conditions, see for instance [3, 10, 20, 23, 28], the numerical
analysis of these models is still lacking. To our best knowledge, the convergence analysis of finite volume
schemes for nonisothermal two-phase flows in porous media are missed in the existing literature.
Up to this point, there have been only one other recently published paper [5] on the subject. A
convergence study was performed for the discretization of nonisothermal compressible two-phase flow
in porous media using the cell-centered Two-Point Flow Approximation (TPFA) finite volume method.
Concerning the mathematical analysis of such systems for nonisothermal flows, only recently few results
have been obtained, for more details we refer to [6, 11, 12].

The aim of this paper is to investigate a two-phase model for heterogeneous porous media that takes
into account the different reservoir temperatures to accurately capture flow physics. More precisely, we
integrate temperature effects into immiscible incompressible two-phase flow in porous media. The basic
equations for nonisothermal two-phase flow in a porous medium involve mass conservation, Darcy’s
law, energy conservation, saturation, and capillary pressure constraint equations. The governing fluid
and heat transport equations used to model thermal recovery processes are highly nonlinear. As
temperature variations influence fluid properties, and fluids transport heat as they move (convective
flow), there is a strong coupling between the mass balance and energy balance equations. The problem
is written in terms of the fractional flow formulation, i.e. the saturation of one phase, the nonisothermal
global pressure [13] and the temperature are primary unknowns.

In this paper, we focus our attention on the study of nonisothermal immiscible, incompressible two-
phase flow in heterogeneous porous media taking into account capillary effects using a fully coupled
fully implicit finite volume scheme. We combine the advantages of the CVFE (control volume finite
element) method to accurately solve the diffusion terms with an upwind method for space discretiza-
tion on regular or unstructured grids. Time integration is based on implicit Euler scheme to allow
large enough time steps. This work is an extension of [21] to nonsisothermal two-phase porous media
flow problems. The presence of the temperature brings additional difficulties in obtaining a priori
estimates and passage to the limit, and makes the proof essentially more involved. Indeed, the proof
of the maximum principle for the temperature requires an appropriate combination of the three model
equations. Moreover, as the system of equations is degenerate, obtaining estimates on the gradients
is not straightforward. Therefore, we have introduced the nonisothermal global pressure and capillary
term, because the latter present various regularity properties that physical pressures and saturation
are lacking. Lastly, contrary to the isothermal case, there is a strong coupling induced by the energy
equation and the pressure equation is no longer decoupled. This requires the use of some special test
functions in order to control the energy of the system.

We have chosen the fully implicit CVFE discretization for many reasons. Indeed, the Euler implicit
scheme is taken into account in order to avoid severe constraints on the time stepping. Furthermore,
the possible low regularity of the saturation could make higher order schemes in time inefficient.
With regards to the spatial discretization, the CVFE method has many advantages. First, it ensures
the flux conservation at the interfaces between the control volumes. Second, it can deal well with
anisotropies as only nodal degrees of freedom are required, contrary to many gradient schemes where
auxiliary unknowns are employed. Lastly, it enables the coercivity of the gradient, see e.g. [18], which
is an important key in the convergence analysis of the numerical scheme. Let us note that for other
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approaches like the MPFA (multi-point flux approximation) methods, the coercivity property holds
under some conditions on both the mesh and the permeability tensor, see for instance [1, 18].

This paper is organized as follows: In Section 2, the mathematical formulation of the model is pre-
sented. Then we formulate the main assumptions on the data. The general finite volume discretization
framework is brought up in Section 3. In Section 4, the discretization of the system provided by a
fully coupled implicit approach using a finite volume (FV) scheme is presented. A number of auxil-
iary results, including the discrete maximum principle, energy estimates for the scheme, the existence
of discrete solutions to the F'V scheme and compactness, are demonstrated in Section 5. Finally, in
Section 6, as discretization parameters go to zero, we pass to the limit in the discrete equations, the
proposed scheme converges to a weak solution to the continuous two-phase flow model, which com-
pletes the convergence proof. Let us note that to reduce the paper’s length, some technical details are
removed, but a thorough analysis of the additional difficulties that temperature brings is provided.
Then, in Section 7, we consider two test cases in 2D, for which numerical results are exhibited. The
first test case is a simulation in a homogeneous reservoir evidencing the numerical convergence of the
scheme. The second test case adapted from [28] relates to the injection of COs into a 2D heterogeneous
porous domain that is fully saturated with water. The paper is concluded in Section 8.

2. Formulation of the problem

We consider the nonisothermal flow of two immiscible incompressible fluids in a porous medium
Q Cc R d=1,2or 3, capillary effect being taken into account. We set Q = Q x ]0, tr[ where ty > 0 is
a fixed time. For the presentation simplicity, we restrict the study to a horizontal field, i.e. the gravity
effects are neglected. Now we will fix some notations and assumptions before giving the coupled system
of PDEs modeling such flow. In the sequel, we denote by (w) the wetting phase, by (0) the nonwetting
phase and by (s) the solid matrix.

(A.1) The porosity of the porous medium ¢ € L*°(2) and there exists two positive constants ¢; and
¢2 such that: ¢1 < ¢(z) < ¢g < 1 a.e. in Q.

(A.2) The absolute permeability K € (L>°(Q))?*? is a positive definite and symmetric tensor, and
there exist constants such that 0 < K; < Ko and K;|¢? < (K()€) - € < K»|¢)?, V € € RY and
a.e. in Q. The effective thermal conductivity xr is assumed isotropic such that k7 = k(x),
where k € L*>(Q) is a scalar function such that: 0 < K; < k(z) < K3 a.e. in Q.

(A.3) The densities of the wetting phase p,,, nonwetting phase p, and the solid matrix ps are positive
constants.

(A.4) The capillary pressure function P. € C*([0,1]; R*). Moreover, it is a nonincreasing function of
the saturation, i.e., P.(S) < 0in [0,1] and P.(1) = 0.

(A.5) The relative permeabilities k;,, and k,, are in C'(R) and verify the following properties:
(i) 0 < kpy,kro <1lonRR;
(ii) kry(S) =0 for S <0 and k,,(S) =0 for S > 1; k., (S) = 1 for S > 1 and k,,(S) =1 for
S <0;
(iil) krw(S) > 0 and k;o(S) > 0 for S € (0,1);
(iv) there exists a positive constant ko such that k., (S) + kro(S) > ko for all S € R.

(A.6) The viscosities ji,, pto € CH(R) are functions of the temperature T, and there exists positive
constants m.,, me, M, and M, such that for every T" € R:

My < i (T) < My, |1, (T)] < Mu; mo < p1o(T) < Mo, |p1(T)] < M,
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The mathematical model can be written as

0<S<1 n 0.
ot = R(S) nQ
¢?§ — div(A\,KVP,) _ 0 n Q.
- ¢%§ — div(AKVP,) —0 Q.
a(;/th ) div(Ayeu TRV Py) — div(Aoc,TKV P,) — div(sVT) = 0 n Q.

where the unknowns are the phase pressures P, and P,, the wetting phase saturation S, and the
temperature T'. Furthermore, A\, = kT;“, Ao = IZ—:’ are respectively mobility of the phase w, 0. We set
A = Ay + Ao, the total mobility and ¢ (¢, S) = [cwS + co(1 — 5)]¢ + ¢s(1 — ¢), where for o € {w, o, s},
Ca = paCaq with pg, Cy are respectively the phase densities, the specific heat capacities for each phase.

As in [6, 13], the governing equations can be rewritten in a fractional flow formulation where the

following new variable P called the nonisothermal global pressure is introduced:

S)\w
P:PO—/ T(S,T)Pé(s)ds
1

Then, the mathematical model can be rewritten as (cf. [6, 13])

0<sS<1 in Q.
¢8af — div(AuKVP) — div(Any B.KVT) — div(AgKVA(S)) —0 inQ,

_ ¢%f — divAn KV P) — div(Mi BOKVT) + div(AgKVA(S)) —0 nQ,  (21)
o(yT)

5 " div{A(Nwew + MoCo) TKV P} + div{(c, — ) A TKVB(S)}
— div{\(nwcw + 1MoCo) B. TKVT} — div(krVT) =0 in Q,

where the primary unknowns are P, the wetting phase saturation S and the temperature T'. Further-
more, our model uses the following functions:

50 A, MoMy  kro(S)muy + kry (S)me
B,(S,T)=— | —[=>(s,T)]P. . Ao(S,T) = ° w ’
(ST == ), aplx D) s Aol D) = e S i (T) + Fru (8110 (T)

A A S krﬁ(S) kTX/I(S)
=570 = 37 BS) = /1 Y(s)ds; A(S) = —a(S)PUS);  alS) = —F . @

My Mo

where 3(5) is the Kirchhoff transformation [4]. Further assumptions on the physical data and nonlin-
earities are given in the following.

(A.7) B~ (the inverse of the restriction of 3 to [0,1]) is a #-Hélder function for some 6 € (0,1), on
the interval [0, B(1)], i.e.:

3 C5>0, Yur,ug€l[0,81)] 67 ur) — B (u2)| < Cplug — uzl’.

(A.8) The initial data for the phases pressures are such that P2, P € L?(Q) and 0 < PY—PY% < P.(0).
Furthermore, the initial saturation 0 < S° < 1 is defined by the capillary pressure law: P) —

PY = P.(S%). Moreover, the initial temperature 79 € L>(Q) and satisfies Tinin < T° < Tinax
a.e. in €}, for some constants Tinin and Ty such that Thin < 0 < Thax-
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The system (2.1) has to be completed by appropriate boundary conditions. We assume that the
boundary 99 is comprised of two parts I'p and I'y such that I'p NT'y = (0, 92 = I'p UT'y and
|IT'p| > 0. The boundary conditions are as follows:

P =0, [B(S)]
M (KVP,).in =0, M\(KVP,).i =
Remark 2.1.

0, T=0 on FDX(O,tf),
s (KTVT).ﬁZO on 'y % (O,tf).

(1) The assumptions (A.1)—(A.8) are classical and physically meaningful for two-phase flows in
porous media. They are similar to the assumptions made in [6] that dealt with the existence
of a weak solution of the studied problem.

(2) Assumptions (A.4) and (A.5) imply that the function v € C([0,1];R"). Moreover, v(0) =
~v(1) =0 and v > 0 on (0, 1). Therefore, the restriction of 5 to [0, 1] is bijective.

(3) Assumptions (A.5) and (A.6) imply the existence of some positive constants A; and A2 such
that: A\ < A(S, T) < Ao ,V S,T e R.

(4) In the mathematical model (2.1), we assumed that the densities are constant and that the
porosity is only a function of the space variable. In addition, we consider a model with a single
type of rock, i.e. the capillary pressure depends only on the saturation, and that it is not degen-
erate. Up to our knowledge, this is the first work and first step that deals with the convergence
analysis for a CVFE scheme of nonisothermal flows in porous media. Due to the complexity
of the equations and the coupling, the authors think that adding temperature dependency on
the densities and porosity and the case of discontinuous and degenerate capillary pressures
could render the analysis complicated and needs more paging to elaborate. Moreover, even the
existence of weak solutions for the nonisothermal model under these assumptions is still an
open problem. This could be treated in future contributions.

(5) Assumption (A.6) is in good accordance, for example, with the Reynolds model for shear
viscosity (see, e.g., [30]). Namely, u(T) = uoexp(—bT), where py and b are constants.

3. CVFE mesh and notations

We assume that the porous medium Q is a polygonal open subset of R? (where d = 1, 2 or 3). We
associate a primal mesh 7 to the domain 2, which is a geometrically conforming simplicial triangu-
lation in the finite elements sense, in other words, the intersection of 2 simplices is either a common
face, edge, vertex or the empty set. We denote by V (resp. V;) the set of all nodes (vertices) of T
(resp. 7 € T). For a given simplex 7 € T, x, denotes the barycenter of 7, h, = diam(7) the diameter
and |7] its Lebesgue measure. Moreover, let o, be the diameter of the inscribed circle of the simplex 7.
We denote by h and 67, the size and the regularity of the partition 7T, respectively. They are defined
as follows:
h:= Elea%((hT) and 6Oy := max Q—:

For a given node L € V, we denote by 77, the set of all primal mesh simplices with the common
vertex L. Furthermore, we construct a barycentric dual mesh in the following manner. For every node
L € V, we associate a unique control volume denoted by wy, of the dual mesh. Each dual control
volume is made by connecting the barycenter of every 7 € 71 to the midpoint of edges of 7 which
have L as a vertex. For 2 vertices L, M € V;, we denote by o7, the dual interface located inside 7
and intersects the segment [LM]. We denote by |07 ,,| the d — 1 Lebesgue measure of the interface
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oy and by 7igr  the unit normal to o), pointing from L to M. We also denote & the set of dual
interfaces that are inside 7. Moreover, for L € V, |wy| denotes the d-Lebesgue measure of wry,.
Let us state the main assumptions made about the mesh.

(A.9) We assume the regularity of the primal mesh, i.e. there exists some constant Cp such that for
every sequence of discretizations {7, }men of the initial mesh, there holds: 67, < Cj.

(A.10) We assume that there exists some constant C such that for every 7 € 7, and every L, M € V;:
diam(wp) + diam(wys) < Cid(xr, zpr), where diam(wy) is the diameter of wy, and d(xp, zpr)
is the Euclidean distance between L and M.

(A.11) We assume in 2D that the triangulation 7, is weakly acute, i.e. no triangle has an angle greater
than 7/2 and in 3D the faces of the tetra elements fulfill the angle condition. In other words,
the dihedral angles must be nonobtuse in order that the discrete maximum principle holds
for the solution of the temperature. Example of meshes satisfying this condition are described
in [9, 26].

In regards to the time interval [0, 7], we consider the following discretization (¢"),cfo: 0 = 0 <
th <o <t <l =, We set 6t = ¢"F1 —¢" for n € [0,1—1] and define 5t := max,e[o,—1](0t"). For
the sake of simplicity, we consider a constant time step. Our approach is easily extendable to variable
time stepping by assuming that adt < min,cjo;—17(9t") for some a € (0,1). In practice, the time step
remains between 0ty and 0tmax.

For the numerical approximation of our model (2.1), we will use an implicit Euler scheme in time
and a vertex-centered finite volume scheme in space. An upwind method is used to treat the convection
terms and IP; finite elements are used for the approximation of the gradients.

Now, let us define the approximation spaces for the discrete unknowns. Additionally, we will describe
the construction of the discrete functions. In this sense, let us denote by X the space of piecewise
linear functions on the primal mesh and by W), the space of piecewise constant functions on the dual
mesh. Therefore, X} and W), are finite-dimensional spaces. Moreover, there holds:

Xn={peC’Q): ¢, €eP,VTeT}CH(Q).
Let us define the space
Xy ={pe Xy, :p(xr)=0,Y L€V such that z;, € I'p}.

Under the assumption that I'p is polygonal and that its limiting vertices belong to V, the following
inclusion holds X;) € H{_(Q) := {v € H'(2) such that U, = 0}. Next, we denote by (¢r)rey the
global basis functions which are associated to each node in the finite elements sense. For L, M € V,
there holds

or(xa) =0rnm, (Kronecker delta).

For 7 € T, one has: } /¢y ¢r), = 1,. Furthermore, the following formulas hold:

o7l
|

Z o =1, Z Vo =0 and Vor =
Ley Ley

where o7 is the face of triangle 7 facing vertex L and 7i,7 the unit outer normal associated to the
boundary of 7. In the sequel, we define:
o 1 1 1

S :—/ S(z,0)dz, Poz—/ P(z,0)dz, Toz—/ T(z,0)dx.
L |UJL| or ( ) L |WL| or ( ) L |wL| or ( )
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The unknowns are (S7, P/, TT") ey for n € [1,1], where

1 1
SP o~ — —/ P(x,t")dx, T":—/ T(z,t")dz.
: for] Ju, T =, T

‘WL‘ wr,

Finally, let F be a function of (S, P,T). We denote by [ﬁ'(S; P;T)], 5 (z,
struction which is defined almost everywhere in Q, and by [F(S;P;T)]pst(z,t) the finite element
reconstruction, i.e.

S(z,t")dx, Pp ~

t) the finite volume recon-

-1
[F(S; Py D)ot (2, t) = > Ly (@) F(SL; PR T Loy (8) + > Loy () D F(STH PR TP ) L g gy (2),

Ley Levy
-1
[F'(S; P; T)]h st(w,t) Z F( SvaLaTL)(pL(m)]l{O} t) + Z Z F(SZH%PE“%T£+1)¢L($)1(t",t"+l](t)~
Ley LeVn=0

4. Finite volume discretization

For the discretization of the coupled system (2.1), we first integrate the three equations of (2.1) over
. (for L € V) and then in time over the interval [t",t" 1) (for n € [0,] — 1]). Afterwards, we apply
the Green formula and approximate properly the fluxes at each interface Owry,.
After integrating the first equation of (2.1) in space over wy, and in time over the interval [t " 1),
then by Green’s formula, we get

Ap+ A+ A3+ Ay =0,

where
tn+1
Ar = lwrlpr(Sptt - Sp), Ap=— [ ot [ A (KYP)- i,
ow
tn+1 tn+1 :
Ag=— [ ot [ wm(Bf - B)VT) iyl Ag=— [ ot [ A(KVB(S)) -, dI.
tn owr, tm owr,
We recall the following notation: for ¢ € R, ¢t := max(c,0) and ¢~ := max(—c,0). Moreover, we have

denoted ¢, = ﬁ S, d(x)dz = ﬁ >orer, Jrrw, @(@)dz. In the sequel, we discretize each of the terms
Ay, Az and A4. As for the term As, we use the following approximation:

Ay =6t > > NG (ST (S TS Ko ht PYK Lo 4 P,
TETL MeV-\{L}

where

At = #M_E:AS“EH?U h4_—[@G@m-vmmaﬁﬂpzpyﬂ—ﬂ#%
MeVv,

and
Gulasbic) = {00 iFez0,
T  w(a)  otherwise.
Similarly to Ao, we use the following approximation for As:
oty > NTH((S TP (S T S Kyt DK a7 T
TETL MeV\{L}
+oty > NMHR((S T (S T Ko T K 674 T
TETL MeV\{L}

Agﬁ
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where

(B 1(b) if ¢ >0,
[nwB](a) otherwise,

[ By 1(b) if ¢ >0,

Hl(a;bjc) :=
wl@;bic) { [mwB,](a) otherwise.

H2(a;b;c) := {
Before discretizing the term Ay, recall that there exists some constants Ca, Agmin and Agmax such
that for every S, T € R:

|BO(S, T)| < (9 and 0< AO,min < Ao(s; T) < AO,max < +o0. (41)

By assuming that S is regular enough, we deduce that: V3(S) = —a(S)P.(S)VS.
Hence by defining: v(S) := —a(S)P.(S), we get:

Ao(KVS(S)) = Ao (S5 T)y(S)(KVS).

Lastly, regarding the term Ay, we use the following approximation:

Ap =6t Y >0 [P K0S,
TETL MeV-\{L}

where

n 1 n n n max g n+l 'y(S) if KEM >0,
[AO}T+1 = - Z AO(SM+1;TM+1) and ’yLLl = { €l

T My, Milge pnt1 ~v(S) otherwise,

where I70! = [S7H ST .
Finally, the discretization of the first equation of system (2.1) writes as follows:

’Lfsf’ L(SPT - S — Z N 7 )KL 073 P — Z (Aol LA KL w04, S
TETL, TETL
MeVALL) MeVALL}
— > A HeBSGT) = By 167 )KLy T = 0.
MEVALL)

For the sake of legibility, we introduced the following notation: for some function f of variables S and
T, some node L € V, simplex 7 € 77, node M € V; \ {L} and H = P, T or "—T", we denote

f) ife>0,

) = Gr((S; T (S5 T s Kardpar H), andG g (a; by c) =
f(v ) f((a )L 7(7 )Ma LMoL M )’an f(a7 ,C) f(a) otherwise,

where 8710 (=T) = —Ty + TP = —o74/ T.
In the same way, we discretize the other two equations. Finally, the numerical scheme for the coupled
system (2.1) writes as follows:

%' L(SET = 8E) - EZ A (7 KL 07 4 P — EZ Aol i KL ar0Ta, S
TETY, TETY,
MevA\{L} MevA\{L}
— > AT HneBIGT) = B 16T )KL T =0,
MeTﬂiT\L{L}
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G AR IR MR GRS S NES A
MeVA{L} MeVvA\(L}
= > AU eBIIGT) = B 16T )KLyt T =0, (42)
METSTT\L{L}
S ST e ST~ e + o TIC KL P
MeVvA\{L}
= > N (ewnw + coto) By TG KLy 4 T+ D A (ewnuw + cono) By TG )KLy 874/ T
Me STT\L{L} Me STT\L{ L}
Y (@l — eIl A KL TS — Y (k)i T = 0,
MevL) MevAIL)
where (k7)1 = — [ (krVer) - Veurda.

5. Stability properties and existence of the numerical scheme

5.1. Maximum principle for the saturation

The techniques used for the proof of the maximum principle for the saturation are similar with the
ones in the isothermal case as done for instance in [21], and are therefore skipped here.

Proposition 5.1. Let (ST, PPt T£+1)L€V,n€[[0,lfl]] be a solution to the numerical scheme (4.2). If
(S9) ey belongs to [0,1], then (Shs5) remains in [0,1].

5.2. Maximum principle for the temperature
Now, we turn to the proof of the maximum principle for the temperature.

Proposition 5.2. Under the assumptions (A.1) and (A.11), let (SZH,PELH,TEH)L@;WG[[OJ_W be a

solution to the numerical scheme (4.2). Then (Th,ét) remains in [Twin, Tmax) -

Proof. We proceed by induction on n. The property is trivial for n = 0. Now, assume that the
sequence (T7)rey C [Twmin, Tmax] for all n € [0,1 — 2] and let us prove that (TEH)LeV C [Tmin, Tmax)-
For some fixed L € V we multiply the 15 equation of (4.2) by [—c,Tp"] and the 2" equation by
[—COT£L+1]. Adding up the two equations gives:

— lwrll(or: ST) = w(ons ST + 6t Y N ewnw + conol (7))L KLy 0737 P

MeT)iT\L{L}
+0t Y (ew— o) TP AT KL 07ar S+t Y N (cwn +cono) BY G )T Ky 873, T
MeTuiT\L{L} MGTS:\L{L}
Tt Y X (cumo + cono) By 16T )T (KT p 0544 T) = 0. (5.1)
MeTwiT\L{L}
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Indeed, one has:
Y(prs SPH) = (01;57) = [ewSy + co(1 = ST ]oL + ea(1 = 1)
— {lewST + co(1 = Sp)|oL + cs(1 — ¢1)}
= [ew(ST™ = ST) — co(SEH = ST)]or
= pr(cw — co)(Sp = 51).
Adding up equation (5.1) and the 3'% equation of (4.2), one gets:

Antl — o, (5.2)
where
AT = Jwp[(br; ST = TP) =6t > [ewnuw + como G )(TNGY) — TP YK 0741 P
MeTliT\L{L}
—dt Y c([T1G7) = TP M) r i K a0 ar S
METSTT\L{L}
+ot > elT16%) = TP Aor it K07 S
ML)
=6t > N (cwnw + cono) BEIGT(TIGT) = TP YKy 074, T
MGTSTT\L{L}
=6t > N (cwnw + cono) By 1GT)TIGTT) = TP (Ko 814 T) — 6t > (k) 1ar07af T
MeT\iT\L{L} METS:\L{L}

Now, note that for 7 € 7, M € V. \ {L} and H = P, T, "-T", S or "—S", one writes
[T)GT KLy H = Ty (K ag 070 H)Y = TP (K04 H)
Therefore, one infers
([T1G™) = TP K074 H = [T (Ko H)T = TP (KL a7 4 H) ™)
— T (KL 074 H) Y — (KLag07 4 H) ™)
= (T = TP ) (KL 07 H)T
— ST (K O )
This allows us to reformulate Azﬂ as follows
AT = Jar[(pr; SEYTET = TP) =6t > A ewnw + como G707 A T(K 72074 P)F
TET,
MeVT\L{L}
=6t > (Mol Ear 0t Tlew®ar0iar S)F + co(KLard7h7S) ]

TETL,
MeVv:\{L}

=0t > N (cwnw + cono) BSIGT ) T(KL 0747 T)F
METSTT\L{L}

=0t > AT (ewnw + como) BINGTT)OE T(KLA 0L, T)™ =6t > (kr)0ias T

TETL, TETL,
MeVA\{L} MeVv\{L}
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Now, let L € V be such that 70 = min{T},;" }arey. For every 7 € 177, and M € V; \ {L}, one has
—6"+1T < 0. As a consequence

— ot Z )‘n+1[cw77w + 00770](;13 )5E—Z\F/IIT( EM(SZ?\_/}P)-’_
MGTSTT\{L}

=0t D> (Aol 0as Tlew(KLar0rar S)F + co(Kar0737 5) 7]
MGTS-,—T\L{L}

oty N (cwnw + cono) BG4 T(K a8 4 T)
MeT\iT\L{L}

— ot Z )‘:-H_l[(cwnw + COTIO)BO_](;_T )62JJ\F/[1T( M5n+1T)
MeTSTT\L{L}

—ot > (kr)im0TH T <0.

TETL
MeV\{L}

Note that by virtue of assumption (A.11), (k7)7,, > 0. Moreover, all the involved quantities are
nonnegative. Taking into account (5.2), there holds

jwrl(ér: SE)TLH = T1) = 0.
Thus, noting that (¢r; S7) > 0, one finally obtains TEH > TP > Tiin. As a result, T ]@H > Thin,
VY M € V. Similarly, one can establish the upper bound on the T’ J\’}IH, which concludes the proof. m

5.3. A priori estimates for the gradients

The following Lemmas were both stated in [21]. The first one is required to tackle the difficulty induced
by negative transmissibility coefficients. The second one is nothing more than the discrete integration
by parts.

Lemma 5.3. Under the assumption (A.9), there exists some constant Ck, depending only on K and
Cy, such that:

Vup, =Y urpr € Xn:y > |Kpyl(um —up)? < Ck / (KVup) - Vupde,
Lev TET 07 ), €Er @

Lemma 5.4. For every up,vn, € Xy, there holds:

/(KVuh) Vopde =Y > Kiy(un —ur)(var —vr).

TET 0] 5, €EF

Proposition 5.5. Under the assumptions (A.1)—(A.11), let (SZH,PEH,TEH)L@A”E[O,Z_W be a so-
lution to the numerical scheme (4.2). Then, one has:

AT—ZétZ > (k) (615 T)?

= TET 07\ EEF

Z wrl[t (oL SPTL)? — (oL SL)(T1)]. (5.3)

LEV
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Moreover, there exist some constants Cr, Cp and Cg, depending only on the constants |Q|, pw, po,
Ps; Cw; Co, Cs, Kl; K27 )\1; )‘2; HTOHLQ(Q)f CK7 CQ and AO,miny such that:

Z5t2 Y (kr)pa (0747 T)? < O, (5.4)
n=0 TETULMES
Z5t2 > Kiw(75iP)* < Cp, (5.5)
n=0 TGTULMES
3 lwrlorle(Sh) — o(SY 0“““2&2 ST Koy (074 8(S))? < O, (5.6)
Ley = TETO’LMEgT

where ©'(s) = B(s).

Proof. The proof is conducted in several steps.
e Temperature estimation. We start by multiplying the discrete energy equation of (4.2) by TEH,
then we sum over L € V and n € [0,] — 1]. This gives

A+ Ay + A3+ Ay + As + Ag = 0, (5.7)

where we rearranged each summation by simplices by the dual interfaces to obtain

Z!wL!Z (6r; STINTE? = w(on; SPTLTE ],

Ley n=0
-1
A =376t Y N ST [ewnw + como] C)ITIGT )00 T - Ky a3/ P
n=0 T€T ol EET
-1
A=Y S Y Ml Y (ulI6F) — colTIGS DAEIAT K pd3i2S,
n=0 T€T o7 EET
-1
A= 36t [(cut + eono) BIGT VTN ST - Ky ST,
n=0 T€T ol EEr
-1
=Y 0ty A ST [(cwnw + cono) By 1GTIOITIGTT )T - (Ko a0/ T),
n=0 Tt€T o]y EET
Zétz > (k) (615 T
= TET 0]\ E€EF

Next, we multiply the 15¢ equation of (4.2) by [ cw(T71)?], we sum over L € V and n € [0,1 — 1].
One has

Bi1+By+ Bs+ By+ B; =0, (5.8)
where

== Z wi| Z Prew(STTH— ST (TPT)2,

LEV n=0
— Z 5t Y NS eunw GO TN 6P T - KL a7 47 P,
n=0 7T UEMG&"
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-1
By=—=3 oty AU Y cwlnwBI1GTE3 008 T - Kiadp T

n=0 T€ET o7 EET
-1
By=—Y 0ty A Y culneBr 1G04 T - (“ K073, ),
n=0 7€T o7y EEF
-1
Bs=— oty [Alttt Y conid [TV Ear0iar T - Kon 8747 S-
n=0 T€T o7 v E€ET

We used the following notation

T£+1 + T]7\FL4+1

Tt .=
[ ]LM 2

At last, we multiply the 2" equation of (4.2) by [—%CO(TEH)Q], we sum over L € V and n € [0,1—1].
The resulting equation reads

G1+Go+G3+ Gy +Gs =0, (5.9)
where
1 -1
Gir=-3 Do lwrl Y dreo(l—SEH) — (1= SPNTEH)?,
Ley n=0
-1
Go=—> 0t > N SN eono(;ONT0T T - K614, P,
n=0 7€T o7\ EEF
-1
Gy=—> 0t > NF SN oo BIGTTI 004 T - K074/ T,
n=0 T€T o7 v EET
-1
Ga=—=Y 0t Y NF S conoBy 1G0T - (=K a 0741 T),
n=0 T€T o7 mEE
-1
Gs == 0t > [T > o TV OT T - (—KEarS741 S)-
n=0 T€T o7 v E€ET
Finally, adding up the relationships (5.7), (5.8) and (5.9), one gets
Hy+Hy+ Hs+ Hy+ Hs + Hg =0, (5.10)
where

Hy= A1+ By +Gy; Hy=Ay+ By +Go; Hz= A3+ Bs + Gbs,
Hy= A4+ B3+ Gsz; Hs = A5+ By + Gy Hg = Ag.
Let us compute H;. Observe that

1 -1
B+ Gr=—3 Y lwnl Yo [(6n: 537 — v(6r; SPITEY.
Ley n=0
Therefore

-1
B = 5 3 w60 SEITE? — (o SDEID + 5 3 lonl Y- w(ows SHITLT - TP

2 Ley Ley n=0
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Now, the fact that ¢ (¢;S) >0 implies that:

Hy > Z wrl[¥(br; SL)(TL)? = ¥(or; SP(TL)?]. (5.11)
LEV
Before computing the terms Ho, Hs, Hy and Hj, note that for 7 € 7, M € V. \{L} and H = P, T,
“—T7, S or “—S”, the following identity is satisfied

(TG = T DK MO H = (Tt = [T (KEag 0 H) T — (T = [T ) (KT w674 H) ™
1
= SOMHTIRE 0331 HI
As a result

-1
Hy =3 0t SN S [ewnmn + conol P )OFEET)? - [Kpp 032 P,

n=0 TET o7 v EET

-1
Hy =30t 3 [Aolr™ D0 (cw +co)viad 074 T) - [Kard7 4 S,
n=0 7€T o]y EET

-1
Hi=3 6t X ST [(Cumo + como) BEIGT ) (O74T)? - (KT 0 74T,
n=0 Te€T ol v EE-

-1
Hs = Z ot Z )‘2_‘—1 Z [(cwnw + COUO)Bo_i(i_T )(52JAF/[1T) |KTM5nJrl .

n=0 7€T o7 EET

It is clear that the quantities Ho, Hs, Hy and Hj are positive. Therefore, from (5.10) and (5.11), we
deduce

A+ 5 Z lwrl[(br; SL)(T1)? — ¢(or; SP(TE)?] < 0.
LEV
The latter inequality entails the first estimation
As = Z Y (s GEITY < 5 3 lnllw(on ST — v(ow; SH(TH?)
= TE€T o]\ EEF LGV
Now, noting that 0 < S% <1land 0 < ¢ <1, one gets
¢(¢>L; S%) = [Cwsg + Co(l - S(I)/)i(bL + Cs(l - ¢L) <cy+co+cs =0
The discrete integration by part together with Jensen’s inequality yield

Cs||T°
/ (krVThst) - Vs dodt < M
Q

Thus
Z oty > (sr)pa(073, T)* < Cu, (5.12)
= TET 07 3 €EF

for some constant Cy > 0 independent of the discretization steps.

e Global pressure estimation. We first sum the 1 and 2°¢ equation of (4.2). Then

5t Y KpuSpiP ot Y AN(BAGT) — [By1GTT KSR T = 0.

o
TETL TETL

MeV\{L} MeVv\{L}
Next, we multiply this equality by (Py1) then we sum over L € V and n € [0,1 — 1] to get
D1+ Dy =0, (5.13)
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where

Z > NIRRT = Z(StZ)\"“ > Ky (075 P)?,

MGTSTT\L{L} n=0 7T o]y EET
-1
Dy=> 6t AU SN (BFIGT) = By 1G )KLy 14 PST 4T
n=0 T€T o7 v EET

Now, recall that 0 <Ay <A and that for 7 € 7', thanks to Lemma 5.4 one has 3, < K7y, (6711 P)?
0. As a consequence, > ;- ce K7 (0711 P)? > 0 for every 7 € T and thus

-1
D>y 6ty > Kiy(ph P> (5.14)
n=0

TET 07 3, €EF
Notice that |B,| < Cy and 0 < A < Ag. By virtue of the triangle inequality:

|Dy| < 202/\22&2 > KLalSFi P T-

= TET 0] 5 €EF
Therefore, for € > 0, one has in light of Young s inequality:

|D,| < 2502)\226752 S K00 P)? + C‘W Z(Stz ST KT

n=0 T1€T o] ,,€E n=0 7€T 0],,€E

According to Lemma 5.3, one can set € = ﬁ and deduce from (5.4) that

2 (CoA2Ck )?

Dy <M z_:ét > % e+ 2O e
TET 07\ EEF
Here C) = C4 K2/ K. Hence it follows from (5.14) that
n CoXoCrc \ 2
Zét >> T Ky (r4p)P <4 </\1) K>Cy.

= TET 0] 5 €EF

Consequently, the pressure estimate (5.5) is valid where Cp = 4 ( %)ZKQCZI.

e Saturation estimation. We multiply the 15 equation of (4.2) by ﬂ(SZH), then we sum over L € V
and n € [0,! — 1]. This yields

Fi+ Fs+ Fs+ Fy+ F5 =0, (515)

where

=Y |welér Z (S7H = SPB(ST),

Lev
FQ:Z&Z/\Z“ > G KL 0737 B()IOL3T P,
n=0 t€T ol mEET
-1
Fy=3"0t Y At S I BEIGT KL w0747 B(S)0731 T,
n=0 r€T o7 v E€ET
-1
SRS N ST By 16T KLy S BST,
n=0 1T o7 mEET

277



B. AMAZIANE, M. EL OSSMANI, ET AL.

—S&Z[ P Kimlon B (R 07 S)-

n=0 T€T ol v EES

Let ¢ be a function such that ¢'(S) = 3(S). The accumulation term can be bounded from below with
a telescopic series leading to

F1 2 ) |wr|or[e(SL) — o(Sp))- (5.16)
Ley
Moreover, the fact that v(S) = /(S) implies that for 7 € 7 and L, M € V;:
S5 et BSHY - BSETY) = A(ST)SY — S, (5.17)

Regardless the sign of K7 ,,, one always has
Tavint = KL (5).
Thanks to the fact that § is nondecreasing and (5.17), one finds
LA BSOS > Ky (G 316(5))°.
Because of Ag > Agmin > 0, one infers

-1
Fy > Aomin D0t > > Kiy (0741 8(85))* (5.18)
n=0

TET 0]\ €€
Recall that 0 < A < Ay and O < 1w < 1. Similarly to the pressure estimation, one computes

!F2|<A2Z5tz > IKLalIOEE; B(S)II0%A Pl

n=0 TGTJLME&—
2
Ommzatz > Kpuopiae)+ B, (5.19)
=0 1€T o], €t 0,min

In the same fashion for F3 and F4, but this time using the fact that |B,| < Cy implies

0 ,min n+1 2 ()\2CK)2
|Fs| + | Fy| < —=2 Zétz > Kin(073/B8(9)* +474

2K Ko, (5.20)
= TET 0] )\ E€EF 0,min

Now, from (5.15), one has
Fi 4+ Fs = —Fy — F3 — Fy < |Fy| + |F3] + |Fy.
Therefore, by virtue of inequalities (5.16), (5. 18) (5 19) and (5.20), we finally find
A

> lwrlorlp(SE) — e(S)] + =5 Z oty > Kiu(p8(9)7* < Cp,

Ley = TET 07 €€
where Cjg = ()‘QCK & (Cp 4+ 4 K2Cy). Hence, this establishes the capillary term estimate (5.6). By
setting  ¢(S) = f1 ( )du, one has 0 < ¢ < ¢(0) < +o0. Thus

(S1) — #(51) < »(0).
Additionally, from inequality (5.6), there holds

A“‘“‘“Z&Z Yo Kim(0piiB(8)? < Cs+ Y lwrlorle(S?) — ¢(Sh)]

=0 71€T o} ,,€E Lev
< O+ ¢(0)[€],
which yields to the requested estimation. The proof is concluded. [ |
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We now state the existence result to the proposed finite volume scheme. The proof follows standard
arguments of the literature as done for instance in [21], and is therefore skipped here. It makes use of
the monotony criterion characterizing the zeros of vector fields (see [19, p. 529]).

Proposition 5.6. Under the assumptions on the physical data (A.1)-(A.11), there exists at least one
solution (ST, PfﬂanH)Lev,ne[[o,l—l]] to the numerical scheme (4.2).

5.4. Saturation and temperature strong convergence

In this part, we show the strong convergence for some saturation and temperature subsequence. For
that purpose, we use Fréchet—Kolmogorov theorem. To apply the theorem, we start by showing some
compactness results.

5.4.1. Space compactness for the finite volume scheme

We begin by showing some space compactness results for the saturation and temperature finite volume
approximation.

Proposition 5.7. For a primal mesh T of Q and a time discretization (t")necpoq of [0,ts], let
(S"Jrl PEH,TEH)LGV’HE[[OJ,”] be a solution to the associated numerical scheme (4.2). Define uy, 5 =

th S}Mgt where qgh and gh,gt are the porosity and saturation finite volume approzimations respectively.
For y € R%, we define
Qy={zreQfz,z+y|] CQ}.
Under the assumptions (A.1)—(A.11), we have
lim / (st (x + 1) — Tnge(z, )] dzdt = 0.
[yl,h—0T JQy, x (0t f)
Note that this limit is uniform in 0t. Indeed, it does not depend on the time discretization.

Proof. Let y € R?. One has
ty _ N
AfyL,St 3:/0 /Q [up5¢(x 4 y,t) — Upse(x, t)| do di
Yy

t ~ ~ ~ ~
:/ ' / \on(x 4+ y) Shse(x +y,t) — dn(x) Shse(x,t)| daedt
0o Jo,
t -~ ~ ~
< [7 ] 1@+ )~ dn(a)) Snanla + y.0)ldw e
o Ja,

t - - ~
+ /0 ! /Q 1Bn (@) (Sst (2 + 1 £) — Sosi(,1))] da .

Therefore, noting that 0 < §h75t <land0< ggh < ¢, one gets
A} 5 Sty Bh + 6201 5, (5.21)

where
- ~ ty - -
BYi= [ Vonla+9) = @)l desClly o= [ [ (Snale 1,0 = Suae. )] dedt
Yy )
Firstly, we have

By</|$h<m+y>—¢<x+y>|dw+/ 50(@) = (@) Ao+ [ 19l +y) — o(a)| da

< 2/ o (z x)| de +/ (x+y) —¢(x)| de. (5.22)
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Now, noting that ¢ € L°°() and that 2 is bounded, one gets ¢ € L!(Q2). Thus

lim [ l6(+y) - o(x)| dz = 0.
lyl—0t JQ,

Moreover, the fact that ¢ € L>°(£2) implies that

on ;——% ¢ a.e. (almost everywhere) on €,
o+

which yields:

lim /\th x)| dz = 0.

h—0t

Hence, from inequality (5.22), we deduce that
lim B} =0. (5.23)

h—0t
Secondly, by virtue of assumption (A.7), one has

Ly ~ ~
Ciist < Cs /0 /Q 1B(Sh.st(z +y, 1)) — B(Shei(z, 1)) dedt.
Y
Hoélder’s inequality implies
CY 5 < Calts|2)' (D}, 5,)°, (5.24)

where

t ~
Dj st /f/ B(Shet(x +y.t) = B(Shse(x,t))|dz dt

= Z&tz ST IBSHY = BSE Y |pga(z € QyN T Nwr /T4y € wyy)

n=0 T€T LEV, M€Y

<§3&§Z S 1B(SEY) = BIST Y |upa(x € Qy /ol O [z, 2 +y] # 0).

n=0 71€T o], €&
Now, note that

ppa(z € /ol p O [,z +y] £ 0) < Cglotullyl,

where Ccll is a constant depending only on the space dimension d. Hence, one obtains

Dh5t<Cd|y\Z5tZ > loiulIBSH) = B(SEH)

n=0 71€T o], €&

<@m2&2 >l b VIS I

= TET 0] 3 €EF
Moreover, note that for every 7 € T and oru € &r, one has

lofnl < Cihr)™ and  |7] = Ci(pr)?,
for some positive constants Cs and CS’ depending only on the space dimension d. Therefore

. ho\ ¢ 2
oarthe < 3 < (%) oot < G (1) o
Pr Cy

And, by virtue of the regularity assumption on the primal mesh (A.9), one gets

. C3
oEalhs < C4(Co)lr.
d
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Therefore
-1

Dj s < Calyl 26t 317l 30 IVIBGS)ik, |

n=0 TET o7 v EET

-1
< Calyl 3_ ot X IIVIBS)Lg, |
n=0 r1€T
And, in light of Cauchy—Schwarz inequality, one gets
-1

1 n 1
D}l 5, < Cats|0) 2yl (D ot > |T!|V[ﬁ(5)}h,§§|7|2)2
n=0 T€T

< ClyllIV [B(S)]n,otll L2qye-
And, owing to inequality (5.24), one gets
CH 51 < CHY IV B()]n,ot {2 (-
Thus, by virtue of the capillary term a priori estimate, there holds
Cf ¢ < Calyl’. (5.25)
Note that (C’fl)géigg are some positive constants depending only on the problem data. Finally, it
follows from formulas (5.21), (5.23) and (5.25) that

lim AY ., =0.
lyl,h—0+ h,ot

This concludes the proof. [ |

Proposition 5.8. For a primal mesh T of Q and a time discretization (t")nepoq of [0,ts], let
(SEH, P}J‘H, T£+1)L€V,n€~[[0,lfl]] be a solution to the associated numerical scheme (4.2). Define @h,gt =

¢(q~5h, gh,&t) and Up 56 = Vst Th,ét where <l~5h; §h75t and f;wst are the porosity, saturation and temper-
ature finite volume approximations respectively. There holds

lim |tn5e(x +y,t) — Upge(x, t)| dedt = 0.
[yl.h—0+ JQ, x(0,t5)
Note that this limit is uniform in 0t. Indeed, it does not depend on the time discretization.
Proof. Let y € R One has

tf _ B
A%,ét 3:/ / |Uh,6t(l' + y,t) — Uh,&t(i’,t” dz dt
0o Ja,
tf _ _ _ -
:/0 /Q [nst(x 4y, ) Thse(x +y, t) — Ynse(2,t) Those(z, t)|de dt
Y
tf _ _ N
S/o /Q |(Wnot( +y,t) = Yne(z, 1) Tngse(z +y,t)|dedt
Y

ty - - ~
+ /0 /Q |Un.5e(x, t)(Thse(xz +y, t) — Thse(x,t))|de dt.
Yy

And, by virtue of the temperature maximum principle, one has ]T hot| < To = max{—Tmin, Tmax}-
Moreover 0 < vy, 5y < 1b2, where 13 := ¢, + ¢, + ¢s. Therefore

A%,&t < TQE%,& + ¢2F}?,5tv (5-26)
where

ty - - ty . -
Ej 5 = [nse(x +y,t) — bnse(x, t)|de dt; Fy 5, = Thot(x +y,t) — Thse(x,t)|de dt.
’ 0 Ja, ’ 0 Ja,
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Firstly, one writes
ty . - ~ ~
Bla= [ |onta+wlenSnole+v.) + ol = Snsila +3.0)] + (1 = dnfa + )
y ~ ~ ~
— on(@)[cwSnor(@,1) + co(1 = S su(w, )] = es(1 = dn())|dw dt

t - . -~ -~ .
/ ! / — co)( (@ + 1) — In(2)Shar(@ + 1, 8)] + [ (co — c)In (@) (@n(x +y) — dn(@))]
+ [(w = o) on(@) (Shst(@ + y,1) = Snau(w, 1))} dt
Therefore
- - t - -
EY;, < C} /Q 1Fn(z + y) — dn(@)] de + /0 f/Q St (x +1,0) — Snselz, t)] de dt}
< C4(B} +C} 5), (5.27)

where

~ ~ ty - ~
By = | l¢n(z+y) — on(x)|dz Cf s = [Shot(@ +y,t) — Shse(, t)] dzdt,
Q, : o Jo,

as in the proof of Proposition 5.7. C’é is a positive constant depending only on the problem data.
Secondly, in the same fashion as in the proof of Proposition 5.7, one has:

h5t<25t2 ST = T gz € Qy /oy O x4 y] #0)

= TET 0] )\ €EF

<Y a Yl Y VI |

n=0 71€T ol €&
-1

3 1 4
< Clyl 6t > 1TV, = Calyll VT sl 2o
n=0 T€T
And, by virtue of the temperature a priori estimate, there holds:

Fil s < Cilyl. (5.28)
Note that (C’ )2<i<e are some positive constants depending only on the problem data. Finally, it
follows from inequalities (5.26), (5.27) and (5.28) that

lim A7 . =0.
ol h—0+ "0

This concludes the proof. [ |

5.4.2. Space compactness for the continuous in time approximations

For now, let w5 = <Eh gh,gt or Up5t = w(ggh,ghﬁt) Thm where Q~5h, §h75t and Th,gt are the porosity,
saturation and temperature finite volume approximations respectively. We define

L — s (87 + (E— )T 5 (a, )

Up ot (T,t) ==Y 5t Lign gn+1) (1) + Un,ot (@, 01) L1, 400) (1)
n=0
=1 rin41 _ ny, n+l
t u +(t—t
= Lo () ( £ dt( Jui Ljgn gty (£) + 1l Lg, o) (1),
Lev n=0
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where ) = ¢S} if Upsi = ¢nSnse and  up = (¢r, SPTP if Unse = ¥ (dn, Shst)Thot, for
n € [0,] and L € V.

Proposition 5.9. For uy 5 = Z#Eh §h,5t or Up 5t = zp(&h, §h,5t) Th,ét; there holds
fim / Un,st(x +y,t) — Upst(x,t)| dzdt = 0.
lylh5t—0+ S, x(0,) |Tn,ot(z +y,1) ot(z,t)]
Proof. One has
ty
G%,ét = / / |tn5e(x +y,t) — Upe(x, t)| dedt

= Z/tw/Q i{(t”“ —t)(@h(z +y) —ap(z) + (¢t —t") (@ +y) —ap ' (2)} dedt

< S A x4y —u +u"+1x ~”+1 dz dt
;0/ L, TR ) = W@ + 1T @+ ) = 3 @)

ty
gz/ /Q]ﬂh,gt(x—l—y,t)—ﬂh75t(x,t)|da:dt+5t0/Q] 0(2 +y) — @0()| da dt
0 Yy

Yy
<245 5, + By 5, (5.29)

where

Apsi :/ (g (x + y, 8) — e (2, )] dadt; BY 5, = 25t/ 1@ ()] de.
Qyx(0,tf) Q

Now, note that (ﬁ%)h is uniformly bo~unded. Indeed, for uy s = &Eh gh@;, one has: ﬂ% = &h 5%, thus
|| < ¢o. Moreover, for @y 5 = w(gbh,ghﬁt) fhﬁt, one has: 4 = @ZJ(QSh,g?L)T%, thus, by virtue of
the temperature maximum principle, one gets: |a}| < 19T, where ¥y = ¢y + o + ¢5s and Ty =
max{—Tin, Tmax }- Therefore

B 5 < 26t|Q|Cy = C3ot,
where Cé and C’g are some positive constants depending only on the problem data. Thus, inequal-
ity (5.29) becomes
Gh s < 247 5 + Cot.

Now, from Propositions 5.7 and 5.8, it follows that

lim AY . =0,
ol h—0t 10
uniformly in §¢. This yields, as |y|, h and 6t tend to 0
lim GY; =0.
Iyl h,ot—0+ 0t
This concludes the proof. [ |

5.4.3. Time compactness for the continuous in time approximations

The proof of this part follows that of Lemma A.1 in [8]. Let z > 0. For ¢ > 0, we define

Whst( 1) = Tnse( - 1+ 2) — Upse( -, 1),
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where up, 5t = ggh §h’5t or Upst = w(%hﬁh,&) Thﬁt. Note that @y, 5:(-,t) vanishes for ¢t > t;. We
introduce the notation:

+o0
Tnsi(z) == /0 /Q [ g, ¢+ 2) — Tnge(, )] da dt (5.30)

—+o00
_ / / (@ g0, 1) dar dt,
0 Q

which is well-defined.
Proposition 5.10. For ﬂh,ét = 5;1 gh,ét or ﬂh,dt = ¢($h, gh,ét) Th,ét; there holds:

lim  Jp5(2) = 0.

z,h,6t—01
Note that this limit does not depend on the space or time discretization.

Proposition 5.11. The sequences of finite volume approximations (Up s¢)ns: are relatively compact

in L1(Q).
Let us end this section by the following remark.

Remark 5.12. For simplified models (advection-diffusion, or for degenerate parabolic problems) in
the isothermal case, the convergence of the numerical schemes is proved rigorously either by com-
pactness arguments, or by obtaining a priori error estimates, see for instance [15] and the references
therein. In this paper, the convergence makes use of compactness arguments for passing to the limit
in nonlinearities. Deriving theoretical error estimates in the nonisothermal case is difficult because the
model is too complex. This could be treated in future contributions.

6. Convergence of the numerical scheme

6.1. Strong and weak convergence properties

Lemma 6.1. Under the assumptions (A.1)—(A.11), let us define up, 5 = gﬁsh §h75t and up 5t = Eﬁfh Sh, st -
There holds

L [fun,5 — tnst ]l 1(q) = O-

Proof. It can be checked that
Apgse = lunse — Unotllrq) = /Q |61 St — O Shse| dadt < ¢2/Q Skt — Shyse| dzdt.
In light of assumption (A.7), one gets
Apst < ¢2C'5/Q 1B(Sh.st) — B(Shst)|? dzdt.

Thus, by virtue of Holder’s inequality, one has:
0

Ap st < Cclz </Q |B(Sh,st) — ﬁ(gh,ét)\ dz dt) < Cé(Bh,at)G, (6.1)

284



CVFE SCHEME FOR NONISOTHERMAL TWO-PHASE FLOW IN POROUS MEDIA

where (C’d) are some positive constants depending only on the problem data, and

By st = Hﬁ(Sh 5t) — B(Sh, st)llq

XY Y [ S%& - B(SE] da

n=0 7€T LeV;

:i5tz /m (Snst(@, ")) = B(Spst(xr, " h)| da

n=0 7€T LeV;

<hY 6 Y 7 VIS) I < [ VIS lnsd deat

n=0 1T
By virtue of the Cauchy—Schwarz inequality, one gets:
1
Bt < h(tg|Q)2 [[VIB(S)]nstll(r2(qe < Ci b (6.2)
Finally, one shows  limj_,g Ay s5; = 0. This concludes the proof. [ |

Lemma 6.2. Under the assumptions (A.1)—(A.11), let us define vVp, 5 = ¢($h7 §h,6t) Th,ét and vp, 5 =
Y(dn, Shst) Thst- There holds

flzii% [vn,6t — OnstllLr(q) = 0.

Proof. Let us set
Chot = llvnst — Unstll i) = /Q |¢(&ns Shst) Thot — ©(dns Snor) Thse| da dt.
And recalling that (¢, 5) = [cwS + co(1 — S)]¢ + cs(1 — ¢), one gets
Chot = /Q’[Qgh o4 (1= dn)es)(Thse — Thise) + On(cw — o) (ShsiThst — §h,5tfh,6t)‘ dax dt.

Using the fact that 0 < gz~5h < 1 and the triangle inequality, one writes

Chot <

(€o+ cs) /Q |Thst — Thot| dadt + (cuw + ¢o) /Q &l S5t — Shsel|Thse| dae dt

+ (cw + ¢o) /Q & Shst| Thst — Thotl dz dt] -

Therefore, owing to the saturation and temperature maximum principles, one obtains
Chst < sz(Ah,&t + Dy, 5t), (6.3)
where

Apst = /Q&h‘sh,ét — Spotl dzdt = |lunse — Unstll L1 ()

and

Dhse = /Q Tt — Thoe| dzdt.

Now, from Lemma 6.1, there holds

lim A =0. 6.4
hlg(l) h,ot ( )
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As a result

-1
Dpse=»_0t> > / T 5t(2, ") = Thse(p, )] da

n=0 r€T Ley, wLl™

-1

+1

<hY oty Irl VI, | < h/Q VT, 50 dar dt.
n=0 7€T

By virtue of Cauchy—Schwarz inequality, one infers

1
Dot < h(t|Q0)2 [V Thstll r2(qye < Cf h.
Thus

lim Ay = 0. (6.5)
Finally, from (6.3), (6.4) and (6.5), we deduce that

lim Ch,ét = 0.

h—0

This concludes the proof. |

Proposition 6.3. Under the assumptions (A.1)-(A.11), there exists a subsequence of (S st, Phst, Th st
Sh.sts Phst, Thst) such that the following convergence properties hold

Up,5t, Un,st —> wstrongly in L™(Q), forr > 1 and a.e. on Q. (6.6)

Uh,sts Vn,5t — v strongly in L™ (Q), forr > 1 and a.e. on Q. (6.7)

§h,5t,Sh75t — S a.e. on Q, (6.8)

Thﬁt,Th’(;t — T a.e. on Q, (6.9)

Py 5t — Pweakly in L*(Q), (6.10)

VPy5 — VP weakly in (L*(Q))*, (6.11)

VIB(S)]nst — VB(S) weakly in (L*(Q))*, (6.12)

V.5t — VT weakly in (L*(Q))%. (6.13)
Furthermore, T, 3(S), P € L?(0,y; H%D(Q)) satisfy the following:

0< S <1lae onQ, (6.14)

Tmin < T < Taxa.e. on Q, (6.15)

u=¢Sa.e. onQ, (6.16)

v=1(¢,5) Ta.e on Q. (6.17)

Proof. By virtue of Proposition 5.11, (i st)n st and (Opst)n.et are relatively compact in L!(Q). Thus,
the following strong convergence properties hold for some subsequence of (§ B8t ]5h,5t, Th,(st)
tpse — w and vy s — v strongly in Ll(Q) and a.e. on Q,
Moreover, from Lemmas 6.1 and 6.2, one gets
upse — w and vy 5 — v strongly in Ll(Q) and a.e. on Q,
Furthermore, the fact that (up s)p6¢ and (vp st)p,6¢ are bounded yields
Up,ot, Un5t —> w and Up ¢, vp 50 —> v strongly in L"(Q), for r > 1 and a.e. on Q.
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Now, noting that ¢, — ¢ a.e. on (because ¢ € L>(Q2)), 0 < ¢ < én and 0 < ¢ < ¢ a.e. on €2, one
has

~ Up, st U Up, 5t u
Spot = —=— — — ae.onQ, and Sp5=-—=—— - ae onQ.
¢h ¢ ¢h ¢
Therefore, by defining S = u/¢ a.e. on Q, one obtains
gh’gt, Shet — S a.e. on Q. (6.18)

The saturation maximum principle implies 0 <S5 <1 a.e. on Q. Moreover, u = ¢ S a.e. on Q.

For now, recall that ¥(¢,8) = [cwS + co(1 — 8)]é + ¢5(1 — ¢). Noting that ¢, — ¢ a.e. on € and
§h75t — S a.e. on Q, one infers w(ah, §h75t) — (¢, 5) a.e. on Q. In addition, there exists a constant
11 > 0 such that ¥ < ¢, thus

= Uh,ot v
Thot = —=—"=—" — a.e. on Q.
w(¢h7 Sh,(st) QJZ)(¢7 S)
In the same fashion, one shows that
v
Thet — a.e. on Q.
' (9, 5)

v

Therefore, by defining T = o5 &-e on Q, one has:

Th,dt, Thse — T a.e. on Q.
Owing to the temperature maximum principle, one deduces Tyin < T < Tiax a.e. on Q. Furthermore,

v=1(¢p,S)T a.e. on Q.
In light of Proposition 5.5, the sequence (VP 5) is bounded in (L%*(Q))?. Furthermore, by virtue of

the Poincaré inequality, we deduce that the sequence (P g;) is bounded in L?*(Q). Therefore, owing to
the fact that (P, 5) C LQ(O,tf;H%D(Q)), there exists P € L?(0,ty; H%D(Q)) such that the following
convergence properties hold for some subsequence of (P s¢):

Py st — Pweakly in L*(Q), and VP, 5 — VPweakly in (L*(Q))%.
Analogously, one proves that there exists T* € L*(0,y; H%D(Q)) such that the following convergence
properties hold for a subsequence of (T}, ;)

Thst — T*weakly in L*(Q), and VTj,5 — VT*weakly in (L?(Q))%
Now, note that T}, 5; — 1" a.e. on Q. Thus, by virtue of the dominated convergence theorem together
with the temperature maximum principle, we deduce that T} s; — T strongly in L?(Q). Therefore, by
identifying the limits, one gets T* =T a.e. on Q.
Similarly, from Proposition 5.5, the sequence (V[3(S)]5.s:) is bounded in (L?(Q))? and the sequence
([8(9)]nst) is bounded in L?(Q). Therefore, owing to the fact that ([3(S)]n.st) C LQ(O,tf;H%D (Q))
(because Sy ot = P (P, — Py) = P71(0) = 1 over I'p x (0,tf) and 3(1) = 0 by the definition of j3),
there exists 3* € L2(0,ty; H%D(Q)) and ¢ € (L*(Q))? such that, up to a subsequence, one infers

[B(S)]nst — B*weakly in L*(Q), and V[3(S)|ns — Cweakly in (L*(Q))“.
Moreover, combining (6.18) together with the continuity of 5 imply
B(Shet) —> B(S5) a.e. on Q.
And, in view of the saturation maximum principle, (3 (§h75t)) is bounded. Therefore, by virtue of the
dominated convergence theorem, one gets

B(Shet) —> B(S)  strongly in L*(Q). (6.19)
Mimicking the proof of Lemma 6.2, it can be established that

I1B()] st — B(She)lr2@) < hCSIVIB)notll12(q)e
< CTh,
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where (C’fl)i are some positive constants depending only on the problem data. Thus
Lim [[[3(5)]n.se — B(Shae)llL2(q) = 0. (6.20)
Therefore, from (6.19) and (6.20), one gets:

[6(S)nse — B(S)  strongly in L*(Q).
The limit uniqueness forces g* = ((S) a.e. on Q. Hence, by identifying the limits, we deduce that
¢(=Vp*=Vp(S) a.e. on Q. As a result 3(S) € L?(0,ty; H%D(Q)) The proof is concluded. |

6.2. Weak solution to the continuous problem

Definition 6.4 (Weak solution). Let S° and T° be two functions in L>(Q2) such that 0 < S%(x) < 1
and Tipin < T°(x) < Thax a.e. for x € Q. We say that (S, P, T) is a weak solution to the problem (2.1),
if it satisfies: 0 < § < 1,Thin < T < Thax and 5(S5), P, T € LQ(O,tf;H%D(Q)). Moreover, for every
£ € CX(Q x [0,tf)) such that {(z,t) = 0 for (z,t) € T'p x [0,tf), there holds:

—/ 65 0,¢ dard —/ 650 ¢(, 0) da dt +/ AS: T) 10 (S; T) (KVP) - V€ da dt
Q Q Q
4 / A(S: T) 1w (S: T) Bo(S: T) (KVT) - V€ da dt
Q

+/ Ao(S;T) (KVB(S)) - VE dedt = 0, (6.21)
Q

/¢satg dxdt+/ 5% ¢(x,0) dxdt+/ A(S: T) no(S; T) (KV P) - VE dar dt
Q Q Q
n /Q AS: T) 1 (S: T) Bo(S: T) (KVT) - VE da dt

_ /Q Ao(S;T) (KVA(S)) - VE dzdt =0, (6.22)

— [ (@) Torg dade — [ (5 8°) T0€(,0) dadt
Q Q
+/ [Acwnw + €ono)|(S; T)T(KVP) - VE dzdt — / Ao(S;T) (co — ) T (KVB(S)) - VE dxdt
Q Q
+/ A(cwnw + €ono)Bo)(S; T)T(KVT) - VE dadt + / (krVT) - VEdadt =0. (6.23)
Q Q

6.3. Theorem of convergence towards a weak solution

Let us introduce the functions wy, 5, W st defined a.e. on Q for all 7 € T and n € [0,] — 1] by

_ .n+l . - n+1y __ : n+1
w =w = inf w z,t = min w
7h’6t|7x(t”,t"+1] = TET h’&( ’ ) MeVv, M-
— —n+1 n+1 n+1
W =W 1= supw z,t = max w
hodt| o em b1 T e 4 hot(2, ) Mey, M

Typically, the function w is either the saturation or the temperature. These upper and lower sequences
converge to the same limit. This is the object of the following result.
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Lemma 6.5. There holds
lim ||Spst — S 20y =0 and lim|Ths — T 200y = 0.
lim |1Sh,6t — ShstllL2(Q) h—)OH ot — Lhotll22(Q)

Proof. Firstly, one has

1Shst = Shatllfziqy = 2.3t D 71157 = S5+

n=0 7T
< Z oty |l 1B(ST) = BSFTHP.
n=0 71T

Now, by virtue of the mean value theorem, for every 7 € T and n € [0,1 — 1], there holds:
=n—+1 n n
BT = BT < WIVIBS)ig |-

Thus
-1
Skt — §h,5tH2L2(Q) <hPN "6t > || W[ﬂ(g)]%tluze
n=0 71€T

< h29/ IVIB(S)]nst/* dadt.

Owing to Hoélder’s inequality, one gets
I 2 20 1-6
1t — Snatlldaqy < W2 (2D IV 1B st oy
Moreover, by virtue of the capillary term a priori estimate, one gets
15,60 = Shstll2q) < Cak?,
where (C’d) are some positive constants depending only on the problem data. Hence

tim |Sh,50 = Stz = 0

Secondly, one writes

_ 11
s~ Tuslogy = S0t 3 Il T — 170
n=0 T€T

2 1 2 2 2
<h Z ot Z |7—| ‘V ngt |+ | <h ||VTh,5t||(L2(Q))d
n=0 7€T
By virtue of the temperature a priori estimate, one has

I Thst = Thistll72(q) < Cih-
Thus B
llllg(lj | Tt — Thstllr2(q) = 0.

The proof is complete.

In the sequel, we show the main result of this article, which states that any limit of the discrete

solutions is a weak solution to the continuous problem.

Theorem 6.6 (Passage to the limit). Under the assumptions of Proposition 6.3, the limit function
(S, P, T) given in (6.8)—(6.9), is a weak solution to the problem (2.1) in the sense of Definition 6.4.

Proof. We divide the proof in three parts.

(a) Mass conservation equations. We will detail the proof in the case of the mass conservation
equation for the wetting phase. The mass conservation equation of the nonwetting phase is carried out
similarly. For that purpose, let £ € C2°(€2 x [0,f)) be such that {(x,t) = 0 for (x,t) € I'p x [0,t¢).
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We start by multiplying the 15" equation of the numerical scheme (4.2) by §t £F where 7 := £(xp,, t")
for L € V\ Vp (where Vp is the set of the Dirichlet boundary vertices) and n € [0,{ — 1], then we
sum over L and n. This yields

Wit 4 Wt 4 Wt Wt Wt Wit =0, (6.24)

where
-1

WP =375 Jwplon (SpHE — SP)er,

n=0 LeY

-1
SRS DD DD DI i VI EIC v B {Cr A | B3
n=0 LeV TETL
MeVvA\{L}

-1
Wyt == 3ot > S MK (v (Sa = S — [B(ShY) - BOSEY) - €6

n=0 LeV 7€7L

MeVv\{L}
Wy = zatz Do NGl KL P €
n=0 Ley TETL
Mev\{L}
Wyt = Z&Z > N BIICT KL OEA T €1
= Ley TETL
Mev\{L}

-1
Wt ="ty S A, By (T KL a T €.

n=0 Ley TETL
MeVv:\{L}

First, rearranging the accumulation term Wlh O and taking into account that ¢ = &(zp,t ¢) =0, one
gets

whot — ZZ / / oL ST O (xr,t) dadt — ) / ¢r Sp&(ar,0) dz

n=0Ley Ley’¥L

/cthhatCh(a: t dl’dt—/ ¢hS fh de,

where
E,ll(ac,t) = & (xp,t) for x € wy, and t € [0,t¢),
SY(x) =89, &(x):=&(xr,0) for v € wy,.
And, noting that £ € C°(Q x [0,¢f)) and S° € L>(Q), one infers
(b — 96 ae on Q, S) — 80 ) —¢(-,0) ae. on Q.
From Proposition 6.3, it follows that

Spst — S a.e. on Q.

Therefore, by virtue of the dominated convergence theorem together with the fact that all involved
sequences of functions are bounded, one has

lim WO = / $S0,¢ dzdt — / $S%¢(x,0) d. (6.25)
h,0t—0 Q Q

Next, let us show

hlaltrgowhét /Q Ao(S;T) (KVB(S)) - VE dadt.
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The discrete integration by part leads to

Wy = Z&Z > MoKy [B(SH) — BT (€1 — €1).

= TET 0] 5, €EF
Introducing the followmg ﬁnlte element reconstruction of the function &

fh 6t x, t Z Z § a:L,tn QOL )]]_(tn7tn+1}(t), v ($,t) € Qx (O,tf),
n=0 LeV
implies

Wy = Z«%ZTAO [ VB - Vel ) da.
n=0 7€

In the sequel, we denote by
Vot = /QAO(Sh,at;Th,at) (RV[B(9)]nt) - V& 5 dadt

-1
= 3ot 3 Ao(S T [®VIBS)E) - Vel (e, t7H) da
n=0 7€T T
Now, the fact that Ay is continuous in S and T yields its uniform continuity on the compact set
[0,1] X [Tin, Tmax)- Hence, there exists a modulus of continuity €; : Rt — R* such that for every
S1,52 € [0,1] and every 11, T € [Twmin, Tmax], there holds

[Ao(S1, T1) — Ao(S2, To)| < ex(|S1 — So| + |Th — T3|). (6.26)
Moreover, €; is bounded and

lim, e1(y) =0.

Recall that for every 7 € T and n € [0,1 — 1]] one has

[A :_H—l Z A Sn+1;T]7\L4+1).
#VT Mev:,

Thus

1
> [Mo(Sy s Th ) = Mo(STHH T3

Aol — Aol T2+) =
#VT Mev,

Therefore, by virtue of inequality (6.26) together with the triangle inequality, one finds
1 1
[ = Ao(S7H TP < (157 — 87 4+ 17 — I3

Thus
h,0 h,0 h,0
ALt rW2 A
<26t2 o)zt = Ag(S2FY T (KVB(S)]EL) - VE, 51 (@, t™ )| da
n=0 77’7
h,5t b
< /Q O KT [B(S) ] 5t).- VEL |
where

h,o g
e == e1(|Sh5 —

— Ty stl)-
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The Cauchy—Schwarz inequality gives
A% < [ AEVIB ) VI8 ol I(EVEL ) - Vsl na

SKQ/ hidt
Q

< Ko VEL sl VIB(S) gt 2 /Q (12 dudt.

VIB()]h,stl|VE) 5] dadt

Therefore
AR < CHIVED 500 / B2 qadt, (6.27)

where (CY); are some positive constants depending only on the problem data. The regularity of the
test function 527 5¢ entails

hlélm IVE 5t — VE|loo = 0.

Thus

i V€8 5l = [Vl < o0 (6:29)

Now, Lemma 6.5 ensures that

eV = e1(|Snst — Shst| + |Thse — )—0 ae onQ.
As a consequence
I h,5t\2 _ 9
h,éltrgo/Q( )2 dadt = 0. (6.29)
From (6.27), (6.28) and (6.29), we deduce that
lim Ah % .
h,6t—0
Hence
lim W — vt = o, 6.30
pm Wy 5] (6.30)

It remains to show that

lim Vot / Ao(S:T) (KVA(S)) - VE dadt,
h,6t—0 Q
Notice that
1Sh,5t — Shstllnzq < 1Shst — ShstllLz(q — 0, as h — 0.
The fact that Sy 5. — S a.e. on Q yields Sp, 5¢ — S a.e. on Q. Similarly, one shows that §h,5t — S a.e.
on Q and T’ s, Th,& — T a.e. on Q for some subsequences. Therefore, the continuity of Ay yields
Ao(Shot; Thst) — Ao(S,T)  ae. onQ.
Thus, owing to the fact that Ag is bounded together with the dominated convergence theorem,, one
gets
ANo(Shet; Thst) — Ao(S,T) strongly in L2(Q).
Moreover, one has
vgfm — V& strongly in (LQ(Q))d.
Therefore, the fact that K € (L>(Q))%*¢ yields
No(Shsts Tnst)KVEL s — Ao(S,T)KVE  strongly in (L*(Q))".

As a result
lim /Q No(Shst: Those) KV, 5) - VIB(S) o0 dardlt = /Q Ao(S5 TY(KVE) - VA(S) dadt.
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Hence, the fact that K is symmetric and (6.30) yield

h,ot . hot ) .
i V= i W = /Q Ao(S: T) (KVA(S)) - VE dadt. (6.31)
For now, let us establish
lim W;L Ot = 0,
h,0t—0

Rearranging the terms of W?fl ok

0 n n n n n n n
W:? "= Z ot Z o Z KT ( ’YLX/[l “YLX/[l) (SM+1 - SLH)'(gM —<&1)s

it can be reformulated as follows

n=0 T€T ol v EES
where
6(517\?_1) - 6(Sz+1> if STH—I 7£ Sn+1
STITEES B i T
’Y(SZ+1) if Sn+1 Sn+1
Therefore
h,o _
|W3 t| < Ao max Z5t Z Z KL M|-|SJT\L/IJrl - SZJrl’ |77£J](/[1 'Y?Ll]T/[l| & — &L
= TET 0] ) EEF
Using Cauchy—Schwarz mequahty, one gets
W3] < Ao max AR (BS ™)z, (6.32)
where
2
A= (Say s wsy?) .
=0 7€To],€&
and

h,§
By Z ot > IKLml ik — A (€ — €D)*
n=0 71€T o], €&
The fact that 71 is #-Holder yields
1St = ST < CalB(SHTY) = BSEYI°.
Therefore, in light of Lemmas 5. 3 5.4 and a priori estimate (5.6), one writes

Z(Stz > Kin(07418)? < CF. (6.33)

n=0 71€T o], €&

The uniform continuity of v on the compact set [0, 1] yields the existence of a modulus of continuity
€2 : RT™ — R such that for every S, Sy € [0, 1], there holds:

[7(51) = 7(S2)] < e2(|S1 — S2l). (6.34)
Moreover, €5 is bounded and
lim, e2(y) = 0.
Thus, for every 7 € T, 07,; € & and n € [0, — 1], one has
+1
VErr = VA < ee1S7T = ST,
Therefore

-1
=n—+1 n T n n
BY < S ot Y [e(I50 T - SR YD (K€l - 1)

n=0 7€T o7 v EEF
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Let us define
b = ea(1Snst — Snatl)-

From Lemma 5.3, one has

B < /Q (BO2KVED 5,) - VED 5, dudt

< K [ (19 s drat < Kol V8 s [ (%) arat (6.3)

Because

lim /( hOy2 qedt = 0,
h,6t—0.JQ

one deduces

lim ng 0t lim

By =0
h,0t—0 h,0t—0

Next, let us prove

lim W = / A(S; T) 1w (S; T) (KVP) - VE dadt.
Q

h,6t—0
For that purpose, we rewrite Wf O s
h,dt 1 P 1
Wy = Z5t Z AT Z (i )KL a7 a1 POLaE
n=0 1T ol mEEr

Let us set
Vot = /Q)\(Sh,ét;T hot) To(Sh.ot; Thst) (KN Prgt) - VE, 5 dwdt.

As previously, it can be checked that

tim VI = [ A(S:T)nu(SiT) (KVP) - V€ dadr (6.:36)
h,0t—0 Q

Observe that
h, 6t h,0t h,0t
Ay |W4 -V

<26t2 S i K 1003 PR €L (6.37)

= TET 07 5 €EF
where
Dl ad = I o GP) = ASEFS T mu (S7H5 T,

for every 7 € T, 07, € & and n € [0, — 1]. Now, the fact that A and 7, are continuous in S and T’
yields their uniform continuity on the compact set [0, 1] X [Tinin, Tmax|- Hence, there exists two moduli
of continuity €3, ¢4 : RT — RT such that for every S1,S € [0,1] and every T1,T5 € [Tinin, Tmax), there
holds:

IA(S1,T1) — A(S2, T2)| < e3(]S1 — S| + |11 — T|),
and
7w (S1, T1) — N (S2, T2)| < €ea(|S1 — So| + |11 — T2)).
Moreover, €3 and €4 are bounded and
Ly e(y) = lim e4(y) = 0.

Now, by virtue of the triangle inequality, one gets
VIl < DV T ) = (SEH T2 4 (S TN - (S 7).
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Thus
Dnulit < Paea(|S7 = SEFY 4 T = oY) + (IS = Sot 4 T — 1)

SM@“AWWHWHAﬂﬂ% (6.38)
where €5 := M\yeq + €3 : RT — RT is bounded. Therefore
Jimy es(y) = 0.

From (6.37) and (6 38) one gets

h,8 an+1 n ﬂ@—&-l n T n
AVt < Z(Sth; 1S = S T — ) Z KT arl187 37 PlIOT ar€l-

n=0 T€T o7y EEr
The Cauchy—Schwarz inequality gives
AP < (BY™E (D)3, (6.39)
where
h, 5t 1 ﬂ‘b-ﬁ-l 117,12 2
B S 6 (IS - s+ T - TR S K0
n=0 reT o7\ EE

and

Dyt = Z&Z > Kial07 P2

n=0 71€T o], €&
Using the pressure a priori estimate together with Lemma 5.3, one infers
DIt < 3. (6.40)
Introducing
h, 5t e~
€5 = e5(|Shot — — Thst])s
allows to write
Iy & 51) - VE) 5 dadt
sqé@ﬁnwmﬁm&s@wﬁmt/h“th (6.41)
By definition of €5 and the dominated convergence theorem, there holds
. h,0t\2 _
Jlim /Q ()2 dadt = 0, (6.42)
Thus, from (6.41), (6.28) and (6.42), one gets
lim DI = 0. 4
hotoso 4 =0 (6.43)
Hence, from (6.39), (6.40) and (6.43), we deduce that
lim AP = lim (W — v =,
h,6t—0 h(St 0
One finally obtains
lim Wt / MS; T) 0w (S T) (KV P) - V€ dadt. (6.44)
h,0t—0 Q
Similarly, we show that
Jim w0t / A(S; T) (S, T) Bf (S; T) (KVT) - V¢ dadt, (6.45)
- Q

by considering the function [n,B;] instead of 1, and the temperature gradient V7T} 5 instead of
the pressure gradient VP, 5. Indeed, the continuity of the functions 1, and Bj on the compact
set [0,1] X [Tinin, Tmax] yields the continuity of the function [n,B,] on the same compact set. Thus,
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NwBZ is uniformly continuous on [0,1] X [Tinin, Timax]. Therefore, there exists a bounded modulus of

continuity associated to [, B |, and the same reasoning as for Wf O i applied to this case.
In the same fashion, by considering — B, instead of B, one finds:
lim Wt = — / A(S; T) nw(S;T) By (S; T) (KVT) - VE dadt.
h,6t—0 Q
This concludes the proof of (6.21). Mimicking the same arguments one can demonstrates (6.22).

(b) Energy conservation equation. Let £ € C°(Q2 x [0,%f)) be such that (z,t) = 0 for (z,t) €
I'p x [0,tf). Multiply the 34 equation of the numerical scheme (4.2) by 6t 7 where £F = &(xp, ") for
Le V\ Vpandne [0,l— 1], then sum over L and n. This yields

Yhét_i_y2h5t+}%h6t+y4h6t+y5h5t_’_}%hét_'_Y?hét_’_}%h(St_i_thdt 07 (6.46)
where
Yo Z ST lwil(n; SEYTET — w(or; SPTTIEL,
n=0 Ley
Yyt =~ Z >SS MM e TIGT K B(SEY) — B(SEHYer,
n=0 Ley TETL
MeV-\{L}
h6t Z 5t Z Z [A ]n+1[CwT]( S) M{,}/n—i-l(sn—i-l SZL+1) _ [IB(SnM+1) o /8<52+1)]}527
=0 METSTT\L{L}
-1
v Zoat S Y A TGRS — B(STY)er,
n= L TET
< MeVT\L{L}
v Z St Y AP e TGO Ky v ptt (S5t — Sty — [B(Sy — B(SETYer,
n=0 Ley TETL
MeVv\{L}
Yoot = Z 0t > A eoTIN T (cwnw + cono) TV VKT 4r07 17 PER,
n=0 Ley TETL
MeVv-\{L}
-1
Yot — Soary ST N (cwn + conto) B TIGT KTy 0041 TER,
n=0 Ley TETL
Mev\{L}
Yo Z 5t S A (cunu + cono) By T) T Ky 67 EATER,
= Ley TETL
Mev\{L}
yot Z it S (k)i TR
= Ley TETL
Mev\{L}

The accumulation term is handled as done for Wlh ! in the 1% equation. After its processing, it can
be written under the form

Y = —/Q¢(¢~5h>§h,6t)fh75tz}lz(wat) drdt — /Qw%hﬁ%)f%g% dz,
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where
Ch(z,t) = 0é(xp,t) for o € wy, and t € [0,tf)
SO (x) =59 for z € wy,
T9 () :=T? for z € wr,
& (z) = &(x1,0)  for z € wy.

Because £ € C°(2 x [0,t5)), S° € L>®(Q2) and T° € L>(Q), one gets
Gh— 0, SY— 8% TV — 710 ) —£(-,0) ae on Q.
From Proposition 6.3, it follows that
5;1 — ¢ a.e.on €, gh,gt — S a.e.on Q, fh’(;t — T a.e.on Q.

The dominated convergence theorem together with the fact that all involved sequences of functions
are bounded yield
Jlim ¥ = / (6, S)TO,¢ dadt — / b6, ST (z,0) da. (6.47)
%

h,0t .

Similarly to W5""" in the 1%' equation, one shows that

lim Y / Ao(S;T) e T (KVB(S)) - VE dadt. (6.48)
h,6t—0 Q

For this purpose, one considers Ay instead of A, [¢,,T] instead of 7,, and the capillary term gradient
VI[B(S)]n,st instead of the pressure gradient VP, 5;. Observe that [c,T] is Lipschitz continuous in T
Therefore, there exists a bounded modulus of continuity associated to [¢,,T], and the same reasoning
hot . . )

as for W, ™" is also applied to this case.

Bearing in mind the temperature maximum principle as well as the fact that the functions [¢,, T, [c,T],
B}, B, are bounded. Using analogous arguments as in the proof of W; 9t Wf O in the 1 equation,
it can be easily seen that

. h,ot
Jlim Y5 =0, (6.49)
lim Y = / Ao(S:T) o T (KVB(S)) - V¢ dadt, (6.50)
h,6t—0 Q
lim Y = 0. 51
LT (031
Jim Y = [ (Mewn + cono)l (S TITRVP) - VE dadr, (6.52)
—0 Q
im0 / Mewno + cono)BH(S; T)T(KVT) - VE dadt, (6.53)
—0 Q
Jim Yoot — / Acwnw + conlo) By 1(S; T)T(KVT) - VE ddt. (6.54)
—0 Q
Finally, regardmg the term th O one writes

Yyt = Zétz S (Ao e T) (k) g Oph TER

= Ley TETL
MeVv\{L}
-1
=D 0t > NN (k) L0t T 0 E = / (krVE 50) - Ve dadt. (6.55)
n=0 T€T ol mEET
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Now, note that xkp € (L>(£))4*¢ yields
HTV§27& — kpVE strongly in (L2(Q))%.

Moreover, one has
VThst — VT weakly in (L*(Q))<.

Thus
: ht _ 1 by _ .
h}ggol/;) = h,lggo/Q(KTvgh’&) VT, 5 daedt /Q(RTVQ VT dzdt. (6.56)
Thus, by gathering all the limits (6.47), (6.48)—(6.56) in formula (6.46), one proves (6.23). This con-
cludes the proof of the passage to the limit theorem. [ |

7. Numerical results

In this section, we present the numerical results for 2D test cases modeling different scenarios of
nonisothermal immiscible incompressible two-phase flow in porous media using the numerical scheme
studied above. The first test case is a simulation in a homogeneous reservoir while the second one
is in a heterogeneous domain. These test cases are presented to evaluate the efficiency, robustness
and accuracy of the developed finite volume scheme. All our developments have been implemented in
DuMu® [25]. It provides many tools to solve numerically PDEs and allowing, among other things, the
management of mesh, discretization or linear and nonlinear solvers. The code is an object-oriented
software written in C4++ and has massively parallel computation capability. The modular concept of
DuMu® makes it easy to integrate new modules adapted to our numerical scheme. More precisely, we
have implemented a new module that utilizes the above-described scheme and the BBOX module of
DuMu” for spatial discretization. The simulation were performed on a laptop with Intel(R) Core(TM)
i7-4810MQ CPU Processor 2.80 GHz with 16 GB RAM.

7.1. Case 1: Homogeneous porous medium

In this test, we are interested in the accuracy evaluation of the proposed finite volume scheme, for a
nonisothermal two-phase flow through a 2D homogeneous porous medium. The purpose of this test
case is to show the numerical convergence in the L? norm of the numerical scheme. This test case was
adapted from a numerical test in [28] modeling CO; injection into a layered aquifer. We consider an
immiscible incompressible two-phase flow model instead of two-phase two-component flow.

The incompressible nonwetting phase is injected into a 2D rectangular aquifer. The domain is a
rectangle of length 200 m and height 100 m with a depth of the bottom boundary of 1200 m. The porous
medium is a homogeneous reservoir with porosity ¢ = 0.2 and absolute permeability K = 3x10~14[m?].
The phase densities are p,, = 1000 kg.m ™3, p, = 635kg.m 3 and p, = 2700 kg.m 3. The specific heat
capacity of the solid matrix is Cs = 790 J.K 1.kg™!. The Brooks—Corey [24] model is considered
for the capillary pressure and the relative permeabilities functions with the parameters v = 2, the
entry pressure P, = 10* Pa and the residual saturations Sy, = S, = 0. Therefore, krw(Sw) = Sﬁj,

1

kro(Sw) = (1 — Syu)%(1 — S2) and P.(Sy) = P.Sw?. The Somerton model [31] is considered for
the thermal conductivity. Due to the complexity of the model, we refer the reader to [28] and the
references therein, where all remaining parameters such as phase viscosities and thermal conductivity,
are provided.

The domain is initially fully saturated with brine HoO liquid. We assume hydrostatic pressure and
temperature at the start of the simulation, with temperature gradient 0.03/K.m~'. The nonwetting
phase is injected over a period of 3.17 years from the left boundary over a height of 30 m into the
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aquifer with a rate of 0.003 kg.s~! which yields the energy flux equal to —10~% ho(Tinj, Pinj), where
ho stands for the nonwetting enthalpy and is a function of the injection temperature Tj,; = 305K and
pressure Pj,; = 16 10% Pa. On the right boundary, we impose Dirichlet conditions in accordance with
the initial conditions. Elsewhere, a homogeneous Neumann boundary conditions is imposed.

F1cUre 7.1. Triangular mesh of 2 with 1600 triangles.

The numerical test was implemented with several meshes, including the most refined of structured
triangular mesh with 102400 triangles. The type of the used mesh is illustrated in Figure 7.1.

The nonlinear system is solved by the Newton method and a BiConjugate Gradient STABilized
(BiCGSTAB) method, preconditioned by an Algebraic Multigrid (AMG) solver, is used to solve the
linear systems. The tolerances for the Newton and the BICGSTAB methods are respectively 10~8
and 1073, The simulation starts with an initial time step 6t = 103s and a maximal time step
Stmar = 10°s is imposed. A minimal time step of 6t = 10%s was registered. Time step sizes
during transient simulations are dynamically recalculated depending on the convergence behavior of
the Newton method which can be increased or reduced, depending on the number of iterations allowed
in each nonlinear iteration. In this case, Newton’s method converges rapidly in less than 5 iterations.
The number of iterations before reaching the maximal time step is 8.

We can say that all quantities of interest: the nonwetting phase pressure (P,), saturation (.S,)
and the temperature 1" behave as expected without instabilities. The results of these simulations are
omitted since nothing startling was found. Instead, we concentrate to provide a quantitative study
for the numerical convergence of the proposed finite volume scheme. For that, we compute the L?
relative error on the nonwetting saturation and pressure, and the temperature on different structured
triangular meshes, with 1600, 6400 and 25600 triangles. We have considered the solution of the previous
simulation on a structured triangular mesh, with 102400 triangles, as a reference solution.

In order to clarify things, let’s begin by defining the L? relative errors when utilizing the finest
mesh as a reference solution. For instance, if we consider the temperature variable, let V be the set of
vertices of the coarse mesh, (wr,)rey the set of control volumes of the coarse mesh, 7' the approximate
solution on the coarse mesh, and T7¢/+ the approximate reference solution on the finest mesh at the
final time t'. In this case, the L? relative error is computed at the final time ¢! = 3.17 years as follows:

7l l
(Cpey lwr|(T} — T77?)z
1
(Srey lwr|(T34)2)

Relative  Error =
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TABLE 7.1. L? relative errors on the nonwetting saturation, pressure, and the temper-
ature for 3 structured triangular meshes.

Refinement Number .
level of triangles NDOF So Fo T CPU time
1 1600 861 2.302e-01 | 1.337e-03 | 3.788e-04 2 mn
2 6400 3321 1.55e-01 | 7.817e-04 | 1.753e-04 16 mn
3 25600 13041 | 7.987e-02 | 3.334e-04 | 6.307e-05| 1 h 25 mn
4 102400 51681 - - - 8 h 45 mn

Indeed, the solution on the coarse mesh is defined on the vertices. These same degrees of freedom are
also recovered from the refined mesh. Then, the results are compared to compute the error. Conse-
quently, the L? relative errors for the 3 considered meshes are reported in Table 7.1. The associated
curves are represented in logarithmic scale (for both axes) in Figure 7.2. We can clearly see that the
errors diminish with each refinement step, the errors for the temperature and the nonwetting pressure
being smaller than that of the saturation. Table 7.1 also gives the CPU times for all 4 simulations.

0.01+— F+ S_o
8 =+ Po
& T
I3
—
0.0001 —
1 1

1000 10000

NDOF

FIGURE 7.2. L? relative error in logarithmic scale (for both axes) for the temperature,
the nonwetting saturation and pressure.

To complete our convergence analysis, we assessed the convergence rates for the 3 quantities of
interest as Table 7.2 highlights.

TABLE 7.2. Orders of convergence for the L? relative errors.

| S | R | T
Order of convergence ‘ 0.76356 ‘ 1.0018 ‘ 1.2933

We can see that the temperature has the greatest order of convergence which is in agreement with
the diffusive effect of the temperature. Indeed, the temperature gradient appears in the elliptic term
associated to the thermal diffusion of the energy equation. Furthermore, we see that the order of
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convergence for the pressure is slightly greater than 1 which is in accordance with the convective effect
of the pressure gradient and thus the regularity of the pressure. Lastly, the saturation has the smallest
order of convergence, much bellow 1. This can be explained by the discontinuity of the saturation
which manifests as sharp fronts.

7.2. Case 2: Heterogeneous porous medium

The purpose of this test case is to show the performance of the finite volume scheme on 2D heteroge-
neous porous media with curved geometry. We present the numerical results for a test case adapted
from [28] modeling CO2 injection into a layered aquifer. We consider the same data as in the first
test case, in a heterogeneous porous medium. The incompressible nonwetting phase is injected, over a
period of 6.34 years, into a 2D rectangular aquifer. We are looking at a simplified geological configu-
ration that represents a 2D vertical section of a reservoir. The domain is a rectangle of length 200 m
and height 100 m with a depth of the bottom boundary of 1200 m. It is composed of four sub-domains
of different permeabilities and porosities as shown on the left in Figure 7.3. Apart from that, all re-
maining data is that of the first test case. The considered mesh is comprised of 12987 triangles and
6598 vertices (see Figure 7.3 on the right). The triangles aspect ratios vary from 1.001 to 2.031, and
their areas vary from 0.161m? to 24.44m?.

K =10 = 0.001

FIGURE 7.3. Permeability and porosity fields (left). Unstructured grids used for the
simulation (right).

With regards to simulation parameters, the tolerances for the Newton and the BICGSTAB methods
are respectively 1078 and 107!3. The simulation starts with an initial time step 6t° = 10%s and a
maximal time step 6tq: = 10° s is imposed. A minimal time step of 6t = 10% s was registered.
In this case, Newton’s method converges rapidly in less than 5 iterations. Let us underline that the
theoretical convergence of the Newton solver is difficult to address in two-phase flows in porous media.
In the case of Richards equation, the authors of the work [27] were able to prove the Newton solver
convergence.

The numerical results are shown in Figures 7.4-7.5 below. The represented quantities are: the
pressure (P,), the saturation (S,), the overpressure, and the temperature 7. The quantity injected rises
rapidly to the top due to the large difference in densities and there is influenced by the permeability
variations in the field. The front is very sharp due to the strong and sharp localized variation of the
permeability which is remarkably captured. The nonwetting phase remains trapped at the top of the
third layer due to the very low permeability of the fourth layer. It is worth remarking that saturation
scale ranges from 0 to 1 and no over/undershooting occurs.

The overpressure is defined as the difference between the current and initial nonwetting pressure.
Positive values show that we are always in overpressure during the whole simulation. The wetting
pressure curves show that the pressure increases rapidly with an overpressure reaching 3.510° Pa at
t = 1.59 years and returning at the end of the simulation to an overpressure around 1.9 10°Pa. The
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P_o S o
1.213e+07 0.687
[ 1.2¢+7 [0_6
1.18e+7 05
— 1.16e+7 —04
— 1.14e+7 —03
1.12e+7 02
0.1
1.090e+07 0.00
P_o S_ o
1.194e+07 0.829
1.18e+7 I
—1.16e+7 06
— 1.14e+7 —04
1.12e+7 02
Lle+7
1.0906+07 0.00

FIGURE 7.4. Profiles of the nonwetting pressure (left) and saturation (right) at 2 dif-
ferent times. From top to bottom: ¢; = 1.59 years and the final time ¢y = 6.34 years.

AP, T
3.494e+05 319.00
318
3.0e+5
L 25645 316
_ 2.0e+5 —314

— 1.5e+5 — 312

1.0e+5
IEs.oe+4

0.000

AP,

1.895e+05

1.5e+5

— 1.0e+5 —312
—310

5.0e+4

0.000 304.17
FIGURE 7.5. Profiles of the overpressure (left) and the temperature (right) at 2 differ-
ent times. From top to bottom: ¢; = 1.59 years and the final time ¢; = 6.34 years.

injection zone can cool and maintain a constant pressure in this zone because the temperature of
the injection zone is lower than the reservoir temperature. Heat transfer seems to be driven more by
conduction than convection, and it is only in the near injection region that the temperature is modified
and respects the discrete maximum principle. We achieved a good agreement between our results and
those of [28].

8. Concluding remarks

We have presented a vertex-centered finite volume scheme for solving a system of coupled degenerate
PDEs modeling nonisothermal incompressible immiscible two-phase in heterogeneous porous media.
The concept of the global pressure, developed specifically for nonisothermal flows, is used to demon-
strate the convergence of the numerical approximation to a weak solution based on a priori estimates
and compactness arguments. The method was validated through numerical results on a scenario of
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geological storage of CO,. This work is an extension of the results established in [21] in the isothermal
case to the problem of nonisothermal incompressible two-phase flow in heterogeneous porous media.
To our best knowledge, this is the first convergence result for a CVFE scheme in the case of non-
isothermal two-phase flow in heterogeneous porous media. It’s worth noting that a convergence study
was performed recently in [5] on the discretization of a system that models nonisothermal compressible
two-phase flow in porous media using a cell-centered TPFA finite volume method. However, the study
still needs to be improved in several areas, including discontinuous and degenerate capillary pressures,
media that is highly heterogeneous, fractured, or anisotropic and by developing a general approach to
incorporating compressibility of both phases. Finally, in this paper, the validation was carried out on
2D cases; it would be interesting to have a more detailed validation for 3D cases. These more complex
cases are being displayed in the applications. These crucial issues require more in-depth work.
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