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Abstract. We consider the problem of approximating a function from L? by an element of a given m-dimensional
space Vi, associated with some feature map ¢, using evaluations of the function at random points z1, ..., x,. After
recalling some results on optimal weighted least-squares using independent and identically distributed points, we
consider weighted least-squares using projection determinantal point processes (DPP) or volume sampling. These
distributions introduce dependence between the points that promotes diversity in the selected features o(z;). We
first provide a generalized version of volume-rescaled sampling yielding quasi-optimality results in expectation with
a number of samples n = O(mlog(m)), that means that the expected L? error is bounded by a constant times
the best approximation error in L?. Also, further assuming that the function is in some normed vector space H
continuously embedded in L?, we further prove that the approximation error in L? is almost surely bounded by the
best approximation error measured in the H-norm. This includes the cases of functions from L or reproducing
kernel Hilbert spaces. Finally, we present an alternative strategy consisting in using independent repetitions of
projection DPP (or volume sampling), yielding similar error bounds as with i.i.d. or volume sampling, but in
practice with a much lower number of samples. Numerical experiments illustrate the performance of the different
strategies.

Keywords. Weighted least-squares, Optimal sampling, Determinantal point process, Volume sampling.

1. Introduction

We consider the problem of approximating a function f by an element of a given m-dimensional space
Vi using point evaluations of the function. The function is defined on a set X equipped with a positive
measure p and the error is assessed in the natural norm in LZ(X ) defined by

1712 = | 1/ @)Pdu)

X can, for example, be a subset of R but more general Polish spaces can be considered as well. The
best approximation error that can be achieved by elements of V,, is

inf —g|l=f-P
nf If =gl =17 = P, S
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where Py, f is the orthogonal projection of f onto V,,. An approximation fm can be obtained by a
weighted least-squares projection of f defined as the minimizer of

min — w(x; ;) — glx; 1.1
min > wle)|f(e:) — glos) (1)
where w : X — R is a positive weight function and the z1,...,z, are points in X. The approximation

A

fm is said quasi-optimal if .
If = Jmll < C inf |If =gl
with a constant C' independent of m. When using random points, it is said quasi-optimal in expectation
whenever A
E(lf — full®)/2 < C inf ||f —gll,
9EVm
which guarantees that the averaged error E(||f — fin||?)Y/2 converges as least as fast as the best
approximation error en(f)r2 := infycy,, ||f — g||. A fundamental problem is to select points and
weights that achieve quasi-optimality with a number of points as close as possible to the dimension m
of V,,,. The weighted least-squares approximation fy, defined by (1.1) is such that

1 = il = i 17 = gl (1.2
where || - ||, is the empirical (discrete) semi-norm defined by
1 n
A1 = = D wlw:) f (). (1.3)
i=1

The function fm is the orthogonal projection Pvm f of f onto V,,, with respect to the empirical semi-
norm, and the quality of the approximation is related to how close || - ||, is from the norm || - ||.

We assume that we are given an orthonormal basis ¢1,..., 0, of Vi, and we let ¢ : X — R™
be the associated feature map defined by ¢ (z) = (p1(2),...,om(z))”. Then for any g in V;,, where
g(x) = p(x)Ta for some a € R™, it holds ||g||?> = ||al|3 and ||g||> = a’ G¥a, where G* is the empirical

Gram matrix
n

w w 1
GY =GY(x1,...,Tm) = - Zw(xi)cp(:ci)cp(xi)T, (1.4)
i=1
so that
)‘miN<Gw)”g”2 < ”9”% < )‘max(Gw)”g”27 Vg € Vin, (1-5>

which is known as a Marcinkiewicz—Zygmund inequality in sampling discretization [19]. The quality
of the projection is therefore related to how much the spectrum of G* deviates from one. In particular,
it holds A
1 = fonll® S UIF = Py FI? 4+ Amin(G*) M f = P, f1I2

A control of the minimal eigenvalue of G is therefore necessary to achieve quasi-optimality. A control
of the highest eigenvalue of GY is also needed for numerical stability reasons, so that quasi-optimality
can be achieved in finite precision arithmetic. The choice of optimal points (and weights) is a classical
problem of design of experiments [27]. A classical approach, called E-optimal design, consists in select-
ing points (and weights) that maximize A\, (G"). Variants of this problem consist in maximizing the
trace of the inverse of G", which is called A-optimal design, or maximizing the determinant det(G"),
which is called D-optimal design. The latter is related to Fekete points for polynomial interpolation
or more general kernel based interpolation [8, 18]. It is also related to maximum volume concept in
linear algebra [15, 16]. However, these optimization problems are in general intractable.

The above mentioned approaches are deterministic. Here, we follow a probabilistic avenue, where
the points x1,...,x, are drawn from a suitable distribution allowing a control of the spectrum of
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the empirical Gram matrix. When the points z; are drawn from a distribution v with density w™*

with respect to u, the empirical Gram matrix is an unbiased estimate of the identity. Provided the
points are independent and identically distributed (i.i.d.), the empirical Gram matrix almost surely
converges to the identity and matrix concentration inequalities allow to analyze how fast is this
convergence. An optimization of the convergence rate over all possible distributions yields an optimal
density wp, (z) ™! = L (x)||3, that is known as the inverse Christoffel function for polynomial spaces
Vi [9]- The measure v, = w,,' ;1 is also known as leverage score distribution in statistics and machine
learning. Sampling from this distribution guarantees that the event S5 = {Apin(G*¥™) > 1 — 6} is
satisfied with a controlled probability 1 —n provided the number of samples n = O(6~2mlog(mn™')),
where the dependence in m is known to be optimal for i.i.d. sampling [28]. A similar control in
probability is obtained for the maximum eigenvalue, and A4 (G*™) < m even holds almost surely
with the particular choice of weight function w,,. By drawing i.i.d. samples from v,, and conditioning
to the event S5 (that can be achieved by a rejection sampling with controlled rejection probability),
it holds E(|| - ||2) < B]| - || for some constant 3, and the resulting least-squares projection f, is
quasi-optimal in expectation. If we further assume that the target function f is in a subspace H
continuously embedded in Li(X ) and Lzoh_l /2(X) (the space of functions f defined on X’ such that

)

h=1/2f is uniformly bounded), with h a probability density with respect to j, and if we choose for
v = w~ !y a mixture of the optimal sampling distribution v, = w,,'x and hyu, we prove that quasi-
optimality still holds in expectation and we also prove that || - ||, is almost surely bounded by || - ||z
(up to a constant), which ensures that it holds almost surely

— fall <O — .
If fm!\_Cglelign\lf 9llm, (1.6)

which we will call H — LZ quasi-optimality. Examples of such spaces H are L;°(X) (with p a
finite measure and h = p(X)~1), or reproducing kernel Hilbert spaces. Note that the idea of using a
mixture between vy, and u to control the discrete norm by the L7°-norm is not new, see, e.g., (2, 26].
The inequality (1.6) ensures that the approximation error in L?-norm is upper bounded by the best
approximation error in H-norm e, (f)n := infgev,, || f — g||z. Of course, further assumptions on f and
a suitable choice of V,,, are required to guarantee some decay of e,,(f)x (which converges slower than
em(f) 2 in general). In this paper, we are not concerned with the choice of V;,, (which is assumed to
be given) and the analysis of the convergence of best approximation errors in V;,, (in L? or H norms),
but only with the construction of algorithms yielding quasi-optimal approximations (in expectation,
with high probability or almost surely).

In practice, the number of i.i.d. samples n needed for a stable projection may be large and far from
the dimension m. In order to further reduce the sampling complexity, various subsampling approaches
have been recently proposed. They start with a set of points that guarantee that the spectrum of G is
contained in some interval [a, b], and then extract a subset of points that guarantee that the spectrum of
the empirical Gram matrix (up to a possible reweighting) is still contained in some prescribed interval
[a',b']. The approach proposed in [13, 14] yields quasi-optimality in expectation with a number of
samples n = O(m). The algorithm is a randomized version of algorithms provided in [23, 24] for the
solution of the Kadinson—Singer problem. This algorithm is unfortunately intractable. However, it is
interesting from a theoretical perspective since it allows to prove that quasi-optimality in expectation
can be achieved with a number of samples linear in m, therefore showing that sampling numbers in
a randomized setting and Kolmogorov widths are comparable for compact sets in LZ(X ). A greedy
subsampling algorithm with polynomial complexity has been proposed in [17], that reaches in practice
a number of samples n close (and sometimes equal) to m. However, it provides a suboptimal guaranty
in expectation, that is E(||f — fin||>)"/? < Clog(m)'/?||f — Py, f||, and no theoretical guaranty to
extract a set of samples of size n = O(m). Another tractable approach has been proposed in [2],
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which allows to reach a number of samples n = O(m). Yet, this algorithm does not provide quasi-
optimality in expectation. These conditioning and subsampling approaches all yield a set of points
with a dependence structure that is not given explicitly. They require to start with a rather large
set of samples and suffer from the complexity of subsampling algorithms, which is polynomial in the
initial number of samples.

Another route is to leave the i.i.d. setting from the start and sample from a distribution that intro-
duces a dependence between the samples. An algorithm which achieves quasi-optimality in expectation
with n = O(m) samples has been proposed in [12]. It is a randomized variant of the subsampling al-
gorithm from [2]. Another prominent approach is to rely on volume sampling, first introduced in a
discrete setting in [1, 11], and then extended to more general settings in [25]. Volume sampling has
found many applications in machine learning. For classical (non weighted) least-squares, it consists
in drawing samples x = (x1,...,2,) from a distribution 7, over X" having a density proportional
to det(®(x)T ®(x)), with ®(x) = (¢(x1),...,¢(x,))T. The distribution v,,, for n = m, corresponds
to a projection determinantal point processes (DPP) [21]. The density drops down to zero whenever
two vectors ¢(x;) get collinear, hence this distribution introduces a repulsion between the points and
promotes diversity in the selected features ¢(z;). For n > m, up to a random permutation of points,
this distribution corresponds to m points from a projection DPP and an independent set of n—m i.i.d.
samples from p (provided p is a probability measure). The associated empirical Gram matrix (with
weight w = 1) has bad concentration properties. Here we consider a generalized volume sampling dis-
tribution 7} for weighted least-squares, which has a density proportional to det(G"(x)) with respect
to a product measure v®" (the measure u is no more required to be a probability measure). This
introduces a compromise between promoting a high likelihood with respect to the reference measure v
and promoting a high determinant of the empirical Gram matrix. For v = v,,,, y%™ corresponds to the
volume-rescaled sampling distribution introduced in [10]. This distribution yields quasi-optimality in
expectation, without the need of conditioning. Moreover, this distribution has the very nice property
of providing an unbiased approximation, i.e. E( fm) = Py, f, which allows to perform an averaging of
estimators for improving quasi-optimality constant.

Our first main contribution is to consider a general version of volume-rescaled sampling distribution,
with a measure v = w™ 'y allowing to obtain not only quasi-optimality in expectation but also an
almost sure H — Li quasi-optimality for functions from subspaces H described above. Despite the
many advantages of volume sampling compared to i.i.d. optimal sampling, the number of samples to
ensure stability of the empirical Gram matrix with high probability is essentially of the same order as
for i.i.d. sampling, i.e. n = O(mdé2log(mn=1)).

Our second contribution is to propose an alternative that consists in using r independent samples
from the projection DPP distribution 7,,, or from the volume sampling distribution ~}, with a suitable
mixture distribution v. Using conditioning, the former allows to obtain quasi-optimality in expectation,
while the latter allows to achieve H — LZ quasi-optimality almost surely for a subspace of functions H.
These results are similar to optimal i.i.d. sampling (with suitable mixture measures) or to our general
version of volume sampling. We can prove that stability Sy is achieved with probability 1 —n under a
suboptimal condition n = O(m?6~2log(mn~1)), or a better condition n = O(md—2log(mn~")) (similar
to i.i.d. and volume sampling) under a conjecture (only checked numerically) on the properties of the
empirical Gram matrix associated with projection DPP or volume sampling. Although this theoretical
guaranty does not show any advantage of this new sampling strategy, we observe in practice a much
better concentration of the empirical Gram matrix, hence a much lower number of samples needed for
obtaining the stability condition S5 with high probability.

Although they are not directly in line with our setting (the approximation of a function in an
arbitrary subspace V;;,), we would like to mention related works [4, 5] using determinantal point
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processes for the approximation of functions from reproducing kernel Hilbert spaces H. In these
works, the sampling distribution is related to the kernel of H.

In this paper, we only provide upper bounds of the error in L?-norm in terms of errors of best
approximation in L? or H norms. Obtaining a control of the error in other norms, e.g. L*> or a some
RKHS norm, would certainly be of interest but this in general requires to modify the projection or
the sampling methods, see the recent works [20, 31] in this direction.

The outline of the paper is as follows. In Section 2, we provide some preliminary results on weighted
least-squares projections. In Section 3, we recall some classical results on optimal weighted least-
squares with i.i.d. sampling, with quasi-optimality results in expectation and also H — LZ quasi-
optimality results for a large class of function spaces, that extend previous results [17] to a more
general setting. In Section 4, we introduce DPP and more general volume sampling distributions, and
analyze the properties of corresponding weighted least-squares projections. In particular we obtain
quasi-optimality in expectation and almost sure H — LZ quasi-optimality when using our general
volume sampling distribution with a suitable weight function. In Section 5, we present the alternative
strategy consisting in using independent repetitions of DPP (or volume sampling), and obtain similar
quasi-optimality results. In Section 6, we provide numerical evidence of the efficiency of the strategy
based on independent repetitions of DPP, compared to optimal i.i.d. or volume-rescaled sampling.

2. Preliminary results on weighted least-squares approximation

Here, we provide some preliminary results on weighted least-squares approximation. We start with a
control of the bias of the empirical semi-norm, provided a condition on the weight function w that
needs to be related to the sampling distribution.

Lemma 2.1. Assuming that the points are drawn from a distribution over X™ with marginals all equal
to U = wu, and assuming that the weight function w is such that w < Bw, it holds for all f € LZ

E(I£1%) < BIFIP
with equality when W = w.

Proof. It holds E(||fI[7) = 5 321y Eo,nn(w(@i) f(2:)?) < B) f(2)?du(x) = Bl f]*. u

Assuming GY invertible, the projection error satisfies

If = fmll® = If = Py, I + 1Py, (f — P, )P (2.1)
from which we deduce
1f = Fnll? < UF = Pr 17+ Amin(G*) M f = Py, £ 17
and the following result.

Lemma 2.2. Assume that the points (x1,...,xy) are drawn from a distribution over X™ with marginals
all equal to v = W'y and we use weighted least-squares with a weight function w such that w < Bw.
Letting Ss = {Amin(G™) > 1 — 6}, it holds for any f € Li
E([| P, f1%1S5) < B(S5)~" (1= &) BIFII,
and
E(If = P, fI*1S5) < (1 +P(S5) (1 =8)7'8) inf |If =gl
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Proof. From (1.5), we obtain
E(| Py, fI1%1S5) < (1 = 8)'E(|| Py, fI121S5) < (1 = 8)""P(Ss)~"E(| P, f17),
and since Py;, is an orthogonal projection with respect to the inner product ||-||,,, it holds E(|| Py,, f||?) <

E(||£]12) < BIIf||?, where the last inequality results from Lemma 2.1. The second inequality then fol-
lows from (2.1). ]

In order to obtain error bounds with high probability or even almost surely, we introduce additional
assumptions on the target function, and choose a weight function accordingly. For some strictly positive
function h, we let L™ (X) be the space of functions defined on X such that fh~1/2 is in Lp(X).

,u,,h_l/Q
Let H be a normed vector space of functions defined on X', continuously embedded in both Li and
ijh—l /2- That means respectively that for any f € H,
I < Cullflla, (2.2)
and
Iflle ,, = esssup h(z) 2| f (@) < [If]la- (2.3)
wsh TEX

Example 2.3. When 1 is a probability measure, the properties (2.2) and (2.3) hold for H = L7,
with h = 1, and embedding constant C'y = 1.

Example 2.4. The properties (2.2) and (2.3) hold for H a reproducing kernel Hilbert space of func-
tions with kernel K : X x X — R having finite trace [ K(x,z)du(z) < co. H is compactly embed-
ded in LZ with embedding constant C% = [ K(x,z)du(z), and continuously embedded in ch,)h—l /2
with h(z) = K(x,z). The kernel admits a Mercer decomposition K (z,z) = M, N\ip;(2)9);(y) with
M € NU {+o0}, where the 1; form an orthonormal system in Li and the A\; > 0 are such that
S>M . \; = C%. The kernel can be rescaled such that C = 1, in which case h is a probability density
with respect to u. In the case when p is itself a probability measure and X has a group structure
with K(z,y) = k(z — y), then h(x) = k(0) is a constant function, and with the previously mentioned
rescaling, Cy = 1 and h = 1, and H is continuously embedded in Lj°. More generally, when h is
uniformly bounded, H is continuously embedded in L7°. However, there are some interesting cases
of RKHS for which h is not uniformly bounded, e.g. the Sobolev space H}(R) with v = A/(0,1) the
standard Gaussian measure, whose kernel has diagonal h(x) = /7/2exp(z?)(1 — erf(z//2)?), and
which is continuously embedded in L? for yu ~ N(0,a), for a < 1. We refer to [6] for an introduction
to RKHS.

Noting that for any g € V,,, it holds
1f = Full < 1f = gll + Anin(G*) T2 f = gllns
we can deduce another useful lemma, provided some condition on the sampling measure.

Lemma 2.5. Assume f € H with H satisfying (2.2) and (2.3). If the weight function w is such that
w > (TLh, it holds ||g||2 < Cllgll3 almost surely, for any g € H. If we further assume that G¥ is
almost surely invertible, it holds almost surely

_Am < . w\=1/2,+1/2) f - '
1 = Fll < (Crt + Amin(G®)V2C2) inf |1 ~ gl
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3. Least-squares with independent and identically distributed samples

We here consider the classical setting where the z1,...,z, are i.i.d. samples from a distribution
v = w~ 'y with density w™! with respect to p. The empirical Gram matrix can be written

G =LY AL A= uwlme()e()
i=1

The A; are i.i.d. rank-one matrices, with expectation E(A;) = I and spectral norm satisfying almost
surely

1A = w(a:) |l ()]l5.
From matrix Chernoff inequality (recalled in Theorem A.1l), we then deduce the following result
from [9].

Lemma 3.1. Assume the points (x1,...,x,) are i.i.d. samples from v = w~ 'y, with w such that

Ky = supw( M (@)]l3 < oo
zeX

Then for any 0 < § < 1, it holds
P(Amin(G") <1 —6) < mexp(—ncs/Kym)
with cs = 6 + (1 — 8)log(1 — &) such that §%/2 < c5 < §%. Then it holds
PAnin(GY) <1=9)<n if n> Ca_le,m log(mnfl).
Since

K 2 Easw(@)o(@)[3) = [ l(@)l3dua) = m.

we deduce that Ky, ,, > m. The optimal sampling measure that minimizes the upper bound of the
matrix Chernoff inequality is therefore given by

-1
Vm = Wy, K,

where the density w,,,! with respect to p is given by

! Em (z)? ! ()3
= —_— S\ = —_— X
mi:190z m ¥ 2

that provides an optimal constant K,,, ,, = m. This optimal distribution for i.i.d. sampling is also
known as leverage score distribution. Choosing a function w such that w=! > aw_! for some a > 0
yields a constant

Kym < ailemm = oflm, (3.1)

and we have P(Ai,(GY) < 1 —§) < 5 provided n > ¢; 'a=tmlog(mn™).

We next provide a useful lemma on the stability of the empirical least-squares projection.

Lemma 3.2. Assume that (x1,...,2,) is drawn from v®" with v = w™ . Let S5 = {Amin(GY) >
1—0} with0 <6 < 1. ThenforannyL , it holds

E(| Py, f111Ss) < P(S5) "1 (1 = 8) I £11%,
and

B(|Py, AI7155) < B(S9) 71 = 8) (1P, A7 + =217
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Proof. The first inequality directly comes from Lemma 2.2 with § = 1. For the proof of the
second inequality, let G := G%, and first note that Py, f(z) = @(z)7c, with ¢ = G~'b and
b=1%5" w(z;)e(z;)f(z;). Therefore
1Pv,. fII” = llcl3 = IG™'b|3 < Amin(G)?[IbII3,
and A
E(|| Py, f11*85) < (1 —8)"*P(S5) " 'E(|[bl|3).

Then we have

1 n
E([bl2) = —5 > E(w(@)e(z:)" f(zw(z;)e(z;)" f(z;)
ij=1
1
= B (f@PuPle@)]) + | [ F@elada)B
Kum n
< S f)2 7P,
which ends the proof. [ |
Theorem 3.3. Assume that (z1,...,x,) is drawn from v®" with v = w™y such that w=! > aw,,}

for some o > 0. Further assume that
n > c;ta tmlog(mn™t),
with 0 < § < 1. Then the event S5 = {A\min(G") > 1 — 0} is such that P(S5) > 1 —n and it holds
E(If = full®[Ss) < (1 + (1 =n)~ 1(1—5)71)9161%; 1f = all?,

and

E(|f = fmll*85) < (1+a7" (1—77)’1(1—5)’2) inf ||f - g,
gE€EVm

Proof. The first inequality comes from Lemma 2.2 and Lemma 3.1, while the second inequality
follows from (2.1), Lemma 3.1 and Lemma 3.2, noting that Py, (f — Py, f) = 0. |

The next theorem provides a control of error in probability, provided that the target function f is
in a space H satisfying (2.2) and (2.3), with h a probability density w.r.t. u, and we use a sampling
distribution v = w1y with

w™t = aw,' + (1 - a)h. (3.2)
The measure v is a mixture between v, = w,,' ;1 and the measure hju, with respective weights o and
1—a.

Theorem 3.4. Assume f € H, with H satisfying (2.2) and (2.3), with h a probability density with
respect to pi. Assume (x1,...,2y) is drawn from v®" with v = w™ 'y and w™! = aw,,! + (1 — a)h.
Then provided

n > csta tmlog(mn™t),
with 0 < 0 < 1, the event S5 = {A\min(G™) > 1 — 8} is such that P(S5) > 1 —n and it holds

_ 7 Con=1/201 =172 _
I = fnll < (Cor o+ (L= 8) 20 = ) 2) it If = gllm
with probability greater than 1 — 7.

Proof. It is directly deduced from Lemma 2.5 and Lemma 3.1. |
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Remark 3.5 (Sampling from the mixture v). Sampling from the mixture v = avy, + (1 —a)hp can be
performed by sampling from v, with probability a and from hu with probability 1—ca. When H = L7°
and p is a probability measure (see Example 2.3), h = 1 and it requires sampling from the reference
measure . When H is a RKHS (see Example 2.4) with kernel K such that [ K(z,x)du(z) = 1,
it requires sampling from hp with h(x) = K(z,z). If K is known from its Mercer decomposition
K(x,y) = M, \by(2)1(y), with M € NU{+00}, then h(z) = M, Niab;()? and hy can be sampled
as a mixture of distributions %2 u with weights A\;. An alternative is to sample independent Bernoulli
variables B; ~ B()\;), and then sample from the distribution h;u with hy(z) = % Sier i(x)? with

4. Least-squares with determinantal point processes and volume sampling

4.1. Projection determinantal point process

A projection determinantal point process DPP,,(V},,) associated with the space V;,, and the reference
measure 4 (not necessarily a finite measure) is a distribution over X defined by
() =~ et ()T @(x)) " (), x € X,

where ®(x) € R™™ is the matrix whose i-th row is ¢(z;)?. It is a determinantal point process with
projection kernel K (x,7y) = ¢(z)T¢(y) and reference measure p. Sampling from +,, tends to select at
random a set of features (¢(21), ..., ®(2,)) with high volume in R™. The density —; det(®(x)” ®(x))
is equal to zero when two points x; and x; are equal, or more generally when two features ¢(x;) and
@(z;) are collinear for i # j. It is a particular class of repulsive point processes. The following result
indicates that the marginals of v, are all equal to the optimal sampling measure for i.i.d. sampling
for Vi, and provides a factorization of the distribution in terms of conditional distributions.

Proposition 4.1 (|21, Theorem 2.7]). Let (z1,...,%m) ~ Ym. Each xj has for marginal distribution

Um = witp, with wyl(z) = L|e(@)||3. For 2 < k < m, the conditional distribution of xy knowing
T1,...,Tp_1 has for probability density with respect to p the function
1 2
pr(y) = lp(zr) = Pwi_, e (an)2

m—k+1
where Py, _, is the orthogonal projection onto the space Wy_; = span{e(z1),...,¢(zr_1)} in R™.

Proof. See Appendix B. [ |

From the previous result, we deduce a sequential procedure to draw a sample (z1,...,z,,) from
the distribution v, = DPP,(V};,). The first point z; is obtained by drawing a sample from v,,. Then
given the points (z1,...,xE_1), the point zj is drawn from the probability measure py(x)du(z).

Example 4.2. Consider X = [0, 1] equipped with the uniform measure p and the space V,,, of piecewise
constant functions on a uniform partition of [0, 1] with m intervals. An orthogonal basis is given by
@j(r) = /mlze(j—1)/m,j/m)- Here p(x;) = \/me;, where e; is the i-th canonical vector in R™. Then
the density of 7,, is 0 once two points or more are in the same interval, and equal to m"/m! if there
is exactly one point in each interval. The marginals are all equal to . The conditional density pj is
equal to 0 on the intervals containing the points (x1,...,z5_1), and equal to m_LkH elsewhere.
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Remark 4.3. Letting vy, ..., vy, be the orthonormal basis of R such that v; o< () — Pw,_, (i),
we have that the functions v;(x) = v/ ¢(x) form an Li—orthonormal basis of V,,,, and

prladp(a) = —— (Z mm?) du(z),
1=k

that is the optimal sampling distribution for the space span{vx, ..., ¥, }, which is the orthogonal
complement of span{w1,...,1¥r_1} in V.

Remark 4.4. When replacing the random draw zy41 ~ —2|[¢(z) — Pw,(2)||3dp(z) by a deter-
ministic selection

g1 € argmax [|p(z) — P, (@) |3,
reX

the resulting algorithm corresponds to a deterministic greedy algorithm for the construction of a
hierarchical sequence of spaces Wi C ... C W, for the approximation of the manifold M = {¢(z) : x €
X'} [7, 22]. Tt also coincides with the sequential design in Gaussian process interpolation, using a kernel
K(z,y) = ¢(x)Tp(y). Indeed, in this case, W), = span{K (x1,-),..., K(xx,-)} and the interpolation
of a function at points (z1,...,xx) is the orthogonal projection onto W} with respect to the RKHS
associated with the kernel K. The variance at point x of this interpolation given (x1, ..., zx) is ||¢(x) —
Py, @(x)||3. Therefore, the selected point x4 is where the interpolation has maximum uncertainty.

For any probability density w™" w.r.t. u, we let @ : X — R™ be the weighted feature map such

that @ (x) = (P (x),..., 0% (2))T = w(x)/?e(z) and ®¥(x) be the matrix in R whose i-th row
is " (z;)T. We have the following straightforward property.

Proposition 4.5. For any distribution v = w™ 'y, it holds

1
dym(x) = — det(®¥ (x)T 0¥ (x))dr®™(x), x€ X™,
m!
The functions @V, ..., p% form an orthonormal basis of a subspace V;* in L2(X), and the distribution

DPP,(Vin) coincides with DPP, (V7).

From the above, we deduce that for v = w1 p,
A (x) = " det(G¥(x)) ™ (x),  x € X™.
m!

Therefore, sampling from ~,, tends to favor points x € X" leading simultaneously to a high likelihood
with respect to the product measure v®™ and a high value of the determinant of G*(x). This tends
to favor empirical Gram matrices with high eigenvalues.

Remark 4.6 (Complexity). Let us assume that p is a discrete measure with N atoms. The cost of

sampling a projection DPP is O(m?+ Nm?). This can be improved to O(m?>+ Nm) (up to log factors)
using rejection sampling, see [3].

4.2. Volume sampling

The volume sampling distribution VSZ’(Vm) is the distribution over X" defined by

() = P et (@) @(30) s (),

for n > m. For n = m, the volume sampling distribution VSZl(Vm) coincides with the projection
determinantal point process DPP,(V;,). For n > m, provided p is a probability measure, a sample
from 7, is composed by m samples from the projection determinantal process DPP,(V},) and n —m
i.i.d. samples from the measure p, to which is applied a random permutation, as stated in the next
proposition.

10
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Theorem 4.7 ([10, Theorem 2.4]). Assume that p is a probability measure. If (z1,...,Tpn) ~ Ym &
p®=m) and o is an independent permutation drawn uniformly at random over the set of permutations
of {1,...,n}, then (Tg(1);- - To(n)) ~ Yn- The marginals of the distribution v, are all equal to the

mixture
m n—m m n—m
—VUm + n = (wm + ) 28
n n n n

Given a probability measure v = w™'y (u is no more required to be a probability measure), for
n > m we can define another volume sampling distribution VS}(V,) over X™ defined by

R er (@ ()70 () ) = O et (G ) ()

dy, (%) =
Sampling from ~; tends to favor points x € A leading simultaneously to a high likelihood with
respect to the product measure v®™ and a high value of the determinant of G¥(x). As a corollary of
Theorem 4.7, we have the following result.

Theorem 4.8. If (z1,...,2,) ~ ¥m ® p®=m) with v = w™p a probability measure, and o is an
independent permutation drawn uniformly at random over the set of permutations of {1,...,n}, then
(3:0(1), e ,xg(n)) ~7y. The marginals of the distribution v, are all equal to the mixture
m n—m
p=w"ty with o= —w + w L
n

If wy, > aw, then W satisfies

(1 — m) wl <ol < (1 + (of1 — 1)m> w L.
n n
Proof. Since ¢% form an orthonormal basis of the space V;* in L2, we deduce from Theorem 4.7 and
Proposition 4.5 that up to a random permutation, a sample from +% is composed by m points drawn
from DPP (V% ,v) = DPP(V,,, i) (with marginals v,,) and n — m i.i.d. samples from the measure v.
The expression of the marginals is a direct consequence. |

Taking v = p (provided p is a probability measure), we have y# = ~,,, that is the classical volume
sampling distribution VS (V). Taking v = vy, we obtain the distribution

! det (B (x)T B (x))dvS™ (x)

m

i) =

which corresponds to the volume-rescaled sampling distribution from [10, Section 3|, whose marginals
are all equal to the optimal sampling measure v, (leverage score sampling). Up to a random permuta-
tion, this consists of m samples from ~,, and n —m i.i.d. samples from the optimal sampling measure
Um. Considering v}, with v # vy, will further allow us to obtain H — LZ quasi-optimality result in
probability.

4.3. Properties of least-squares projection

In this section, we consider weighted least-squares projection based on volume sampling with reference
probability measure v = w™ . The case v = v, corresponds to volume-rescaled sampling and enjoy
favorable properties for the error in expectation. However, as we will see, taking v as a mixture allows
us to obtain a control of errors with high probability.

We first state some results on the minimal eigenvalue of the Gram matrix when using volume
sampling distribution ~%. This is a straightforward extension of Theorem 2.9 from [10].

11
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Lemma 4.9. Assume x is drawn from the distribution v* with v = w™ 'y a probability measure. It

holds
E(GY) ) = ——

)

n—m-+1
where the Loewner ordering = is replaced by an equality whenever the matriz ®¥(y) for y ~ v®" has

rank m almost surely, and
nm

n—m+1

Proof. See Appendix C. [ |

E(Amin(G¥)™1) <

Provided a condition on a minimal number of samples, the next result improves the above upper
bound by exploiting a matrix concentration inequality.

Lemma 4.10. Assume x is drawn from the distribution 7% with v =w 'y and w=' > aw,,'. Then

> < mexp (_q(n — m)a) .

m

P (/\mm(Gw)l >(1-06)"t

n—m

Moreover, if

1

n > m+mc; a ! log(nm?)

it holds "

E(Amin(G¥)™1) <1+ — m(l -6~ L
Proof. See Appendix C. |
Proposition 4.11. Let x = (21,...,2,) be drawn from the distribution v% with v = w™ 'y and

w > aw, . Assume we use weighted least-squares with weight function w. Then for any function f,
letting Sy = {Amin(G¥(x))~ < t}, it holds

-1
B(|1Py,. SIS0 <PS) e (1= ) AR
and
B(1Py, £17150) < B30 (a7l (5 + ema I + 17y, 1)

with B =1+ (a™! — DT, E=0ifv=uy, {=11n the case v # vp,. If n > m + cgla_lmlog(mn_l)
andt = (1—6)"1-2— then P(S;) >1—n.

n—m’

Proof. For the first inequality, we note that
E([|Py,, f11*15:) < tP(Se) " 'E(|| Pv,, fII2) < tP(Se) " E(||f]17),

where we have used the fact that I3Vm is an orthogonal projection with respect to || - ||,. Then since
the marginals of x are W 'y with @~ > (1 — 2)w™! (Theorem 4.8), we deduce from Lemma 2.1
that E(||f]|2) < (1 — 2Z)~Y|f||*. For the second inequality, we note that |y, fl| = |lc||3 with ¢ =

G¥(x)"'b and b = 1 0¥ (x)T f*(x), where fv = fw'/2. Then noting that ||c||lz < [|G¥(x) ! ||2|/b]|2 =
Amin(G¥ (%)) 7|2]|b||2, we have

E([lcll3]S:) < t*E(||bl13]S:) < P(S,)~"t*E(||b]13),
and the result follows from Lemma C.3 and Lemma 4.10. ]

12
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Theorem 4.12. Assume x is drawn from the distribution 7% with v = w™ 'y and w=! > aw.!, and

assume we use weighted least-squares with weight function w. If
n>m+c; o tmlog(mn ),

with 0 < § < 1, then the event S = {A\pnin(G"™) > (1 —0)"=")} is such that P(S) > 1 —n, and it holds

n

R -1
E(1f - ful?IS) < (1 Fa-m - (1-7) 5) nt 7 =g,

and

-2
E(Lf - fml?I$) < (1 Fa-m =02 (1-2)  Ralg sma-1>> nf |1f — gl

n
wz’thﬂzl—l—(a‘l—l)% and E=11ifv# vy, or =0 if v =1y,

Proof. Lemma 4.10 implies P(S) > 1 — 7. The marginal distributions are all equal to @w~'u with

@' < Bw™!. Then the first inequality follows from Lemma 2.2, and the second inequality follows
from Proposition 4.11. [ |

We next provide a result in probability and another result in expectation (without conditioning)
under the assumption that the target function f is in some subspace H of Li.

Theorem 4.13. Assume that f € H, with H satisfying (2.2) and (2.3), with h a probability density
with respect to . Assume that (x1,...,3,) is drawn from % with v = w™ 'y and w™' = aw;' +
(1 — a)h, and we use weighted least-squares with weight function w. Then it holds

9gE€EVm

. —1/2
IF = Fnll < <0H+<1—5>—1/2<1—a>—1/2(1—’]j) ) inf |1 — gl

with probability greater than 1 — mexp(—w), and if

m

n>m+c; 'a”tmlog(nm?)

it holds
P2 2 -1 -1 m\ ™! i 2
E(lf = fml?) < | 2CH +2(0 =) |1+ (1 =0)"" (1 - — inf [|f =gl
n QGVm
Proof. It is directly deduced from Lemma 4.10 with ¢ = (1 — a)~! and Lemma 2.5. |

Note that the result in expectation from Theorem 4.13 does not require to use conditioning for
ensuring the stability of the Gram matrix.

Remark 4.14. Quasi-optimality guarentees from Theorems 4.12 and 4.13 are obtained under the
condition n 2 mlog(m) on the sampling complexity, which is similar to the results from Theorems 3.3
and 3.4, respectively for i.i.d. sampling. The numerical experiments will confirm that the requirement
on the number of samples required to obtain stability is similar for volume-rescaled and i.i.d. sampling.
However, in terms of approximation errors, we observe in practice that volume-rescaled sampling
outperforms i.i.d. sampling.

13



A. Nouy & B. MICHEL

Unbiased projection and aggregation of projections. We next state a remarkable result,
proven in [10, Theorem 3.1] for classical and volume-rescaled sampling, showing that with such sam-
pling, the projection fm = pvm f is an unbiased estimation of the element of best approximation
fm = Py, f. The result is here stated for the distribution ~, with a general probability measure v.

Theorem 4.15. Assume (x1,...,2,) is drawn from the distribution % with probability measure v =
w™ty and we use weighted least-squares with weight function w. Then for any f € L?, it holds

‘Ll/7
E(Py, f) = Py, f.

()Tov(x)f f*(x) with f¥ = fw'/?. Then using Lemma C.2, we obtain
“(x)) = ()" oW fW)dnly) = Py, f n

Proof. We have Py f()=¢
E(Py,, f(-) = ¢()E(@"(x)Tf

The next result shows a stability of empirical projection in expectation, and hence a quasi-optimality
in expectation, which does not require a conditioning to ensure stability of the Gram matrix. It
extends [10, Theorem 3.1] to volume sampling with general reference measure v.

Theorem 4.16. Assume (x1,...,,) is drawn from the distribution v% with v = w™ 'y such that
w™l > aw,! and we use weighted least-squares with weight function w. Provided n > 2m + 2 and
n > 2moflc(5_1 log(¢~1m?2n), it holds

B(1 Py, gl) < (471 = 8) (5 + gma™) + a”'¢) gl + 401~ 8) 7| Py, g

for any g € Li, where £ =0 forv =1y, orE =1 forv# vy, and f =1+ (a1 — 1)™. Then provided

n > C(mlog(e tm) +me™ 1)
for a sufficiently large C, it holds

E(If = Py, fI?) < U+ el +Em)f — Py, fI* (4.1)
with € =0 forv=uvy,, or{ =1 for v # vy,

Proof. We have

E(If = Pv fIIP) = IIf = P>+ E( Prio (F = Py HIP)-
Let g = f — Py, f. Note that E(|| Py, g]|?) = E(||®*(x)t¢®(x)||3). Then using Lemma C.4, we show
that provided n > 2m + 2 and n > 2moz_lcg1 log(¢~'m?2n), it holds

B(|1Py,gl) < (45(1-6)2(5 + €ma™) + a7i¢) gl

with 8 = 1+ (a™! — %, and £ = 0if v = vy, or £ = 1 if v # vy, The condition n >
2ma =16 2log(¢~tm?n) can be converted into n > C’'mlog(¢~1m) for some C’. Therefore, provided
n > C(mlog(e~tm) + me~!) with a sufficiently large C, it holds

E(|f = Py, f1I?) < (1 + el +Em)| f = P, f
with £ =0 for v = v, or £ =1 for v # vy,. |

The above results allow to analyze the property of an aggregation of r independent least-squares
projections based on volume sampling, that yields a quasi-optimality result in expectation (without
conditioning), and a convergence to best approximation when r — oo.

Corollary 4.17. Let r € N. Let f(l), el f(r) be r independent least-squares projections constructed

rom independent samples xV, ... x") drawn from ~%, with v = wnu such that w™t > aw: !, and
D D Tn K m
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using weighted least-squares with weight w. Then provided n > C(mlog(e~tm) + m(1 + &m)e~ ) with
sufficiently large C, the averaged estimator f© = %271;:1 %) satisfies

B~ 1) < (1+ 0+ €me) I = Py A1
with € =0 forv=uvy,, or{ =1 for v # vy,.

Proof. The estimators f (k) are independent and follow the distribution of an estimator Pvm f con-
structed with samples drawn from ~~. From Theorem 4.15, we have that E(f*)) = Py, f for all k.
Then using the independence of the f*) and Theorem 4.16, we obtain

E(1f - FI2) = If - Py, fI? + E(I1Py, £ — £
<IF = Pl I + BN P f — P fIP)

1
< (14 1+ em)e) I - P P
provided n > C(mlog(e~'m) + me™!) with sufficiently large C. [ |

The quasi-optimality constant (1+ 1(1+ &m)e) is optimal when & = 0, i.e. v = vp,. When v # vy,
having quasi-optimality requires either e ~ m™! for fixed r, or r ~ m for fixed €, both cases yielding
a condition on the total number of samples in nr ~ m?, which is suboptimal compared to the case
v = vy, and even compared with i.i.d. sampling. However, no conditioning is required. Also, there is an
interest in using the volume sampling distribution ) with v # v, in order to obtain simultaneously
a guaranty in expectation (yet suboptimal) and a guaranty in probability for functions from a specific
function space H. Indeed, as a corollary of Theorem 4.13, and under the assumptions of these theorems,
we obtain using a simple union bound that

-1
If = 7l < <0H+<1—5>1/2<1—a>1/2 (1-2) ) int |1~ glla

n geV,;

m

with probability greater than 1 — rm exp(—w).

5. Least-squares with independent repetitions of volume sampling

We now consider approximation methods relying on independent repetitions from the volume sampling
distribution. We will first consider repetitions of projection DPP distribution ~,, and prove some results
in expectation. Next we will consider repetitions of general volume sampling distribution ~,,, which
allows to obtain results both in expectation and in probability for some specific function spaces, with
a suitable choice of the measure v.

5.1. Independent repetitions of DPP distribution ~,,

We consider x = (x1,...,X,) where the x; = (1 ,...,Zm) are ii.d. samples from ~,,, and the
corresponding weighted least-squares projection using n = mr points. We consider least-squares with
the optimal weight function w,,. The empirical Gram matrix can be written
1 T
G"(x) = - Z G"™ (xy),

"=

15
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with .
G (xy) Z‘Pwm zi k)P (i) Plir)elzik)
= le(@ip)l3

where the G*™(xy,) are i.i.d. matrlces with expectation I and spectral norm bounded by m. Using
conditioning, we have the following result.

Theorem 5.1. Assume x is drawn from the distribution v>", and assume we use weighted least-squares
with weight function wy,. Letting Ss = { Amin(G"¥™(x)) > 1 — 4}, it holds

E(|f = fml?IS5) < (1 +P(S5)"" (1= 6)") inf | f — gl
IS

and

E(|lf = fml?IS5) < (1+P(S5)~ (—5)_27"_1)gi€r%/mef—gH2~

Proof. This is a particular case of Theorem 5.8 with n = m and v = v,,,, where v}, = ¥, @« = 1 and
&E=0. [ |

It remains to control the probability of the event S5 = {Apnin(G¥™(x)) > 1 — §}. From Matrix
Chernoff inequality (Lemma 3.1), we deduce that

PAnin(G¥™(x)) <1 —6) < mexp (_7“m05> .

and we conclude that

P (G (x)) < 1—6) <7
provided n = rm > cglm2 log(mn~1). This result is suboptimal compared to i.i.d. sampling from v,,,
but it does not exploit the properties of DPP, which may yield to matrices G*(x) with spectral
norm (much) lower than m with high probability. We have to better analyse the distribution of the
random matrix

m
p(x
A(x):=G"(x
ZZI ||<P :El)\lz
In particular, if the distribution =, is such that the ¢(z1),...,p(z,,) are close to orthogonal with
high probability, then with high probability, A(x) is close to identity and the least-squares problem
is well conditioned.

) X:(.’Ifl,...,.flim)N')/m.

Example 5.2. An ideal situation occurs when V,, is the space of piecewise constant functions on
a uniform partition of [0,1] with m intervals, where ¢;(z) = /mlyc(j—1)/mj/m)> Wm = 1, and
p(z;) = /me;, where e; is the i-th canonical vector in R™. Here the vectors ¢(x1),...,®(x,,) are
orthogonal almost surely, and A(x) = I almost surely.

Recall that we have
1 m
i () = — det(@(x)T B ()" = T det(A ()" (x)

so that with x ~ 7, and y ~ u®m, it is more likely to have matrices A(x) with higher determinant
than A(y), and hence higher eigenvalues. This leads us to make the following conjecture.

Conjecture 1. The distribution -y, satisfies
Py (F(A(2)) > £) P, o (F(A(y)) > 1 (5.1)
fort >0 and F a real-valued positive, convex and decreasing function in the Loewner order.

If the distribution ~,, satisfies the property of Conjecture 1, we obtain the following result.
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Proposition 5.3. Let x = (X1,...,X;) ~ 5" with v, a distribution over X™ satisfying (5.1). Then
POhnin (G (x)) < 1= 8) < mexp (=)
m

Proof. We have P(\in(G¥m (%)) < 1 —68) = P\pin(G¥m(x))™! > ¢) with ¢ := (1 — §)~L. The
function F' := B + A\yuin(B)~! is a positive convex and monotonically decreasing function in the
Loewner order. For any fixed symmetric positive semi-definite matrix H, A + A\pin(H + A/r)7 1 is

also a positive convex and monotonically decreasing function in the Loewner order. Letting G"™(x) =
Lsm A(xi) := H(x1,...,2,_1) + A(x,)/r, we then have

]E(]-F(H(xl,...,xT,1)+A(x,~)/T)>t|X1> s 7X7'71))
E(]-F(H(xl,...,xT,1)+A(y,~)/T)>t|X1> s 7X7'*1))
]-F(H(x1,...,x771)+A(y,~)/T)>t)7
where y, ~ v&™. Letting yi,...,y, be i.id. samples from v5™ and successively conditioning on
(X1, oy Xr—2,¥7)s (X1 ooy X3, Yr—1,¥r)se -+ (¥2...,¥r), Wwe obtain

P(F(G""(x)) > 1) SE(1p1sr g = PE(G " (y)) > 1),
wherey = (y1,...,¥r) ~ V2" n = rm. Then it holds P(Ain(G¥™(x)) < 1—108) < PAmin(G¥™(y)) <
1 —19), and we conclude using Lemma 3.1. |

The above result ensures that stability is controlled in probability with a number of samples
which is at most the number of samples required by i.i.d. sampling from the optimal distribution v,.
In numerical experiments, we observe that this number of samples is in fact much lower than with
i.i.d. sampling. To be understood, this would require other tools for analyzing the concentration of
G,

Remark 5.4. The proof of Proposition 5.3 exploits the assumption (5.1) to prove that
Py Amin(H+ A(2) /1) > 1) <P, om Amin(H + Aly)/r)™! > 1) (5.2)

for any fixed p.s.d. matrix H. The assumption (5.2) on =, would be sufficient to obtain the result of
Proposition 5.3.

Remark 5.5. In order to obtain the result of Proposition 5.3, an alternative assumption on ~,, would
be that

B (G(eA®)) S B, on (G(eA)) (5.3)

for any s < 0 and G a real-valued positive, concave and monotonically increasing function in the
Loewner order. Under this assumption, we have to follow the proof of matrix Chernoff. The first steps
of the proof of matrix Chernoff inequality (Theorem A.1) yield

P (Amin (i iA(XJ) < t> < éﬁ% e V'R (tr exp (i QA(Xi)/T’>> :
i=1

i=1

Letting 2 37| A(x;) := H+ 0A(x,)/r, we have

trexp (i 9A(><¢)/r> — G(eA(xr)G/r)

=1
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with G := X — trexp(H + log(X)) a concave and increasing function in the Loewner order. The
assumption then implies that

E <tr exp (i GA(Xi)/’F>> < E(trexp(H+ 0A(y,)/r))

i=1

with y, ~ 2™, Then by successive conditioning (as in the proof of Proposition 5.3), we obtain

1 T T
Pl Amin [ =D A(x; t] <infe "E [t 0A(y; :
(o (5 4000) 1) <7 (w0 (om0 )
where the y; are i.i.d. samples from v2™, and we proceed with the classical proof of matrix Chernoff
inequality for sums of i.i.d. matrices (Theorem A.1).

Remark 5.6 (Complexity). Let us assume that p is a discrete measure with N atoms. From Re-
mark 4.6, we know that getting r independent samples from the DPP distribution costs O(r(m3+Nm))
(up to log factors). With r ~ log(m), this results in a cost in O(m?3 4+ Nm) (up to log factors). On the
other hand, getting n i.i.d. samples from v, costs O(Nn). Then the subsampling algorithm from [2]
to obtain a subsample of size O(m) costs O(nm?). With n ~ mlog(m), this yields a total cost in
O(m* + Nm) (up to log factors). This shows the advantage of using repeated DPP to directly obtain
a sample of size O(m), compared to using i.i.d. sampling and subsampling.

5.2. Independent repetitions of volume sampling v,

We here consider weighted least-squares projection using a set of samples gathering independent
samples from the volume sampling distribution % with 7 > m and v = w™ v with w™! = aw,} +
(1 — a)h, where the probability density h is chosen according to some prior assumption on the target
function class.

We consider r i.i.d. samples X = (Z1,...,%ak) € X"™ from 7% and the corresponding weighted

least-squares minimization with n = nr points. The empirical Gram matrix can be written
1 T
GY = - G"(x
" > GY(x)
k=1
where the G%(x},) are i.i.d. matrices with expectation I and spectral norm bounded by a~!'m. We

start by providing results in expectation.

Proposition 5.7. Let x = (x1,...,2,) be drawn from the distribution (v2)®" with v = w™ 'y and
w™! > aw,!. Assume we use weighted least squares with weight function w. Let S5 = {Amin(G™) >
1 — 6} with 0 < § < 1. Then for any f € L2, it holds

/,L)
E(| Py, fI*1S5) < P(S5)™ (1 = 0)7 B £I1%,
and
B(| Py, fI715) < B(59) (1= 8) (Tab(5 + gma! + eI + (1= ¢+ €/ P SIP).
wz’thﬁzl—i-(a*l—l)%, E=01ifv=uvp, orE =1 in the case v # vp,.

Proof. The marginal distributions of x are all equal to 7 = @'y with @~ < Bw™!. Then the first
inequality directly follows from Lemma 3.2. Then following the proof of Proposition 4.11, we obtain

E(|| By, f113155) < P(S5) "' (1 — &) E(|[bl3),

18
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with b = %@w(x)wa(x) = L5 1 b(xk), where b(xy) = Low(xy)? f*(xx) and xj, ~ 74. The b(xy)
being i.i.d., it holds
r—1

—IE(b(2))]3

1
E(||bll3) = ;E(Ilb(Z)H%) +
with z ~ ~v%. Using Lemma C.3, we have
m _ _
E([b(z)[3) < —a (8 +&ma IIf|I* + 1P, £11%,

with B =1+ (! =1)2, ¢ =0if v = v, and £ = 1 in the case v # vy,. When v = vy, it holds
IE(b(2))(13 = [[Ezns,, (@(2) f(2)wm(2))]I5 = [| Py, fII*. When v # vy, we have

[E(b(2)[I5 = [Eeni(p(x) f(x)w())|l3
< Eono([lo(@)[I3.f (2)*w(x)?)
< ma”'8 [ (e dp(a) = ma~ B
Gathering the above results, we obtain

IE(b(z))[I3 < %Ofl(ﬁ +&ma V|| fIP 4+ (1= €+ &/r)| Py, fII? + ma™ ' BE| £,
which ends the proof. [ |

Theorem 5.8. Let v € N, n > m and n = nr. Assume x is drawn from the distribution (v%)®" with

v =w"ty such that w=! > aw,!, and assume we use weighted least-squares with weight function w.

Letting S5 = {Amin(G*m(x)) > 1 — &}, it holds
E(If = Fml?19) < (1 +P(S5) (1= 6)7'5) inf |If —gll”,

and

m

B~ fulP1S5) < (14 P(S9) (1= 8)7 (a7 (5 + gma™ + 5gn)) ) int If gl

with,@’zl—l—(oﬁl—l)%,f:Oz'fl/:Vm, or £ =1 in the case v # vp,.

Proof. This simply results from Lemma 2.2 and Proposition 5.7. |

We next provide a result in probability and another result in expectation (without conditioning)
under the assumption that the target function f in some subspace H.

Theorem 5.9. Assume that f € H, with H satisfying (2.2) and (2.3), with h a probability density

with respect to p. Assume that x = (x1,...,2,) is drawn from (V2" with v = w™ 'y and w™! =

aw,' + (1 — a)h, and we use weighted least-squares with weight function w. Then it holds
—fall < (C 1-6)""2(1—a)™V2) inf |f -
1 = fnll < (Cor o+ (L= 0) 20 = ) 72) imf ] = gl

with probability at least P(Ss), where Sy = {\pnin(G¥(x)) > 1—06}. If
n > m+c; 'amlog(nm?)

it holds

n

m\ —1
E(1f ~ Ful®) < (20%1 +20-a) (1 +(1-2) - 5>1>) nf 17 =gl
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Proof. The first inequality is deduced from Lemma 2.5 with ¢ = (1 —a)~!. For the second inequality,
we use Lemma 2.5 with ¢ = (1 — a)~! and the fact that for any 1 < k < r, it holds

EAnin(G¥(x))™Y) < rTEAmin(G¥ (%)) ) < r (1 + (1 — 71)_1 (1-— 5)—1> ,

n
where the last inequality comes from Lemma 4.10. |

The first statement of Theorem 5.9 is a H — Li quasi-optimality result in probability. The second
statement is a H — LZ quasi-optimality property in expectation, without conditioning the sample to
satisfy the event Sj.

Again it remains to control the probability of the event Ss. In fact, the distribution of G is the one
of the average of r independent Gram matrices associated with ~,,, and r(n — m) rank-one matrices
associated with i.i.d. samples from v. All these r(7n —m + 1) matrices have spectral norm bounded by
a~lm. Therefore, from matrix Chernoff inequality (Theorem A.1), we deduce that

r(n—m+1)c;
m )

P(Amin(G*) > 1 —9) < mexp (—

and we can conclude that
PAnmin(GY) >1—-6) <n

whenever (7 —m+1) > ¢; 'ma~! log(mn~1), or the condition n > !

n
n—m-+1
total number of samples. For, e.g., n = 2m, we obtain a condition n > QCglmofl log(mn~1), that is
suboptimal (by a factor 2) compared to i.i.d. sampling. Here, we obtain a complexity in O(m log(m))
similar to i.i.d. but this is essentially due to the presence in x of mr i.i.d. samples from v. Again, this
analysis does not really exploit the properties of volume sampling.

A better understanding of the distribution of matrices G (xy) allows to improve the above results.

As for the case of determinantal point processes, we conjecture that
P(F(G"(xx)) > t) < Py,en(F(G"(y)) > 1) (5.4)

for t > 0 and F' a real-valued positive, convex and monotonically decreasing function in the Loewner
order. Under this conjecture, following the proof of Proposition 5.3, we would obtain the following
concentration result, similar to the case of n = mn i.i.d. sampling from v = wp.

ma~log(mn~!) on the

Cs

Proposition 5.10. Let r € N, n > m and n = nr. Assume x = (X1,...,%;) ~ (v2)®" with V% a

distribution over X™ satisfying (5.4). Then it holds
P()\min(Gw(X) <1—-90) <mexp (_%n) .
m

Remark 5.11. The assumption (5.4) in Proposition 5.10 could be replaced by a weaker condition of
the form (5.2), or an alternative condition of the form (5.3).

We can avoid any conjecture on volume sampling and still obtain a result similar to Proposition 5.10
by assuming that the DPP distribution ~,, satisfies the conjecture (5.1) (or one of the two conjec-
tures (5.2) or (5.3)), and further assuming that w,, < &,w for some constant ,, (possibly depending
on m).

Proposition 5.12. Let i > m, r € N and n = am. Let y ~ v®™=™") with v = w™ 'y such that

Wi < &nw. Let z = (z1,...,2,) ~ 2" where vy, is a distribution over X™ satisfying either (5.1),

(5.2) or (5.3). Letting x = (y,z), it holds

POnin (G () < (1= 8)6,1 () < mexp(-csr).
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Proof. We have
mr
GY = —QGY
(x) = LG () +

Therefore, using Proposition 5.3 with assumption (5.1) or the alternative assumptions (5.2) or (5.3)
(see Remarks 5.4 and 5.5), it holds

Pmin(G¥(x)) < (1 6)&) (”:’) < POunin (G¥ (2)) < 1 — 8) < m exp(—csr). .

n—mr

G"(y) = TEG(2) = g, GO (2).

Provided n = nir > nic; ' log(mn™1), it then holds P(Amin(G¥(x))™! < (1 —')71) > 1 — 5 with
(1-06)"t=(1-0)"",2. Theorem 5.8 then gives

E(lf — £, 11%185) < (1 1——1m'ﬁ)'f—2
(17 = FnlP1S3) < (14 (1= ) Bgn s ) int I = ol
which is a quasi-optimality result only if &, is uniformly bounded with m.

Remark 5.13. Note that if Vj, contains the constant function and w™! = aw,,! + (1 — a)h with
h =1, then w,,! > % and therefore, w,, < pw with &, = a+ (1 —a)m < m.

Note that the above theoretical results only show that repeated volume sampling is not worse than
i.i.d. sampling, but numerical experiments reveal that repeated volume sampling clearly outperforms
i.i.d. sampling. To be understood, this would again require other tools for analyzing the concentration
of G%.

6. Numerical experiments

We consider two simple cases of polynomial approximation where V,, is the space of polynomials of
degree m — 1, with either X = [—1, 1] equipped with the uniform measure g ~ U(—1,1), or X = R
equipped with the standard gaussian measure p ~ AN(0,1). We compare (weighted) least-squares
methods using (i) n i.i.d. samples from p, (i) n ii.d. samples from v, = w; 'y, (iii) n samples
drawn from volume-rescaled sampling distribution ™ (that is equivalent to m samples from ~,, and
n — m ii.d. samples from v,), and (iv) n samples from independent repetitions of projection DPP
distribution 7,,. In the latter case, we perform r = [n/m] i.i.d. samples from ~,, and keep the first n
points.

Concerning sampling, we systematically approximated measures u by discrete measures with N =
2000 atoms, and then relied on exact samplers for discrete distributions. This approximation has no
impact on the qualitative results below.

For the case of the uniform distribution over [—1, 1], Figure 6.1 shows estimations of the probability
to satisfy S5 = {Anin(G") > 1 — 0} for the different sampling methods, as a function of m and n.
We observe a clear superiority of optimal i.i.d. sampling compared to classical i.i.d. sampling. We also
observe that volume-rescaled sampling brings only a small improvement over optimal i.i.d. sampling.
Finally, we observe that using independent repetitions of ~,, clearly outperforms volume-rescaled
sampling. For i.i.d. optimal sampling and volume-rescaled sampling, we can observe from the figure
the condition n ~ mlog(m) to ensure that Ss is satisfied with probability 1/2. For repeated DPP,
we observe a condition better than n ~ mlog(m), or at least with a much better constant than with
other approaches, that is unfortunately not explained by our theoretical findings.

Figure 6.2 illustrates the same quantities for the case of the standard gaussian measure p over
X = R. We draw essentially the same conclusions. We notice in this case the very poor performance
of classical sampling from pu.

From now on, we consider the approximation of the function f(z) = (1+222)~! on R equipped with
the standard Gaussian measure u, and V;, the space of polynomials of degree m — 1. On Figure 6.3,
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FIGURE 6.1. For V,, the space of polynomials of degree m — 1 and g the uniform
measure on [—1,1], we plot P(A\pin(G*) > 1/4) as a function of dimension m and
number of samples n. Probability estimates go from 0 (black) to 1 (white).

we plot the histograms of the logarithm of the LZ relative error, log(||f — fmll/||f]]), for the different
sampling strategies and using n = rm for different r. For small oversampling (r = 2), we observe
the benefit of volume-rescaled sampling over i.i.d. sampling, which shifts the distribution towards
small values. We also observe a clear superiority of repeated DPP %", which is further improved by
conditioning to satisfy the event S5 with § = 3/4. For large oversampling (r = 10), the histograms are
roughly similar. We only observe a slight benefit of conditioned repeated DPP over the other methods,
even over i.i.d. optimal sampling.

Table 6.1 shows the expected relative error E(||f — fin|?)Y2/||f]| and the quantile of || f — fm /|1 f|l
of level 95%. We first observe the catastrophic results for classical i.i.d. sampling from . For small
oversampling (n = 2m), we observe on both criteria a clear benefit of volume-rescaled and repeated
DPP over i.i.d. optimal sampling. In terms of expected error, we observe a slight improvement of
repeated DPP compared to volume-rescaled sampling. However, concerning the quantile, we observe
a clear superiority of repeated DPP over volume-rescaled sampling. For the same number of samples,
this quantile is divided by up to a factor 2. For larger oversampling (n = 5m), i.i.d. performs much
better and gets closer to the performance of volume-rescaled sampling and repeated DPP.

The above numerical experiments illustrate the superiority of repeated DPP distribution v%" over
i.i.d. optimal sampling, but also over volume-rescaled sampling, in the small oversampling regime.
For large oversampling, the different sampling strategies yield similar results. The interest of repeated
DPP distribution is that for very small oversampling, stability Ss can be achieved with a reasonable
probability. This allows for sampling conditioned to S5, which further improves the quality of the
least-squares projection.

We observe in Table 6.1 that i.i.d. sampling with conditioning yields almost the same performance
as repeated DPP with conditioning. This proves the interest of conditioning. However, we were not
able to generate an i.i.d. sample of size n = 2m in reasonable time for m > 30 (crosses in Table 1).
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m best iid. p | iid. vy, |iid. vy, (cond.) yym Snim fyﬁ%n/m (cond.)
10 | 1.3e — 01 | 8.4e+ 02 | 4.7e — 01 1.7e — 01 2.0e — 01| 1.7e — 01 1.6e — 01
20 | 5.1e—02 | 3.7e + 07 | 1.5e — 01 6.4e — 02 8.2e — 02| 6.7e — 02 6.3e — 02
30 | 2.6e — 02 | 3.3e + 10 | 2.5e — 01 X 4.1e — 02 | 3.5¢ — 02 3.2e — 02
40 | 1.4e — 02 | 1.2e + 10 | 7.2e — 02 X 2.3e — 02| 1.8e — 02 1.7e — 02
50 | 7.9e — 03 | 4.9e + 09 | 3.4e — 02 X 1.3e — 02 | 1.1e — 02 9.6e — 03
(A) n = 2m. Expected relative error E(||f — fmI2)/2/|If]-
m best iid. g | iid. vy |idd. vy, (cond.) ypm Snime | ynim (cond.)
10 [ 1.3e — 01 | 2.8¢ 4+ 03 | 1.2¢ + 00 2.3e — 01 3.4e — 01 | 2.5e — 01 2.2e —01
20 | 5.1e—02 | 1.7e + 08 | 4.2e — 01 8.0e — 02 1.4e — 01 | 9.6e — 02 8.2e — 02
30 | 2.6e — 02 | 9.3e + 10 | 3.2e — 01 0.0e 4- 00 6.6e — 02 | 5.5e — 02 4.0e — 02
40 | 1.4e — 02 | 4.2e + 10 | 1.6e — 01 0.0e + 00 4.3e — 02 | 2.4e — 02 2.2e — 02
50 | 7.9e — 03 | 1.5e +10 | 1.1e — 01 0.0e 4 00 2.3e — 02| 1.5e — 02 1.2e — 02
(B) n = 2m. Quantile of ||f — fu|l/|If]| of level 95%.
m best iid. g | iid. vy, |idd. vy, (cond.) yym e ST (cond.)
10 | 1.3e — 01 | 9.0e - 01 | 1.5e — 01 1.5e — 01 1.5e—01 | 1.4e—-01 1l.4e - 01
20 | 5.1e—02 | 8.7e 4+ 05 | 5.8¢ — 02 5.6e — 02 5.7e — 02 | 5.4e — 02 5.4e — 02
30 | 2.4e — 02 | 1.3e + 08 | 2.9¢ — 02 2.8¢ — 02 2.8¢ — 02 | 2.6e — 02 2.6e — 02
40 | 1.3e — 02 | 4.6e 4+ 07 | 1.6e — 02 1.5e — 02 1.5e — 02 | 1.4e — 02 1.4e — 02
50 | 7.8¢ — 03 | 2.1e + 08 | 9.2¢ — 03 8.8¢ — 03 9.0e — 03 | 8.4e — 03 8.4e — 03
(¢) n = 5m. Expected relative error E(||f — fmll2)*/2/||f]I-
. . .. .. v n/m ®n/m
m best iid. g | iid. vy | idd. vy, (cond.) o m Y (cond.)
10| 1.32e — 01 | 3.4e+ 02 | 1.9¢ — 01 1.7e — 01 1.8e — 01 | 1.6e — 01 1.6e — 01
20| 5.1e—02 | 3.8¢ 406 | 7.1e — 02 6.5e — 02 6.9¢ — 02 | 6.1e — 02 6.0e — 02
30| 2.4e—02 | 4.6e+4 08 | 3.9¢ — 02 3.3e — 02 3.2e — 02 | 3.0e — 02 2.9e — 02
40 | 1.3e — 02 | 1.9e 4+ 08 | 1.9¢ — 02 1.8e — 02 1.8¢ — 02 | 1.6e — 02 1.5e — 02
50 | 7.8e =03 | 9.7e 408 | 1.1e — 02 1.0e — 02 1.1e — 02 | 9.2¢ — 03 9.2e — 03

(D) n = 5m. Quantile of || f — fim|l/|lf]| of level 95%.

TABLE 6.1. For V,, the space of polynomials of degree m —1 and p the standard gauss-
ian measure on R, we indicate the expected relative error or the quantile of the relative
error of level 95%, using n = rm samples from v2" the volume-rescaled distribution
yim repeated DPP 72", or repeated DPP conditioned to S5 with 6 = 3/4. The column

“best” indicates the best approximation error in V,,.
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FIGURE 6.2. For V,, the space of polynomials of degree m — 1 and p the standard
gaussian measure on R, we plot P(\,i,(G") > 1/4) as a function of dimension m and
number of samples n. Probability estimates go from 0 (black) to 1 (white).

This is explained by the fact that using i.i.d. sampling requires a high number of samples to satisfy
S5 with a reasonable probability. This proves the advantage of using repeated DPP, which allows to
use a conditioning technique with a very small sample size (even 2m).
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FI1GURE 6.3. For V,, the space of polynomials of degree m—1 and p the standard gauss-
ian measure on R, we plot the histogram of log(||f — fm|l/||lf]]) using n = rm samples
from v2" (blue), the volume-rescaled sampling distribution v2™ (green), repeated DPP
y&r (red), or repeated DPP conditioned to satisfy S5 with 6 = 3/4 (magenta).
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Appendix A. Some known results on random matrices

Theorem A.1 (Matrix Chernoff inequality [29]). Let Ai,...A, be independent random symmetric
matrices of size m-by-m such that for all i, 0 < Apin(A;) and Amaz(A;) < L. Then

P <)\max (Z ) (1+9) ,umaz> < mexp(—dstimaz/L) fore>0, and (A1)
( min (Z Az) 1 - 5 ﬂmzn) < meXp(_C(S,Umin/L) fOT’ €c [07 1)7 (AQ)
=1

where fmin = Amin(E(X 11 Ad))s tmaz = Amaz (B A4)), ¢5 = 0 + (1 — §)log(l —6) and ds =
—6+ (14 6)log(1 4 6). It holds 6% < ds < 6%/2 < ¢c5 < 62

Proof. We provide a sketch of the proof of Tropp [30] for the bound on the minimal eigenvalue. Let
B=>37",A; Forany 6 <0, it holds

]P)()\mzn(B) < t) _ ]P;(ea)\mm(B) > eet) _ ]P)(e)\min(eB) > e@t) < 6791‘,]}3(6)\71”‘71(49B))7
where the last inequality is given by Markov inequality. Then using e*mn(PB) = X . (/B) < tr(efB),
we obtain

P(Amin(B) < t) < inf e” Ot (tre?B).
<

For positive-definite matrix H, the map A — treH1198(A) ig concave on the positive cone of positive

definite matrices. Letting X; := e/, a sequential application of Jensen’s inequality gives
n n n
E(tre’B) = E (tr exp (Z log(Xi)>> < trexp (Z log(E(XZ-))> = trexp <Z log(E(eOA"))> .
i=1 i=1 i=1
Also it holds log E(ef2¢) < g(6)E(A;) where g(f) = L~ (e?Z — 1), so that

trexp (i log(E(eeAi))> < trexp ( <Z A; >> < nedOrmin,

i=1
Therefore,

P(Amm(B) < t) < inf ne_etgg(e)ﬂmm.
0<0

Taking t = (1 — ) tmin, the infimum is attained at & = L~ log(1 — &), which gives the desired result.
|

Lemma A.2 (Lemma 2.3 in [10]). Let A,B € R™ be two random matrices whose row vectors are
drawn as an i.i.d. sequence of n pairs of random vectors (a;, b;). Then

n!
n™E(det(ATB)) = det(E(ATB)) for any n > m, and
n™ 1E(adj(ATB)) = (n—nml—l—l)ad‘]( (ATB)) for anyn >m — 1.

Lemma A.3 (Lemma 2.11 in [10]). For any matriz A € R™™ with n > m, it holds

det(ATA)AT = — " 3" det(AT(1 — ese])A) (T — e;el ) A).
n=mas
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Appendix B. Properties of projection determinental point processes

Proof of Proposition 4.1. This is a standard result on projection determinantal processes, see
e.g. [21]. We here provide a short proof with our notations. The fact that all marginals are the same
comes from the invariance to permutations of the distribution ~,,. From the classical “base times
height formula” for a determinant, we have

det(®(x)) = det((p(21), .- p(zm))) = (@)l Py re(z2)llz - [1Pws e (@m)ll2

. is the orthogonal projection onto the orthogonal complement of W} =

span{p(z1),...,p(zr)} in R™. Therefore, the density of v,, with respect to u®™ has the following
expression

where PWkL = I, — Pw

1

mHPW,ilSO(xk)H%’

% det(®(x)"®(x)) = [ prlar),  prlzr) =
: k=1

with the convention Wy = {0}. The function py depends on (z1,...,x,—1) and is a probability density
since

[o@yin) = —— [ 0@ Py eladut)

— Py [ ple)e@) T du(@)

1
= Er ) = L

where we have used the fact that tr(PW,il) = dim(W;- ;) = m — k + 1. That provides a factoriza-

tion of 7, in terms of the marginal p;(z1)du(z1) = L ||¢(1)||3dp and the conditional distributions
pr(zk)dp(zy) of z knowing (z1,...,2k—1), which ends the proof. |

The next result provides the distribution of all marginal distributions of 7,,. This is a standard result
on DPPs (see, e.g., [10, Lemma 3.3]). For completeness, we here provide a proof with our notations.

Proposition B.1. Let x = (21,...,Zm) ~ Ym. For a nonempty tuple T C [m], xp = (x;);er has for
distribution

(m — |T))!

— 1 det(@(y)2(y))dp(y),  y e Al

Proof. Because of the symmetry of the distribution ~,,, it is sufficient to consider sets 1" = [k] and
xr = X[ = (21, .., 7). Let denote p[k],u@k the distribution of x[;j. The result is true for k£ = 1. Then
we proceed by induction. From Proposition 4.1, we know that the conditional distribution of xgy1
knowing X is
1 _
m(H‘P(lel)Hg — 1 (e ) (@ (xR (kg ) ) @ (i) T sp (1) 115)
Assuming the distribution of x is

(mn:!k)! det (P (xqa) @ (xa) ") A (),
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we deduce that the distribution of x4.1) = (X[k},$k+1) admits as density with respect to p®@*+1)
0= K2 D% et (@ (o) )" ()
— (1@ (eqag ) () @ () ) @ (e T () [13)
= B2 D en(@ ) ) ) (i) )
— (1) @ (xprg) (P (e ) P (xpp) ) T @) p(h41)
= =B D er(@ g ) ),
which ends the proof. [ |
Appendix C. Properties of volume sampling
We first provide a straightforward result.
Lemma C.1. Assume x = (21,...,,) is drawn from the distribution ~% with v = w™ 'y a probability

measure. For any measurable function g : X™ — R,

n—m)!

B (90)) = Eypon

n!

det((I)“’(y)T‘I’w(Y))g(Y)) :

We next provide a generalization of [10, Theorem 2.10] which is fundamental to prove the unbiased-
ness of weighted least-squares projections based on volume sampling with general reference measures.

Lemma C.2. Assume x = (21,...,y,) is drawn from the distribution % with v = w™ 'y a probability
measure. Then for any function f, it holds
E(@" (01 () = [ )/ (w)dn(y).

where f¥ = fw'/2,

Proof. First consider the case n = m, where x = (x1,...,%,,) is drawn from v, = DPP,(V,,). In
this case, ®(x) is a square matrix, almost surely invertible, and & (x) f*(x) = ®(x)! f(x). We obtain
using Cramer’s rule!

E(8(0)' /()i = - [ (det(a(y be(y))@(Y)Tf(Y))idu(y)
= [det(@)T) det(@(y) + (/) — Bx)eelduly)
= [ @) @) + (1) - B)ededdu(y)
Odet (o [ o) @) + (F¥) - @(y)e»e?)dmy))

= det <I+ </<p(y)f(y)du( )—ez) ) </"’ ))

YFor any matrix A € R™™ and vector b € R™, det(A)(ATb); = det(A + (b — Ae;)e])
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where () is deduced from Lemma A.2. For the case n > m, we proceed by induction. Letting y ~ v®"
and using Lemma A.3, we have

E("()! " (x)) = (”;!m)’E(det@w(y)%w<y>><1>w<y>*fwy>>

_ (n—m)! ZEdet 0 (y)T(1 - esel ) (y)) (T - el )" (y)' F*(y))

n! n—m
(n—m—1)!

_ WZE (det(¥ (y_i) 7% (y_i)) (@ (y_) f¥(y—0))

=E(@" (%) (%)),
with % ~ 7%_,, and y_; is the vector y without the i-th component. We then deduce E(®¥ (x)T f¥(x))

o) f()du(y). "

Lemma C.3. Assume (x1,...,x,) is drawn from the distribution % with v = w™ 'y and w™ > aw;!.

Then for any function f and f* = fw'/2, it holds
1 2 m _ _
E <Hn<1>w<x>wa<x> ) < a3+ ema |1 + 1Py, 11

with =1+ (o™ = 1)2 and £ =0 if v = vy, or £ =1 if v # vy, In the case where p(x;) f(z;) > 0
almost surely, it holds

L sw/ AT pw 2 mo o1 2 -2 2
B (e e ) < Pam 112 + (142072 1Py, 11

Proof. Let b = 1ov(x)T f¥(x) = 2 37, ()T f(zr)w(xk). Letting a(z) := o(z) f(2)w(z), we

have
1 & 1 & 1 &
||bH ni Z ;Z (lla(zk || 7 Z a(z))).
k;él
The marginal distribution of 7% is ¥ = W'y with W~ ! = %wil + gwm such that @~ < pw™!

with 8 =1+ (a~! — 1)2. Then,
2 ZE la () II%) xw(llso( )3 (2)*w(z)?)

< gaflmam(f@)%(x))

= a7 18111

Up to a permutation, we can now consider that (z1,...,2m) ~ Vm and (41, ..., 2n) ~ V
independent. Letting z ~ v, we have

®(n=m) are

n

E| > (alzx),al@) | =m(m - 1E((a(z1),a(z2)))

k=1
kAl

+2m(n — m)(E(a(z1)), E(a(2))) + (n — m)(n —m —1)|[E(a(2))[|3.
We have
[E(a(2))ll2 = [[E(e(2) f(2)w(2))]l2 = H/<P Y3 = 1Py, fll2-
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®2

Letting (y1,y2) ~ p®*, and using Proposition B.1, we obtain

m(m — DE((a(z1),a(x2)))
= /(a(yl)ya(m))det(<1>(y1,yz)<1>(y1,yz)T)du(yl)dﬂ(m)

= /(a(y1)7a(yz))(llso(yl)H2H<P(y2)\|2 — (), e (y2))*)du(yr)du(ys2)
2

/a(yl)llsO(yl)HQdu(yl) 2—/(<P(y1),w(yz))3f(y1)f(yz)w(yl)w(yg)du(w)du(yz)-

The second term in the above upper bound can be written

| S atwmatudutmdute) = 3 [ o) duw)
l l

for some functions g;, so that

m(m —1)(E(a(z1)), E(a(x2))) < m*|E(a(2))]3,

with z ~ v,,. Gathering the above results, we get

<

2
E(Ibl3) < Za ' SIAI1 + 5 B (a(2)]3

+ 20T i ) ol B 1)+ B Dy e

If w = wy,, then a = =1 and ||E(a(z))||2 = || Pyv,, f||, and therefore

m m?+2m(n—m) + (n—m)(n —m —1)
E([b]3) < Il fI* + 3 1Py, f1?
m n+m n—m
< T T g 1 < T (1 ) 1 g
If w™! > aw,!, we have
)12 = /2 -2 2 /2, —1
Bla(e)l < E(la(e)[3) = m"? ( [ f)” duy)) < miat ],
and therefore, letting &, = m!/ 2,
2
m m _
E([bl3) < o BlIfI* + s &ma I fII”
dm(n—m), _ (n—m)(n—m—1)
+ T e a Y I P, £+ 3 1Py, 12
m _ _ —m)(n—m—1)+m(n—-m
< (Zatp+ Do) g4 L Z D MO Z I g,y
n n n
m -
< —a (B4 gna DI + 1Py, 17
If the particular case where cp(y) f ( ) > 0 almost surely, then
[E@@)lz = | [ew ' au)| <o fewswanm)| =a AL
and we get
m o _ m2 m) 4 (n—=m)(n—m-—1)
E(IbI3) < "o 81117 + (n 2 I oty . 1Py 11
<Myt 21 (1 2 2) 1Py fII?
< a7 + (14220 | Py P
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Proof of Lemma 4.9. The first statement results from [10, Theorem 2.9]. We here provide the proof
for completeness. First note that G (x) is invertible almost surely. Letting y ~ v®", we have
- w m\1L— M ! w w
E(G"(x)™) = B(G"(x)1) = " E(Gr(y) aer(@(y)
n—m)! .
)
() o (n —m)! n!
N n! (n—m+1)nm-1
n n
n—m+1ad‘]( ) n—m-+1
where (x) is obtained from Lemma A.2, and where the Loewner ordering < can be replaced by an
equality when ®“(y) has rank m almost surely, which implies that G¥(y) = G¥(y)~!. We deduce
<

< nm

adj(E(G"(y)))

)

from the first statement that G := G%(x) satisfies E(Anin(G) ™) = EApmae(G™1)) < E(tr(G™1)) =
tr(E(G™1)) < 2. n

Proof of Lemma 4.10. The distribution of G is the same as the Gram matrix associated with m
samples from ~,, and n — m i.i.d. samples from v, independent from the first m samples. Then write
GY = %Gﬁ’n] + %Gq{fn}c, where Gfﬁn}c is the Gram matrix associated with n —m i.i.d. samples from
v, and G’ﬁ’m is the Gram matrix associated with m points from the distribution ~,,. Matrices Gﬁ’n] and
Gﬁ)n]c are independent. First note that for A and B symmetric positive definite, A\pin(A + B)™! <

Amin(A)~L. We then deduce that
Amin(G¥) 1 < T xin(GE) ™ and Anin(G¥) 7 < ——Ain(GE o) L
(G")7" = —Amin(Gfpy) ™ an (G")7 = ——— Amin(Gipye)

Noting that Ky, < a”'m, we have from Lemma 3.1 that the event S = {Apn( 1[17)71]6) <1-46}
satisfies P(S) < m exp(— LU= — iy — ;. m). We deduce that

]P) min wy—1 1 _ —1 n > < P i w . —1 1 _ —1 < _
(Mm@ > (1= 97 ) <P (AinlGg) ™ > (1= 8)71) <l = mm),
that is the second statement. For the final statement, we have that
E(Anin(G¥) ™) < Eunin(G)7H[S)n(n — m,m) + E(Amin (G*) 1 S°)
n n
<—E min w )T - E min wc_1 N
< LB Ovnin(Gfo) ™ (0 = m,m) + ——Enin(G) 71[S°)

n

(1-49)"
and 5, and the second statement of Lemma 4.9 applied

< nmn(n —m,m) +
where we have used the independence of Gﬁ]n}

to GY ;. Then it holds

[m]

n

E(Amin(GY) ™) < nm? exp (— c(;(n;tm)oz) +

which concludes the proof. [ |

(1-0)7"

Lemma C.4. Let x ~ 7% with v = w™ 'y and w™' > aw!. For an arbitrary function g, provided
n>2m+2 and n > 2ma~'c; log(¢tm2n), it holds

B89 () < (47201 = 6)2(5 + gma™) + a7'¢) gl + 41 = 32| Py, g

withﬂzlJr(oflfl)%, and E=0ifv=v, or&=11ifv # vy,
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Proof. First note that ®*(x)Tg"(x) = G*(x)'b(x) with b(x) = 1 &% (x)” ¢ (x). Up to a reordering,
assume that (z1,...,2,) ~ ¥m @ V¥, Let m < s < n. Then write G¥(x) := fG[S] + == ls]e>
where GE‘S]}C is the Gram matrix associated with n — s i.i.d. samples from v, and G}, is the Gram

matrix associated with s points from the distribution 7. Matrices Gz[‘s’] and Gﬁ]c are independent. Let

A= {)\mm(Gf‘;}c) > (1—0)2===1} We have
E([|2"(x)'g" (x)[13) = E(|2”(x)" " () 13| A)B(A) + E(|2* (x)"g" (x) 3] A)P(A°)

For the first term, we have

E([|2"(x)'g" ()31 A)P(A) < E(|G(x)'3blI3|A)P(A)

n2
< WE()‘mm( (%) 2[blI3] A)P(A)
n2
< m(l - 5)72E(Hb”§)7

and using Lemma C.3, we obtain

TL2

_ mo_ _
(10" () Tg" () BLAB(A) € (1= )72 (B 5+ Ema gl + | Aol
with B=1+4 (o' =1)2 and { =0if v = vy, or £ =1 if v # vy,
For the second term, noting that
12 () T13 = [[(2”(x)T @ (x)) 2 = 0~ G¥(x) 2 < s~ Amin(Gly)
we have
E([®"(x)Tg" (x)[314°) < 57" Emin(Gig) ™ Hlg" (%) |31 A°)
= s EQmin (Gl " 9" Ga)l12) + s ENmin (Gl THE(l9" (x(4e) 131 4°)
w \— w m w (&

< E(Amin(Gig) L (21)?) + mE(HQ (x(s¢) I31A°),

where we have the invariance through permutations of v, and the independence of G& and gw(x[s}c).

Letting B = {Amin(G{l}; ,,_1)c) = (1 =)} C A, we have

E(llg” (xig)1314°) = Z E(g" (2:)*|A°) = (n — s)E(g" (x2)?]| A°)

i=s+1
(139 BB _ o PO
< (0= S)E(" (2n) "1 B) ey = (0 = $)BL0" (@n)) 1
so that
E([lg” (x(g¢) 3| A)P(A°) < (n — s)||g]|>m exp (‘W)

Finally, using Lemma C.5, we obtain

E(Amin(Gl) ™ 9" (21)%) < E(tr((®" (x1) T @ (x(s)) " )g" (21)%)

S s—m+1 arv(97(2)7)
e S LG TTE:
= ot gl
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Gathering the above results, we have
2

B(10" (019" ()1) < oz (1= 8 (a8 + gma ) gl + 1Pl

(n—s
2
™ (- s) +a Ylg)? _Cw(n—s—D>
b (= s) oY P (- T
< Cllgl* + D Py, |I”

with

D= L(l — )2

(n—s—1)2
and
2 2
n _om 4 1 _m*(n—s+1) ( caa(n—s—l))
- " 11— e bl e bt A
¢ (n—s—l)Q( %) n (B+&ma) +a s—m+1 P m
Taking m < s <n/2 — 1, we have
D < 4(1—6)72
and
m _ _ _ csam
<4—(1-46)2 ! Im? - :
0 <4™(1 - 8)2(8 + €ma™) + o~ mPnexp(~ 20

Therefore, provided n > 2m + 2 and

n > 2mate; tlog(¢tm?n),
it holds

C <421 -8)2(B+ema ) +alC. n
n

Lemma C.5. Let x ~ % with v = w™ 'y satisfying w™' > aw;,'. Then for any function f, it holds

B (@078 () ) < (2 4ot U

n n(n—m+1)

) B (£(2)),

with an equality if ®¥(y) is almost surely of rank m fory ~ v®™. In the particular case where v = vy,

it holds
m

E(f (z1)te((@" ()T 0 (x)) 7)) <

with an equality if ™ (x) is almost surely of rank m for y ~ v&m.

Eonw (f()),

n—m-+1

Proof. The proof follows the one of [10, Lemma 3.4] for the particular case v = v,,. For completeness,
we here detail the proof for a general case. Letting y ~ v®" and A(x) := ®¥(x), we have

E(f (z1)tr((2"(x)T@"(x)) ™)) = E(f(x1)tr((A(x) A(x))))

(n —m)!

T E(f(y)tr(adi(A(y)" A(¥))),

where the inequality becomes an equality when ®*(y) is almost surely full rank. From the Cauchy—
Binet formula, we have

<

E(f(y1)tr(adj(A(y)"A()))) = n_;ﬂ >_E(f(yn)tr(adj(A(y—i)" A(y-0))))
=1
= n_;HE(f (y1))E(tr(adj(A(z)" A(2)))) + nf;ilE( flz)tr(adj(A(z)TA(z))))
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with z ~ v®(™=1_ Using Lemma A.2, we have

B(tr(adi(A () A(a)) = 1y trladi(E(A(2) A)
(n 1) |
= )T m)!tr(adj((n - DI,))
(= D)
~_ (n—1)! -
(n—m)!
Letting By, := Ey,on (f (y1)tr(adj(A(y)" A(y)))), we have found
(n—1)! (n—1)! n—1
By = o B () § Bt = (1 SmEe(F@) + (1 ) B

where the last equality is obtained by induction. It remains to evaluate By,—1. Let now z ~ y®(m=—1)
Letting A~7(z) being the matrix A(z) without the j-th column, and letting a=/(z1) being the first

row vector of A77(z), that is the vector @™ (z1) without the j-th entry, we have
m

tr(adj(A(z)"A(2)))) = > adj(A(z)"A(z));; = > _ det(A 7 (z)" A7/ (2))
=1 =1

i det(A ™7 (z_)TA ™ (z_1) +a 7 (z)a 7 (21)T)
1

<.
Il

-

a_j(zl)Tadj (A7 (z_l)TA_j(z_l))a_j(zl),

| <.
=l

1
where we have used det(A 7 (z_1)" A=7(z_1)) = 0. Then using Lemma A.2, we obtain
Bin-1 = E(f(21)tr(adj(A(2)" A(2)))))

=Y _E(f(z1)a™(21) E(adj(A™ (z-1)" A7 (z-1)))a™ (21))

=
- (n(zni;)i)zl_g iE(f(zﬂa 7(z1) T adj(E(A™7 (z-1)T A7 (z-1)))a 7 (21))
=1
(m—-2) &

j=1

= (m —2)! iE(f(m)(thw(Zl)H% — ¥ (21)%)
j=1

= (m — 'E(f (1) ll“ (21)]3)

= (m — DIE(f(21)w(21)mwm(21))

< mla"E(f(21))
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where we have used [|¢%(2)]|3 = w(2)|le(2)|3 < alwn(2)|¢(2)]|2 = m. We finally obtain

E(f (z1)tr((2"(x)T @"(x)) 7)) <

M (7)) + o (” - 1>Ew<f<x>>

n! m—2

R o P ) .
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