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1. Introduction

In this work we consider the linear kinetic equation that governs the evolution of a particle distribu-
tion f

Of(x,w,t) + V- (wf(x,w,t)) + (0q + 0s) f(X,w,t) = %as /S2 f(x,w,t)dw.

Under appropriate scaling this equation can be viewed as a simplified model of radiative transfer (see
for instance [19] or [23]). Because the function f lives on a high dimensional space (one dimension of
time, three of space and two for the velocity), solving this linear kinetic equation by a discretization
directly in the phase space is in general too expensive with regard to the computational time. Moreover,
the evolution of f is non-local due to the collision operator, so it is necessary to use an approximate
model. There are many such models (we can mention for instance Py [8, 14, 28], Sy [4] and My [17]). In
this document, we are interested in the Py model. It consists in using a spectral Galerkin discretization
of the velocity space using the spherical harmonics as basis. The dimension of the phase space is thus
reduced by two at the cost of replacing an equation by a system of equations, which can be written,
as initially proposed by Vladimirov [28] and Kuznetsov [15], in the form

0ig + Ad;h + Boh+ Co,h = — ((0, + 05)l — 051 ®e1) g,
oh+ AT0,g + BTo,g + CT0.8 = —(04 + 05)h,

where e; = (1,0,... ,O)T and where g and h denote respectively the compound vectors of even
and odd moments of f. This even-odd splittings for Py expansions have been used previously by
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Hermeline [14] or by Egger and Schlottbom [8] to define numerical methods for the Py model. In has
also be used to approximate stationary solutions of Py by Van Criekingen et al. [26, 27] or by Egger
and Schlottbom [7].

On rectangular grids, finite volume and staggered discretizations have been proposed in [21] and [24].
In [14], a DDFV! scheme [13] was proposed to approximate the Py model on general grids. Mixed-
hybrid finite element methods have been proposed and analyzed in [7, 8, 26, 27] to solve Py in both
stationary and instationary cases. A Trefftz Discontinous Galerkin method was studied in [20].

In view of multiphysics simulations, the use of centered finite volume methods provides natural
coupling (with compressible hydrodynamics for instance) that ensures total energy conservation, which
is important when dealing with shocks. Thus, this work differs from mixed finite element methods such
as [8], since it is based on approximate Riemann solvers that are efficient for approximating non-regular
solutions. Similarly, the DDFV method, proposed in [14], is a staggered scheme, using primal and dual
meshes cell values. It makes it difficult to couple with finite volume schemes for gas dynamics, especially
in the case of Lagrangian solvers.

The strategy chosen here, is to discretize this new model using a nodal finite volume scheme: the
fluxes are not computed at the edges, but at the vertices of the mesh. Such schemes have been first
developed for Lagrangian hydrodynamics [6, 16, 18]. The construction and analysis of such a scheme
has already been done for the P, model in 2D on polygonal meshes, in order to write a scheme called
asymptotic preserving [1]. Indeed, using a face-based finite volume scheme leads in the diffusive regime
to a two-point scheme which is not consistent with the limit diffusion operator on arbitrary meshes.
The aim of this work, in order to generalize these results to the Py model for N > 1, is, in a first step,
to construct a nodal solver for this model. As it is typically done is the literature, we assume that N
is an odd integer.

In the work of Buet, Després, Franck [1], the authors have considered the P; model

8759 +V-h= O,
Oth + Vg = —o;h,
and they studied a nodal finite volume scheme. Here, we consider only the free streaming case (o, =
os = 0), since it is the first step in order to write an asymptotic preserving nodal scheme? for Py.

Following the work of Després, Mazeran [18] for Lagrangian hydrodynamics, the scheme proposed
in [1] (the Glace scheme) reads, when o, = o4 = 0: for all cell j of the mesh,

d 1
ag] + v Z le‘(hT,an) = 07

J TERj
d 1
7t v > Lirgjrmjr =0,
reR;

where V; is the volume of the cell j, I, := ||V, Vj| and nj, = lj%erVj. Actually, V4, V; denotes the

gradient of volume variation due to the displacement of the node r of coordinate x,.3

The fluxes are then given by
9jr = gj + (hj - hra an’)a

Z ljrnjr ® n;, h, = Z le(gjnjr + n;, ® njrhj)7
JEITr JjETr

!Discrete Duality Finite Volume

2As it is shown in [1], it is important to consider nodal solvers to build a consistent scheme in the diffusion limit.

3In order to fix ideas, let us remark that in the case of triangles, V,V; is nothing else but the gradient of the finite
element P shape function Aj. in cell j that satisfies Vs, w;r(Xs) = rs.
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where we denoted by R; the set of nodes of the cell j and by [, the set of cells connected to the
node r. They show in particular, in a very simple way, that the matrix

Z lj’r‘njr ® njy

JjEIr
is invertible as soon as the mesh is non-degenerate. In this paper, we write the analog of the Glace
scheme for the Py model

d 1
—git— > U8 AUPy h, =0
dtg]—i_‘/jreznj ]uejr ufejr )

dp L N LUy ATUE, gj =0

dt 7 vy e T —6;+ 57 )
reR;

with
gjr = 8 +Ug, PgPa U, (hj —hy),

(Z Mjr> hy = > Myhy+ > Uy ATUE, g;.
JETr JjETr JjeTr

Here, Z/{(,gjr and L{é‘jr are the rotation matrices that express the rotational invariance of the spherical
harmonics (known as Wigner D-matrices). The matrices Py and P,, whose columns are orthonormal
vectors, are defined in Proposition 2.7. Finally, the matrices M;, are defined by (3.21) or (3.29),
according to the scheme.

The problem of the invertibility of the matrix } ;¢ 7 M;, is much more difficult than in the case
Py. This is due in particular to the fact that the space generated by the odd spherical harmonics is of
higher dimension than the physical space, contrary to the case N = 1 where the dimensions are equal.
Our first main result establishes that under the same mesh conditions as for the finite nodal volume
scheme for the P; model, this matrix is invertible. We also propose another nodal solver, based on
the Eucclhyd Scheme [16] for hydrodynamics. The difference between the two schemes is that, if the
Glace scheme solve an approximate Riemann problem in the direction of a "normal” at the nodes.
The Eucclhyd decomposes this nodal Riemann problem using the two normal directions to the edges
adjacent to the node. Our second main result is the proof of convergence of theses two nodal schemes
for the Py model.

In the first part, we recall how to obtain the Py model from the linear kinetic equation considered
and we recall several properties of the Py model in 3D and 2D. In the second part, we recall some
results related to the Py model. In the third part, whose results are new, we propose two nodal
finite volume schemes and demonstrate their properties: these schemes are well defined, conservative,
L?-stable and finally they converge. Finally in the fourth part, we show several numerical results.

2. The Py model
In this Section, we recall how to derive the Py model from the linear kinetic equation. We then

recall some important properties of the Py model which will allow us to write the nodal finite volume
scheme. We use the presentation of the Py model made in [14].

2.1. From linear kinetic equation to the Py model

Let f:R3 x S% x [0, +00[ — R solution of the following linear kinetic equation

8tf+V-(wf)+(aa—|—as)f:417ras/S2fdw, (2.1)
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where o, and o, are the absorption and scattering coefficients respectively. We use a parametrization
of the sphere
w = (w1,w2,ws) = (cossin f, sin ¢ sin 5, cos ),
with 0 < < 27 and 0 < 8 < «. In the following, we assume o, = o5 = 0.
Let k and m be two integers with 0 < |m| < k. Suppose that for all (x,t) € R3x [0, +o0], the function
(¥, B) = f(x,v,B,t)is in L?(S?). Consider the expansion of f in the real spherical harmonics basis X i
(see [14] for the definition of the X}")

V(x,1,8,t) € R® x §* x [0, +00,  f(x,%,5,1) Z Z =, ODX (b, B),

k=0m=—k
where f/" are called the moments of f,

F0ct) = o= [, £0, B0 (0, ).

We note X = (Xi""),cn im|<k 8nd u = () pen im|<k- et us inject the development of f in (2.1).
Noting that f = X - u, we can write -
3
X~8tu+2wiX~6iu:0
i=1
Multiplying by X, one gets
3
X(X - 9u) + Y wX(X - 0u) =0,
i=1
which is also written
3
(X ®@X)ou+ Y wi(X®X)du=0.
i=1
Finally, by integrating over S? and dividing by 47, we find

» X®de6tu—|——2/ wiX ® Xdwdhu = 0

Moreover, since the spherical harmonics form an Hilbertian basis of L?(S?), one gets

X ® Xdw = 1.
Ar
We pose
1
Ai=— | wiX®Xdw, 1<i<3. (2.2)
A7 Js2
Note that the matrices A; are symmetric. We then obtain the Py model
Oru + A10,u + A20,u + A30.u = 0. (2.3)

Moreover, for 1 <i <3

/ w; X ® Xdwd;u = 81/ w; X ® Xudw,
g # o

= 81 / wz-fde,
S2

=0 (/82 wifX,wa) hen

Im|<k
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After a calculation [14], we obtain?
] O o Cm(C;Tka - D)
L[ i = g - B omCr i~ DR e
E?&+1 Fifita
with the notations

g JEAm A Dk +m+2) g |(E—m—1)(k—m)
ko (2K +1)(2k+3) PV @k-1D@2k+1)

Cm:\/<k—m+1)(k m+ 2) Dm:\/(k+m—1)(k+m)
b (2k+1)(2k+3) F (2k —1)(2k +1)
Em:¢%—m+m%+m+) Fm:¢%_MW+m)
k (2k+1)(2k+3) (2k —1)(2k + 1)’
and
—% if m< —1, —% if m < —1,
0 ifm=-1, —1 ifm=-1,
em =142 ifm=0, (m={0 ifm=0,
Iiftm=1, 2 oifm=1,
% if m>1, % ifm>1,
-1 ifm< -1, —1 ifm< -1,
— 2 ifm = -1, ~1ifm =1,
nm = @ if m =0, 0" =40 ifm=0,
: if m=1, 0 ifm=1,
3 if m > 1, Ioiftm> L

For the moment, the matrices A; and the vector u are infinite. The Py model consists in truncating
the development of f to the order N.

In(x, 9, B,t) ZkaXth¢5)

k=0m=—k

which amounts to truncate the terms corresponding to £ > N in u and the A; and thus to obtain a
finite vector and matrices. For the following, based on [14], we note

m
g = (f2p) 2p<N 5
Im|<2p
the compound vector of even moments, and
_ m
h = (f2p+1) WH1<N
|m|<2p+1

the compound vector of odd moments. We will then reorder the basis of the spherical harmonics in
order to put first the even moments and then the odd moments, that is to say multiplying u and the
A; by a permutation matrix, that we still denote u and A;. We obtain

u:(ﬁ).

4with the convention that fi" = 0 if |m| > k.
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Moreover we notice that in this basis, from (2.4), the matrices .4; have the following block structure [14]
0 A 0 B 0 C
A1:<AT O)a AZZ(BT O)a ASZ(CT 0)

dg + Ad,h + Bd,h + Cd.h = 0,
oh+ ATo,.g+ BTo,g +CTo,g = 0.

We note m3P the size of u, i.e. the number of unknowns in the system, m‘;’D the number of even
moments and m3” the number of odd moments. Following [14, 20], one has

Thus (2.3) writes

e o

1 1
m3P =m3P +m3P = (N +1)2, m3P = GN(N+1) and m3P SV +1D(N +2).

2.2. 3D configuration

In this Section, we recall some important properties of the Py model in dimension 3. The first one is
the eigenvalue structure of matrices A;. The second one is the rotational invariance of the 3D model.

2.2.1. FEigenvalue structure
We recall a result on the structure of the spectrum of matrices A;, established by Garrett and Hauck.

Proposition 2.1 ([11]). For any v, v. € S?, the matrices defined by
1 1
= E/sz (v - w) X ®Xdw, and M, = E/sz (Vi - w) X @ Xdw,
have the same eigenvalues, and their eigenvectors differ only by one unitary transformation. That is,
if M = A\v, then M (Uv) = ANUv) with U a unitary matriz.

From this, they deduced the following Corollary which is important from both the theoretical and
the practical point of view.

Corollary 2.2 ([11]). The eigenvalues of Ay, As and As are equal and their eigenvectors differ only
by one unitary transformation. Moreover, if A is a nonzero eigenvalue of A;, then —\ is also an
etgenvalue.

We finally recall a last important result about the eigenvalues of AAT that has been established in
Morel’s PhD Thesis.

Proposition 2.3 ([20]). The matriz AAT is invertible and all its eigenvalues are strictly positive.

2.2.2. Rotational invariance in 3D

We use the rotation matrices in the spherical harmonic basis (see [22])

3D

U(a, B,7y) € R xm*7.

where «, (, v are the rotation angles around the axes Ox, Oy, Oz respectively. In the configuration
stated above, U(«, 3,7) is a block matrix of the form (see [20, 22])

Ula,B,v) = diag (Ao(a,ﬂﬁ),Az(a,ﬂ,V), o Apsn(a, 8,79), . ,Ang(aﬁﬁ)) 7
with
Ak(av Ba ’Y) = Wk(a)Dk(ﬁ)Wk(»y) c R(2k+1)><(2k+1).
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The matrix Dy, € REFHDX2k+D) s o Wigner D-matrix [29] and the matrix W; has nonzero elements
only on its diagonal and its anti diagonal

cos ko sin ko
cos 2« sin 2«
Ccos (v sin o
Wi(a) = 0 1 0
—sin « cos &
—sin 2« cos 2«
—sin ko cos ko

Let us consider a rotation of angle 8 in the zy plane

3D 3D

Uy = U(0,0,0) € R™
It reads
Up = diag (WO(H)a W2(9)7 s ,ngD (9)’ Wl(e)v s 7Wm§D (9)) :

The matrix U represents the action of an orthogonal transformation on X(w), that is, if Q € R3*3 is
an orthogonal matrix, then

X(Quw) = U(ax, B,7)X(w). (2.5)

2.3. 2D configuration

In the following, we limit ourselves to the 2D case. We assume that the solution has a symmetry with
respect to the xy plane. This is equivalent to the fact that f is an even function of cos 5.

Proposition 2.4 ([14, 20]). If f is even with respect to cos 3, moments f[* where k + m is odd are
zero.

This choice simplifies the A; matrices by removing rows and columns where k + m is odd. We now
describe the Py model in 2D. We have for N an odd integer

1 1 1
mQD:§(N+1)(N+2), mezz(N+1)2, mo = (N +1)(N +3),
where m?P is the number of unknowns, m. the number of even moments and m, the number of odd

moments. Note that we always have m, > m.. The Py model in dimension 2 writes

) (ﬁ) + A0, (ﬁ) + A0, (ﬁ) — 0, (2.6)

A1:<£T g‘) A2:<BOT ’g) (2.7)

After deleting the rows and columns that correspond to moments where k 4+ m is odd, the rotation
matrix Up reduces to [20]

with

ug 0
Uy = ( 0 ug) , (2.8)
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with
W(] Wl
Wo 0 h Wy 0
ueg = . ) UG = . 5
O WN_1 O WN
and where the Wy are defined by
cos(2k +1)0 sin(2k +1)0
cos 30 sin 360
Wopes1(0) = O cos o sin 0 O 7
—sinf cos 0
— sin 36 cos 36
—sin(2k +1)0 cos(2k +1)6
and
cos 2k06 sin 2k0
cos 26 sin 20
Wai(8) = 0 1 0 (2.9)
— sin 20 cos 260
—sin 2k60 cos 2k0

In order to fix ideas, we provide examples of matrices A, U§ and L{;‘ in Appendix C.
Finally we have as in 3D, the relations

Proposition 2.5 (Invariance by 2D rotation [20]). The matrices Ay and Ay satisfy the relations
Aqj cosf + Assin @ = Uy A1U_g, —Aqsin@ + As cos 0 = Uy AU _g.

Remark 2.6. An interesting particular case is 0 = 5

Ay =Us AU

Let us give a last result that plays a significant role in the construction and in the analysis of
the numerical scheme that will be proposed in the next Section. Actually, we will use a particular
diagonalization of Aj;.

Proposition 2.7 ([3]). The matriz A; admits the diagonalization A; = PDPT with
PR N TR
V2 \Bh —Pn V2Ron)’ N o)
0 0 0
such that

e D € R™eX™Me g positive definite diagonal,

o Py € R™<*™e 4s orthogonal,
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e the columns of Py € R™*™e qre orthonormal vectors,

e the columns of Py € R™Me*(mo=me) form an orthonormal basis of Ker A and are orthogonal to
the columns of Py.

Moreover one has A = PgDJrP}:lF.

Lemma 2.8 ([2]). If N is odd, one has dimKer A = m, — m, = &L

3. Finite volume scheme

In this Section, we define the Glace [5, 6, 18] and Eucclhyd [16] schemes for the Py model. We first
study the 1D case, using a formalism close to the 2D. Then we study the 2D case and we show that
these schemes are well defined if the mesh is not degenerated, i.e. under the same conditions as the
nodal finite volume scheme for P;. We then give several properties of the Glace and Eucclhyd schemes
for Py, in particular we show their convergences for a sufficiently regular initial data.

3.1. Definition of the scheme

In order to ease the introduction of the nodal finite volume scheme in 2D, we first consider the 1D
case.

3.1.1. Dimension 1

In dimension 1, the Py model recasts as

O (lgl> + A0, (lgl) =0.

We use the Proposition 2.7 to write A; = PDPT with
P=(Py P. Py,

where P, (respectively P_) is the matrix composed of the eigenvectors corresponding to the positive
(respectively negative) eigenvalues, and Py the matrix composed of the eigenvectors corresponding to
the null eigenvalues. We then rewrite the system as

8tw + D@Iw = 0,

with w = PT (Igl> the Riemann invariants.

Standard finite volume scheme. The derivation of such a scheme is quite straightforward follow-
ing [12] or [25]. It is detailed here to fix ideas and to enlighten the difficulties that arise in the case of
a nodal finite volume discretization.

Let M be an admissible mesh, and j € J={1,..., N.} be a cell of the mesh. Here, N, = #J denotes

the number of cells of the mesh. We note Ax;> 0 the length of the cell j (Az; = Tip1— xjfl). We
2 2
write the finite volume scheme
d 1 D, 0 0
&Wj-i-Aixj 8 %_ 8 (WjJr%—ij%):O. (3.1)
Recall that, due to the eigenvalue structure of Ay, we have D_ = —D,..
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We compute the value of the first order fluxes by using the upwind value

+ et
{WH;_WJ"

With W;t the vector of Riemann invariants corresponding to positive (respectively negative) eigenval-

ues. We also note w the vector of Riemann invariants corresponding to zero eigenvalues.
Injecting these fluxes in (3.1), we get

+ + +
W e (o) (e ) 2o
—w, |+ Dy wi—w; | =0.

dt W? Az 0 0 0 J 0 J

Multiplying by P on the left, we finally find

d (g T A N I E W, KA —
— () +—P( 0 -Di 0 0 7SI pPT (J+ - J) = 0. 3.2
dt (hj> iy ’ 0 (hj - hj—l) " o ) \Bj+1—h; (3:2)

0 0 0
Proposition 3.1. The scheme (3.2) is conservative.

Proof. Without any loss of generality the proof is performed in the case of periodic boundary
conditions. The system (3.1) being entirely decoupled and composed of m?2P scalar equations, we can
write directly that

] D, 0 0
D Azjowi==3 | 0 =Dy O (w1 —w; 1),

jeg jeg \ 0 0 0

Dy 0 0
=—1 0 —-Dy O Z(Wj+%—wj7%):0,
0 0 0/ jeg

where we used the fact that the sum of the second line is telescopic. Finally, since w = PT (g)’

we have

d .
jeJ AN

Nodal finite volume scheme. Following the work of [1, 5], we now write the solver at nodes

d g 1 gj’jJrl - gj,jfl .
i () + gt ( b,y - hj—;) - >
One should note that in view of writing a nodal solver in 2D, the fluxes g j 4l may differ from g JIERIEe
The continuity of the fluxes and thus the local conservativity are no more encoded directly in the
scheme structure.

Also, in view of 2D case, we will write the scheme using new notations and substitute A; according

to (2.7). It gives

d 1
%gj + Ar. Z Aerhr =0
J TER]‘ (3 4)
d 1 '
—h. AT Eir =0,
TER;
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with Rj = {j — 3,7 + 3}, and
1 ifr=j+1,
er = * . ] * %
-1 ifr=j5-35.
At this stage, there are more unknowns than equations. However, following [18], we first restore the
conservation of the scheme by adding the condition

> ATCirgjr =0, (3.5)
JEIr
where J, is the set of cells connected to the vertex r (for example if r = j + 1, 7, = {4, j + 1}).

Proposition 3.2. The scheme (3.4)—(3.5) is conservative.

Proof. Without any loss of generality, the proof is written in the case of periodic boundary conditions.
Let us treat each equation of (3.4) separately. On the one hand, for the first equation

d
> Ax%gj =-Y_ > ACjh,, (3.6)

jeT jeT ’FERJ'

S (Z er) Ah, = 0. (3.7)

reR \JeIr

=0
On the other hand, for the second equation

d
Z Al‘j%hj = — Z Z ATergjr, (38)

jeT JET rER;
=-> | > A"Cjg | =0. (3.9)
TER jeJ'r
=0 by (3.5)
The scheme (3.4)—(3.5) is therefore conservative. |

As for standard finite volume schemes, the fluxes are computed thanks to the Riemann invariants

7 (8ii+3) _ pr (8
P (thr; =P, b)) and (3.10)
pT (Bi+Lity ) _ pr <gj+1> (3.11)
"\ b ~ B/ ‘

with the notations of (3.3). We can write this system of equations in a unified way with the use of the
rotation matrices Uy (2.8)

T gj T gj
PTU, (ﬁ) — PTU,, (hi) . (3.12)
As we are in 1D, the only possible values of 0, are
{ 0 ifr=j+1,
er = . . 1
m ifr=j5-3,

moreover we have
Plu, = pPL.
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To calculate the gj, fluxes, we write the decomposition of the Proposition 2.7

us 0
P{ = (P§ +P). uaﬂ:( o ) (3.13)

We then develop the matrix products of (3.12)
PgTzﬁejrgjr + P}?UEej,.hr = Pé”%gﬂgj + Pflpuehj,.hj,
SO we can compute
gjr = g +U§ PePaUl, (hj —h,). (3.14)
We then inject (3.14) into (3.5) which gives
Y ATUF PePiuby Cihy =Y ATChg+ Y ATUF PePiUR,, Cjihy.
JETr JETr JjEIr
By writing the sum explicitly (with J, = {j,7 + 1}), we finally find that
ATUE P PI UMD, + ATUE P, PIUP (—h,)
= AT(gj — gjr1) + ATUS P PUUS Dy + ATUE P Py UR (—hjp).
Denoting by I the identity matrix, one observes that
us = —uUg = —I,
and U} =-UP =T
Therefore we get
2AT PyPy b, = AT (g; — gj41) + AT Pe Py (hy — hyi). (3.15)
Actually, the matrix ATPgPE is not invertible. Indeed, we have AT € R™o*™e and Png € RMeXMo,
By the Rank Theorem we have
dim Ker PgP}? + rank PgPE = M.

As rank Py Pl < m,, then dim Ker Py P > m, — m. > 0, thus Ker Pa Pl # {0}. Take v € Ker Pg P
not null, then
ATP,Pl'v=AT0=0 and KerA"P,Pl # {0},

therefore the matrix is not invertible.

This is due to the fact that we started from the 2D equation to get to the 1D, assuming that 9, = 0.
This has the expected effect that the matrix A; always has zero eigenvalues.

We shall show in the following, that in 2D, the nodal finite volume scheme is well defined, the nodal
matrix will be invertible under classical assumptions on the mesh.

3.1.2. Dimension 2
We will now write the nodal scheme in dimension 2, still inspired by the work of [1, 5].

Definition 3.3 (Admissible mesh). Let M denote a conformal mesh of a polygonal connected open
set Q C R2. Let J denote the set of all cells of the mesh M. Let also denote by R the set of all vertices
of the mesh.

The mesh is admissible if one has

(1) Vj € J, j is a simple polygon: it does not intersect itself and has no holes. This implies that
the area of j is positive.

(2) Vr € R, their exists j € J such that r is a vertex of the polygon j.
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(3) Vj € J, if s is a vertex of j, then s € R.

(4) Vj # k € J, one has

the unique common edge of j and k, or,
Nk = { the unique common vertex of j and k, or,
J.

(5) Vr # s € R, X, # Xs.

Let us first precise the difficulty of the construction of a nodal scheme for Py. In [1, 5] and in this
work, the scheme is well-defined as soon as the odd fluxes h,., which are solutions of linear systems
of the form M,h, = b,., can be computed. In the case of the proposed Py nodal solvers, h, is given
below by (3.20), with (3.21) for the Glace scheme and with (3.29) for the Eucclhyd scheme.

In [1, 5], h, € R? and the M, matrices are invertible (omitting boundary conditions) as soon as
Vr, span({Cj,}jcz.) = R% (Cj, vectors are represented on Figure 3.1). This geometrical constraint
is naturally satisfied considering admissible meshes.

For the Py nodal schemes that are studied in this paper, h, € R™ and the invertibility of matri-
ces M, is more difficult to prove. We establish below that the scheme is well-defined under the exact
same mesh condition.

Glace scheme. Recall that the Py model in 2D reads

O (ﬁ) + A0, (ﬁ) + A20, (ﬁ) =0.

Let M be an admissible mesh, and j € J, J denoting the set of cells of M. We write the finite volume
scheme in semi-discrete form

d 1

. . Y —
@gﬂ + ?] T;; ljr(njﬁﬂA + anB)hr =0
p ) ’ (3.16)
5 2 L AT 4 nf B gy = 0,
J T‘ER]'
where nj, = (nj,, n?;r) is the outgoing normal to the vertex r of the cell j. More precisely, following [5]

for instance, one sets

1
~Cjr.

Cjr =V Vj, lyp:=|Cj|| and nj = ;
Jr

In the particular case of polygonal cells, one has

1
Cjr = _i(XT—H - Xr—l)L‘

Here, we also denoted by R; the set of vertices of the cell j and 7, is the set of cells that have r as a
vertex, V; denotes the area of the cell j. See Figure 3.1 for an illustration.

51



C. Buer, S. DEL PINO, V. FOURNET

r+1

r—1

FI1GURE 3.1. Illustration of the notations for the Glace scheme

In the following, we note nj, = (cos 6, sin ), and Uy, the rotation matrix described above (2.8).
Using that

we write

ug 0 0 A\ (U, 0
Uy, Ao, = < 0 up > (AT 0) ( 0 ub, |
P

0 ugs Aut,
e ar Jr
up ATu®, 0 '
ar Jr

Thus (3.16) rewrites, using the Proposition 2.5

d 1
—gi+— > LUg AUy h, =0,
dt V] rER; g "
p . ! (3.17)
h 4T
&h] + ? Z ler/IngA U%ajrgjr =0.
J TER]'
By noting Py, the eigenvector matrix of Uy, A1U_g,,, we have
T _ pT
Pejr =P Uy,
We then impose the Riemann invariants in the direction of the positive eigenvalues
T gir\ _ pT gj
by doing the same decomposition as for the 1D case, we obtain the system
PJUS, gjr + PaUly by = PUS, g;+ PaUly hy.
Then recalling that according to Proposition 2.7, Py is an orthogonal matrix, one gets
gir =g+ uegjrpgp{ Uy (h;—h,). (3.18)
At this stage, there are more unknowns than equations, so we add the following conservation constraint
h 4T
> Lildg, ATUE,. gjr = 0. (3.19)
JjETr
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Injecting (3.18) into (3.19), we obtain the following linear system

(Z Mﬂ) hy = > Myh;+ > Uy ATUE, g, (3.20)
Jj€Tr Jj€Tr Jj€Tr
with
M, = LU, AT P Patd®y . (3.21)
Remark 3.4. The semi-discrete Glace scheme is thus defined by (3.17) with the fluxes given by (3.18)
and (3.19).
For the scheme to be well defined it remains to show that h, is uniquely defined. In other words,
one has to show that
M, = > Mj,

JETr
is invertible. This is the purpose of the remaining of this Section.

To do so, we shall first rewrite M}, in a more convenient way. According to Proposition 2.7, A =
PyD, P, so
h h h h
M, = LU, AT PePaUPy = 1,Ug PaDy Py Py PaUY,
=TI
that is
M, = ljUg, PaDy Prud® . (3.22)
Note that we have
ATA = P,D,P] P;D, P = P,D{ P,
So we can write y
1/2
PuD, Py = (AT4) "
Finally
1/2
M = LU, (ATA) by (3.23)

Proposition 3.5. The matriz Mj, is a symmetric, positive semidefinite matriz.
The proof is obvious by (3.22) since I/ll_“gjr = L{eher
1/2
In the following, we denote M = PhDJrP}T = (ATA) / . We now show that M, = 3 ;c 7 Mj, is
invertible and under which conditions.
One has the equality
Ker M = Ker A, (3.24)

thus we are brought back to study Ker A.
Lemma 3.6. Let h = (h]")im odd € Ker A, then hi* =0 for all k,m > 0.

Proof. Let us make a remark about the notations. Let us note (k;, m;) the index of a row, and (kj, m;)
the index of a column, and a(k, ;) (k;,m;) the coeflicients of the matrix A. Note that we necessarily
have that k; and m; are even, while k; and m; are odd. Indeed, since we are in dimension 2, according
to Proposition 2.4, hj* = 0 if m + k is odd. Thus since h corresponds to the odd moments of f, k is
odd then so m must be odd too for h}" to be non zero. This sets that we are only interested in the
case where k; and m; are odd. Now since we are looking for
Vi D Akmo)(kyamy) Py amg) = 0
J
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one can check that the structure of A, first line of (2.4), that the only coefficients that are involved in
the product are such that k; and m; are even.
We prove by induction.

Initialization. Let us study the result for N = 3. The matrix A is written as

0 % 0 0 0 0
Y 7 0 g~ O 0
0 ——7= 0 0 L 0
0 = 0 0 —7= Vi
If h € Ker A, the linear system Ah = 0 writes
\}hl =0,

So we get hi = hi = h§ = 0. The result is true for N = 3.

Heredity. Let h = (h," )kwmj odd € Ker A. Recall that for (k,m) even then, according to (2.4)
(Ah)k = (AR = Bttt — (MO = DR,

with the convention hj* =0 if K > N or |m| > k.

Suppose that for all k; < N —1, 0 <m; < kj, odd, hz;b_j =0. We distinguish three cases:

e Line of index k; = N — 1 and m; < 0.

There is nothing to say because then m; = m; — 1 and m; = m; + 1 are always negative.

e Line of index k; = N — 1 and m; = 0.
We have four a priori nonzero coefficients, which correspond to the index columns (k; =
N — 2,mj = —1), (kj = N—2,mj = 1), (kj = N,m]‘ = —1), (kj = N,m]‘ = 1). The
coefficient a(y_1 ), (N—2,—1) = C()D?\,f1 of A is null because ¢ = 0. The coefficient h}\,72 is zero
by hypothesis. The coefficient a(y_10),n,—1) = —¢%C%_ | of A is null because ¢° = 0. There
remains then a coefficient, h}, which is thus null.

e Line of index k; = N — 1 and m; > 0 even.

We have four a priori nonzero coeflicients, hﬁfé, h%%, hm*1 and hm+1 The coeflicients
h%:%, her2 are zero by induction assumption. The fact that the last coefficients are zero
follows from the structure of the matrix A. This can be seen by induction. The coefficient hl,
is zero according to the previous case, and so, on the next row, we will have the coefﬁcients
hY and h%;, so h; is also zero. Suppose that on the line (N — 1,m; — 2) with m; > 2, the
coefficients h%i_g and han"_l are zero. If we now look at the line (N — 1,m;), the two a priori
nonzero coefficients are h%"_l and h%"ﬂ, but h%i_l = 0 according to the work done in the
previous line and so hﬁ"ﬂ is also zero. It follows that we have ht = 0 if m > 0.

In conclusion, for any odd k, if m > 0, odd, then A" = 0. [ |
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Theorem 3.7. Tuke 6 € 10,7, thus the matriz
My = M +UP MUY,
is invertible.

Proof. As M is symmetric positive semidefinite,
Ker My = Ker M N Ker U MUP,.
By using (3.24)
Ker My = Ker AN Ker AL{EQ.

We want to show that this intersection is null, as soon as § # 0 mod 7. Let h = (h}") € Ker A, we
want to show that if Z/lilgh € Ker A, then h = 0. By the Lemma 3.6, h is of the form
ht
0
hy?®
h=|h'
0
0

and therefore

hitcosf

hy'siné

hg® cos 30

Z/lflgh _ h‘i c9s 0
hs " sin 6

hy 3 sin 36

If UB,h € Ker A then, k" sin(—m#@) = 0 for all k and m < 0. Three cases are possible:
e First case: If 6 = 0 mod , this is forbidden by our assumptions.
e Second case: If hjl' = 0 if m < 0, in this case we have h = 0.

e Third case: If h' = 0 for all m < 0 odd except for the m which are written m = [p with

[ € N* and p a prime different from 2, in this case if we take 6 = %, we would have h # 0

and Uilgh € Ker A. However, this is impossible, because if we suppose that we are in this

configuration and that h # 0, we would then have at least h,;l = 0 for any £ < N odd,
N+1

there are exactly =5= coefficients of h of this form. However, the dimension of Ker A is %,

so this necessarily imposes that all the other coefficients of h are zero, which gives rise to a
contradiction.

In conclusion, we have shown that
Ker My = {0}. |

Corollary 3.8. If at least two nj, with j € J; are non-collinear, then M, is invertible.
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Proof. One writes
My, = My, + My, + Y. M,
i€Tr\{dr.52}
and we suppose that nj,, is not collinear to nj,,, we write
My, + My, =Ug MU U MU

gor’?
SO

UEOj (Mjlr + Mjﬂ“)ug@jﬂ =M+ uilajgﬂrehrMul_q(gjgr_eh?")‘

17‘
We are thus brought back to the case of the Theorem 3.7 by posing 6 = 0;,, — 6;,, # 0 mod 7. Let
x € Ker M., then
(x, M,x) = Z (x, Mjx),
JETr
= Z (X7 Mjrx) + (Xv (Mjlr + sz?“)x)‘

i€Ir\{j1.52}
As Mj, .+ M;,, is invertible and since it is positive semidefinite then it is positive definite. If (x, M,x) =
0, then (x, (Mj,» + Mj,,)x) = 0 and so x = 0, and M, is invertible. [ ]

Finally we rewrite the obtained Glace scheme on a more convenient form

d 1 g h —
pr-Yi V; GZ; Lirldg;, AU, B =0,
reR;
: 1 (3.25)
it 2 Fir =0,

J rer;
with
Fj. = Ug, ATUE, g+ Mjr(h; —h,),
Z F, =0, (3.26)
JETr

where Mj, = L;Up, MU, .

r+1

-

Ficure 3.2. Illustration of the notations for the Eucclhyd scheme
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Eucclhyd scheme. The Eucclhyd version of the nodal scheme consists in considering not one, but
two Riemann invariants per cell and per vertex

PgTufe+ g+ Pt o hr = PTufa+ g+ PauU",  hy,
ar

(3.27)
PIu® Eo- g+ uh b, = = PlU® Ey- 8 + pfy® ej,rhj,
and the conservation is given by
T h 4T
> A ug9+ g5+ ljr%— A uge_ g, = 0. (3.28)

]ejr

As depicted on Figure 3.2, the outgoing normals considered at the node r of cell j are now chosen as

N, 1= =5 0001 —x)t, 1= INL ], nﬁ-:—FN;t,
_ 1 L ) )

One has Cj, = N;; + N,. One then defines the angles HJ‘JFT such that n (cos 6=, sin Hi 2.

gr
Note that since ljrnjr l ]Tnjt + 1 s A direct consequence of Property 2.5 is

+.A1U o + 1, Z/l .Alu 0 = LjxUp;, ArU—y,, .

By injecting (3.27) into (3.28), we find

(Z Mjr) h, = Z Mjrhj + Z ler/{gl;;TATufgﬂgjv

JETr JETr JEIr
with

Mj, = LU, Muha+ + U MUy

- (3.29)

0
This matrix is invertible according to the Theorem 3.7. We notice that, as for the Glace scheme, the
Eucclhyd scheme is put in the form (3.25)-(3.26) with the particular choice of Mj, given by (3.29).

3.1.3. Boundary conditions

General boundary conditions for the Py model can be quite complex. In the case of nodal solvers,
one can directly impose the fluxes h, or gj. in the same fashion that it is done for Lagrangian
hydrodynamics (see for instance [5]). For the sake of simplicity, we limit ourselves here to the case of
symmetry boundary conditions (periodic boundary conditions treatment being straightforward).
Let us first recall the special case of particular interest where the boundary’s normal vector is
= (1,0).

Proposition 3.9 ([14]). Let n = (1,0). If x € 99, then the symmetry boundary condition
Y(w,t) € S x [0, 400, f(x,w,t)=f(x,w—2(w-n)n,t), if w-n<O0, (3.30)
implies the condition on the moments of f
V(x,t) € 9Q x [0,400[, fi'=0 4if m>0 odd

If we now set n = (cosf,sinf), i.e. the boundary of €2 is arbitrary, then considering the rotation
matrices Uy, we come back to the case of the Proposition 3.9.
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Proposition 3.10. Take n = (cosf,sinf) with 0 € [0,2x[. If x € 0N, then the condition at the
symmetry boundary condition

Y(w,t) € S x [0, +o00[, f(x,w,t) = f(x,w—2(w -n)n,t) if w-n<O0, (3.31)
implies the condition on u
V(x,t) € 02 x [0,+00[, (U_gu)}' (x,t)=0 if m >0 odd.

To apply the boundary conditions to the scheme (i.e. to compute the fluxes), we notice that we only
need to make modifications on the computation of h,. Thus, if r is a node of the boundary of €2, we
take the linear system

Mrhr - BT’7

with M, = Zjej M;, and B, = Eje.% M;,h; + Zjejr ljrblgz_rATL{%eﬂgj. We must then change the
basis with the rotation matrices to return to the case of Proposition 3.9, and delete the rows and
columns that correspond to m > 0.

3.2. Properties of the nodal finite volume Schemes

We now discuss some properties of the schemes that we have just defined. For the sake of simplicity
we limit ourselves to the case of periodic boundary conditions. Other boundary conditions could be
considered at the price of technical adjustments.

3.2.1. Conservativity

In this Section, we show that the Glace and Eucclhyd schemes are conservative.

Lemma 3.11. We have the following equalities
Yo LpUE AUR, =0, D LUE AUy =0,

TER]' JETr
S, AT, 0. Y L AT, o
TERJ' jejr

Proof. This follows directly from the following equalities

> Cj =0, > Cj =0, (3.32)

jej'r TGRJ'

with Cj, = [;;n;,. Let us write the proof only for the first equality, the others being treated in the
same way.
One has

Z ler/ngﬂAUEgjr = Z ljr(cos b, A +sinb;,.B),

T‘ER]' T‘ERj

= > L, | A+ D L, | B=0,
T‘ER]‘ TER]'
-0 =0

where we used (3.32) to ensure that the sums are zero. |

Proposition 3.12. The scheme (3.25)-(3.26) is conservative.

58



NODAL FINITE VOLUME SCHEMES FOR THE Py MODEL

Proof. Let us treat each (3.25) equation separately. On the one hand, for the first equation

d g h
2 Vig8i =2 2 Ll AU, b
jeg JjeET reR;

==X (Z le%gjrAuEejr) h, =0.

TER jEJr

=0 using Lemma 3.11

On the other hand, for the second equation

d
D Vighi==2 > Fin

jeT jeT T‘ERJ'

:_Z(ZFﬂ)zo. u

TGR jEJ’r‘

—_————
=0 with (3.26)
Remark 3.13. This same result can be obtained in the same way for the discrete time scheme.

3.2.2. L? stability

We place ourselves on 2 = R?/Z?, the 2D torus. We denote without distinction | - || 2(q)y and | - || g=()
the norm L? and H*® of a vector or scalar quantity for s € N. Let us write the Py model in dimension 2

0, x =Y
u+ A10u + Agéyu 0 " (3'33)
u(-,t=0)=ug € [H Q)" ,

u:(ﬁ).

Proposition 3.14. Let u be a solution of (3.33), then Vs € N,

with

vt >0, [a(®)| zs(0) = ol gs(0)-

Proof. First we start by showing the result for the L? norm. Taking the scalar product with u and
integrating over ) we obtain

1
iatHuHQLQ(Q) —i—/Q(.Aldcu, u)dx—i—/Q(Agayu, u)dx = 0.

Using the fact that we are on a torus (which is a manifold without boundary), we obtain after an
integration by part

[ (Ao wyx =~ [ (A, 0,wix
finally, since A; is symmetric, thge2 right hand side rew?ites
—/ (Aju, 0 u)dx = — / (u, A10,u)dx,
from which ? ?
/Q(Al&pu, u)dx = — /Q(Alﬁxu, u)dx,

therefore

/ (A10,u,u)dx = 0.
Q
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The same arguments give [,(A20,u, u)dx = 0. We obtain finally
2
Ollullz2(q) =0,
hence the result. Moreover the function 0“u with a a multi-index, is also a solution of the equation,
so the same result is true in H® norm, with s € N. [ |

L?-stability for the continous in time scheme. Let us now study the L2-stability of the semi-
discrete scheme (3.25)-(3.26), that we recall here

d 1 g h
MR > L, AU, by =0,
reR;
d 1
7h]+— Z Fj'r':()v
dt V7 T‘E'R]‘

with
Fjr = ljrthjrATugejng + Mjr(hj - hr),
> Fj =0,
JEIr
where M, is defined by (3.21) for the Glace scheme, and by (3.29) in the case of Eucclhyd scheme.

In the following, we denote un(x,t) = >-;c 7 1;(x)u;(t) and we identify the function u; and the
vector (uy) ;7. Also, we set

Bt) = ;/Q ln (x, )| 2dx > 0. (3.34)

Proposition 3.15. The scheme (3.25)-(3.26) is L? stable, in the sense that
vt>0,  E(t) < E(0).

More precisely, we have

E'(t)=-=>_ > (Mj(h; —h,),h; —h,) <0.
jeJ’V‘ERJ‘

Proof. The proof is inspired by the one done in [1] for the case N = 1. We have

/ _ 1d/ 2
B(0) =5 [ lunGe 0l

1d 9
=5 Z Vil @)%,
JjeT
1d
=5 > Vil(gi(1), (1) + (hy(), hy(1))),
JjeTJ
= >V ((&5(1), &5(1)) + (W), by (1))
JjeT
Using the definition of the scheme, one gets
E'==3" > (g llhy AU b)) =D > (Fjr,hy).

JET reER; JET r€ER;

A1 A2
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We develop the second term of the previous equation

=> Y (Fjn,hy),

jeT T‘GRJ'
=y > (ljruégT.ATugeﬁg], +> > (Mj.(hj — h,),hy). (3.35)
JET TER; JET reER;

Since
> zj,nug;rATuéejT =0,
reR;
by the Lemma 3.11, the first term of (3.35) is zero.
By taking the scalar product with h, and then summing over r in the second equation of (3.26) and
permuting the sums, we find

> > (Myhehe) =30 > (Myhy b))+ 0 D Uy, ATUE, g hy).

jEJ TERJ' ]EJ TER]' ]GJ T‘GR]'
Thus
h
= > (& lplds AUy hy),
jEJ TER]'
:Z Z(Mjrhr,h ZZM}I h
JET rER; JET reR;
== > (Mj(h; —hy),hy).
jeT 'I‘GR]'

Finally, we find that

= Z Z (Mjr(hj —h;),h;) - Z Z (Mjr(hj - h?’)ahj)7

JjET re€R; JET T€ER;
=—> > (Mj(hj —hy),h; —h,),
€T TGR]'
so, using Proposition 3.5, we get the desired result. [ |

Remark 3.16. The proof is independent of whether the Glace or Eucclhyd scheme is used.

L?-stability for the explicit in time scheme. We now study the stability of the explicit in time
scheme

gl =g - V Z LUg AUZ, b7,
J rer;
(3.36)
n+l _ 1.n
hy™" =hj - Z L
J re€R;
with
Fj =1, Us ATUE, g + M. (b} — '),
> FI =o0. (3.37)
]ejr
Let
5 S Vil = 537V (Gl ) + ()]
JGJ jEJ

we note G, = ljrl/le AZ/{he h?.
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Proposition 3.17. One has the following alternative
(1) if up is constant i.e. Iv € R™* s.t.Vj € J, uj =v, then set Alpax = 400,

(2) else, set

> > (Mj(h} —h),hi —h)

jeT TER]'

> [(ZGJT,ZG;;) (ZFWZF?T)

JjeT j reR reR,; reR re€R;

Atyax = (3.38)

Then the explicit scheme (3.36)-(3.37) is L?-stable if 0 < At < Atpax-

Proof. The first case is obvious. If up is constant then, for all j € J and r € R, hy = h} and
g}, = g7, so according to Lemma 3.11, VAt > 0, Entl = pn,
Let us now focus on the second case One has
Entl Z v, [ n—&-l’ g;H-l) (h?—H, h}l—&-l)} ’
jEJ
thus, substituting the scheme reads

T (s S e ey S o)

]67 3 reR J reR

(h”—ZFﬁ, ZF)

Vi reR; Vi reR;

which develops as

At At
gl _ Z Vi |(gf.g) + (0], b}) — 27 > (g7, G7,) —25 > (), )
]GJ J rer; J rer;
> Gi ) G|+ > Fi ) Fil-
reR; reR; reR; reR;
Using the calculation made in Proposition 3.15, we find
E =E" — At Y Y (Mj,(h} —h}),h} —h})

JET rER;

LY o

]Gj
It is a polynomial of the second degree in At, whose At?’s coefficient is nonzero since uy is not constant
in space. We choose to impose a time step that corresponds to the minimum of this polynomial (which

is negative)
> > (Mj(hj —h), hi —hy)

(z c Yy G;-z) (z Py F)

reR; re€R; reER; reR;

At . JET T€ER;
max —
Z D Gl X Gh I+ X Fi ) FL
jGJ reR; reR; reR; reR;
Finally we obtain E"*! < E™. [
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In view of showing that the scheme is convergent, we need to provide a positive lower bound to
Atpmax in (3.38) that constrains the time step At to ensure L2-stability.

Proposition 3.18. Let Atyax be defined by (3.38), and 1, defined by

S —— %I?V] (3.39)
e 21}162?(1%—2#73]‘) I}lez?(ljr' '
rER;
Then in the case of the Glace scheme, one has
Atpax > 1 > 0. (3.40)
Proof. The proof is quite technical and thus is provided in Appendix A. [ |

Remark 3.19. Similar result could be obtained for the Eucclhyd scheme at the cost of technical
adjustments.

Example 3.20. In the case of a uniform cartesian mesh made of squares, formula (3.40) recasts to

V2
Atmax 2 7h )
T

where h is the squares edge length. Indeed, in that case #R; =4, V; = h? and ljr = \QL,f

3.3. Convergence

We shall now prove that the proposed nodal finite volume schemes converge under some regularity
assumptions. We establish the convergence of the semi-discrete schemes.
Once again we assume that Q = R?/Z2. We will also assume that the admissible mesh M of Q is
of size h and has a bounded aspect ratio. That is, there exists a constant C' > 0 such that
max |x, —x,/| < h, h? <CV;,VjeJ. (3.41)

71’ ER;

Let us recall that we denote uy(x,t) = u;(t) if x € j, and that we identify the function u; and the

vector (uy) ;. 7. The discrete initial condition u) is chosen such that
0 1 . .
u,(x) = — [uw(y)dy, ifxej

ViJi

Theorem 3.21. On unstructured meshes of size h (3.41), the semi-discrete Glace scheme for the Py
model converges to order h'/? for an initial data ug € H3(Q2). More precisely, there exists a constant

C > 0 such that

lu(®) — u(®)ll2@) < O/ + O VaoZagy + ol b

Proof. The proof is quite long, thus it is given in Appendix B. |

Remark 3.22. Again, similar result could be obtained for the Eucclhyd scheme for Py using slightly
more complex algebra.
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4. Numerical results

In this Section, we present numerical results for the Glace and Eucclhyd schemes. Our first test case is
a Riemann problem, which has the advantage of admitting an exact solution. It is also easy to check
that the scheme reproduces the expected wave velocities. Our second test case is an initial condition
equal to a Dirac distribution, this test case is interesting because it is a classical test case of the
wave equation. This test case presenting important numerical artifacts, we propose a third test case
which consists in taking an initial condition equal to a “regularized” Dirac distribution, i.e. an initial
condition of the form of an element of a regularizing sequence ¢,,, with n sufficiently large. Finally, we
propose a last test case, for which we can compare the numerical solution to a smooth exact solution
and thus draw convergence curves. For all these tests, the time step is computed using formula (3.38).

4.1. Riemann problem

For this test case, we consider a Riemann problem. We set Q = ]—1,1[ x |—0.1,0.1[. The initial
condition is

1, ifx<0

0 _ ) )

fo(@y) = {o, if 2 > 0,

and f* =0 forall k >0, |m| < k.
To better understand the numerical results, let us look at the exact solution of this problem at least
in the case N = 3. Since there is no variation according to y, this is a 1D problem:

ou+ A10,u=0

It is then classical that

zmzwwi( mzw T — Ait)r mz( (v = Xit), 1) mi,
1=1

i=1 =1
with 1;,r;, the i-th eigenvectors on the left and right of A; and w = (w;);<;<;,2p the Riemann
invariants. Since A; is symmetric, r =1, for all i. Now the eigenvector matrix P (with the eigenvalues

ordered by decreasing modulus) of A1 is

—§\/§—5(4f+75) 2/2(1v/30475) 0 0 0 0 2,/Z(75-4v30) -2,/2(75-4v30) 0 0

0 V30 —v30 0 0 0 0 0 0

1\/4/¢+6 —14/4/8+6 0 0 —v2 V2 iy/6-4,/C —1,/6-4,/8 0 0

4/ E+2 Vi B2 0 0 —VEIVE V24/E 2-4,/Z 0 0

P = Vid-vid 0 0 0 0 o= vV

2(V/30+10 2(v/30+10 2(v/30—-10 2(v/30—10

( 5V7 ) ( 57 ) 0 0 0 0 ( 5vV7 ) ( 5V7 : 0 0

0 0 V15 =15 0 0 0 0 0 1

0 0 1 1 0 0 0 0 1 0

1 1 0 0 11 1 1 0 0

We then notice that the only eigenvectors that correspond to positive eigenvalues that have their first

component not zero are those associated to the eigenvalues A{P®° = \/ 3—15 (2\/ 30 + 15) and A\ =

( 2v/3 ) Thus, for Ps, we expect to see only two waves going to the right and two going to

the left. By the same reasoning, we expect to see three waves going to the right for the P5; model, and
three going to the left.
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Cartesian grid. First, we place ourselves on a cartesian meshes. In Figure 4.1, we measure wave
velocities of A; = 0.339 and \; = 0.858 against A{P*° = 0.339981 and A{**° = 0.861136 for the
theoretical values. We observe the correct structure of the eigenvalues of A1, if A is an eigenvalue: then
—\ is also an eigenvalue. We also observe an additional couple of waves for Ps which was expected.
We observe a very similar results in the case of the Eucclhyd scheme in Figure 4.3.

1 T T 1 T T T T
\ — exact — exact
0.9 \ — Glace | 0.9 — Glace ||

0.8 \ : 0.8 \ g
0.7} . 0.7} \ 1
0.6 . 06 1
22 05 \ . 22 0.5 \ 1
0.4} \ . 04 \ y
0.3 . 03 \ 1
0.2 \ . 0.2} \ y

| | | | | | | |
-1 -08 —-06 —-04 -02 O 02 04 06 08 1 -1 -08 —-06 —-04 —-02 0 02 04 06 08 1

(A) P (B) Ps

FIGURE 4.1. Riemann problem with the Glace scheme on a cartesian mesh 3840 x 4
at time t = 0.8.

10717 1 S W MR H AN 10717 1 s 1 1 R AN
. ||—e— Ll-error . ]
i || —e— L2-error i 1
5 - 1|--- order 1/2 - 1
& 1|--- order 1/4 -
1072 ¢ 1 1072} |
L Lt Ll I \\\HH: L Lol Ll I \\\HH:
107 107* 1072 107! 107 107% 1072 107!
h h
(A) P () Ps

FIGURE 4.2. Convergence for Riemann problems for Glace scheme on cartesian grids

We perform a convergence study, see Figure 4.2 and 4.4. One obtains the expected® rates of con-
vergence: O(h'/?) in the L'-norm and O(h'/%) in the L?-norm for the whole vector of unknowns
(8, hj)j c7- This is conform to the general finite volume theory, see [10].

Random meshes. We now consider the case of random meshes. The construction of such meshes
is done in the following way: we start from a cartesian mesh 320 x 4, we move each node according to

SEven for scalar problem using first-order 1D finite volume methods one cannot expect better for this kind of initial
data.

65



0.8 \ : 0.8 \
0.7 - 0.7 \
0.6} : 0.6
22 05) \ \ . 22 05) \
04f . 04l \

error

C. Buer, S. DEL PINO, V. FOURNET

1 T T T T T T T T T 1 T T T T T T T T T
\ — exact — exact
09} \ — Eucclhyd [ 0.9+ — Eucclhyd |4

| | \

IR v HEER!

U Il Il Il Il 0 Il Il Il Il
-1 -08 -06 -04 -02 0 0.2 0.4 0.6 0.8 1 -1 -08 —-0.6 —-04 -02 0 0.2 0.4 0.6 0.8 1
x c

E @

(A) P3 (B) Ps

FI1GURE 4.3. Riemann problem with the Eucclhyd scheme on a cartesian mesh 3840 x 4
at time ¢t = 0.8.
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107 107% 1072 107! 107 107% 1072 107!
h h
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FicURE 4.4. Convergence for Riemann problems for Eucclhyd scheme on cartesian
grids
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—

|

FIGURE 4.5. Random 320 x 4 mesh used for the Riemann problem

a uniform law in a way that cells remain untangled and preserving the initial interface, see Figure 4.5.
The results are illustrated in Figure 4.6 for the Glace scheme and in Figure 4.8 for Eucclhyd.

Again the convergence study displayed in Figure 4.7 and 4.9 gives an O(h'/?) rate in the L'-norm
and O(h'/*) in the L?-norm.

These two set of tests illustrate that the scheme converges well, while the initial condition is not in
H?3 (it is not even in H'). This suggests that the regularity condition of the Theorem 3.21 is suboptimal
with regard to the minimal regularity of the initial condition.
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1 . . 1 : . T
A i

0.9 \\— — Glace | 0.9 — Glace |
0.8 R 0.8 \ |
07 \ . 0.7} \ 1
0.6 - \ = 0.6 - \ s
0.5 22 0.5 8
0.4 \ . 0.4 \ )
0.3 \ . 0.3 \ i
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U—1 —6.8 —(‘).6 —(3.4 —(‘).2 0 0.2 0.4 0.6 0.8 1 0—1 —(‘).8 —(3.6 —(‘).4 —6.2 0 0.2 0.4 0.6 0.8 1
(a) Ps (B) Ps
FIGURE 4.6. Riemann problem with the Glace scheme on a random mesh 320 x 4 at
time t = 0.8.
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FIGURE 4.7. Convergence for Riemann problems for Glace scheme on random grids
4.2. Dirac

These tests are run on both cartesian and randomized cartesian grids. As previously, the random
grids are build as displacing randomly the vertex of the corresponding uniform mesh (preserving the
geometry and insuring that resulting cells are not tangled). An example of such a mesh is given in
Figure 4.10.

For this test case, we set Q =]—1.5, 1.5[2, and consider the initial condition

fg(x,y) = 5(0,0)-

Numerically, this initial condition is approximated by

1
folz,y) = 71j0(xay)
J
where jg is the cell located at the center of the mesh. We observe in Figures 4.11a and 4.11b that this
test case is problematic for these schemes. For the Glace scheme, we observe that the solution looks
like a 2D Dirac comb, and we observe many spurious modes along the diagonal. For the Eucclhyd
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1 T T 1 T T T
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FiGURE 4.8. Riemann problem with the Eucclhyd scheme, random meshes 320 x 4,
t=0.8.
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F1GURE 4.9. Convergence for Riemann problems for Eucclhyd scheme on random grids

scheme, the Dirac comb and the spurious modes along the diagonal disappear, however we observe
that a large part of the particles remain in the center of the domain. These parasitic modes seem
to disappear when the mesh is no longer cartesian for the Glace scheme (see Figure 4.11c). For the
Eucclhyd scheme, this is not the case and a large part of the particles still remain in the center of the
domain (see Figure 4.11d).

4.3. Regularized Dirac
For this test case, we set 0 =]|—1.5, 1.5[2 and we consider the initial condition

F(z,y) = 3030 +v?),

We first use a random mesh (see an illustration in Figure). We observe that the Eucclhyd scheme
produces more numerical diffusion than the Glace scheme (see Figure 4.12).

Finally, we present the solution on an unstructured Delaunay mesh. We observe spurious modes
in the center of the domain. The fact that the Eucclhyd scheme produces more numerical dissipation
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FI1GURE 4.10. Example of a random mesh used for the Dirac-like tests. Here, starting
a 41 x 41 uniform cartesian grid is randomized ensuring that cell do not tangle.

is still present (see Figure 4.13). We have no theoretical explanation with regard to these spurious
modes. However, according to Theorem 3.21, these should not prevent L?-convergence.

4.4. Analytical solution
We now set Q = ]—1,1[%. The Py model is written
ou+ A10,u + A0,u = 0.

Let (x,t) € Q x [0, +0oc[, we are looking for a solution of the form u(x,t) = e*v(z), with v : R —
R™*” 4 function of class C! and a > 0. By injecting into the equation, we find

Alaxv = QV,
that is, by diagonalizing the system

Do,w = aw
with w = PTv and D = diag(\i);<j<p2p the eigenvalue matrix of Ay. Let 1 < i < m?P,if A; = 0,
then w; = 0, otherwise we find, by imposing for example w;(0) =1

Ve e]-1,1[, wi(z)= eni®
Finally, one has
=~

eM

V(x,t) € 2 x [0,+00[, u(x,t)=e *P

e *mO;D *
We study the case N = 3. The exact solution u is written, for all (x,1),

u(x,t) = e (ui(x, i<i<ios
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(A) Cartesian meshes 321 x 321, Glace (B) Cartesian meshes 321 x 321, Eucclhyd
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FIGURE 4.11. Solution for a Dirac-like initial condition for P3 at time ¢ = 1.

where the u; are given by

ui(x,t) = \/7< V4 -1-756)‘1 +\/4 +756”\2+\/75 44/30. A7—\/75 44/30, A8),

’LLQ(X,t) = \/% (eg — ez> ,

us(x,t) <\/ 10V/30 4 75e51 — V10v/30 + 75¢% — 15¢% + 15¢%
+1/75 — 10v/30e > — /75 — 10\/%e°1_§> :

1 /2 oL oz oz az
ug(x,t) = g\/; (—\/ 10v30 + 75e*1 + /1030 + 75e*2 — Se’s + Hets
—\/75 = 10V/30e> + /75 — 10\/305_?) ,
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(A) P5 on a random mesh 321 x 321 with (B) P3 on a random mesh 321 x 321 with
the Glace scheme the Eucclhyd scheme
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—1.8
—24
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(¢) Ps on a random mesh 321 x 321 with (D) P5 on a random mesh 321 x 321 with
the Glace scheme the Eucclhyd scheme

FI1GURE 4.12. Solution on random meshes for a regularized Dirac type initial condition
for P; andP5 at time ¢ = 1.

u (x,t)z—\/ﬂ(etfj\l—;—i-ei_:),
V30+10) €% + (V30 +10) €32 + (V30— 10) €3 + (V30— 10) €% ),
ur(x,t) = —V/15 (ei_g + ei_z> )

az az
ug(x,t) = e*s +ers,

ug(x,t) =

s

oz oz oz oz az az
3e* 4+ 3e*2 —bers — bers + 3er + 3ers

V15 ’

ui0(%,1) = €3 +eX2 4 eds 436 + e e,
On the edges |—1,1[x {—1} and |—1, 1[x {1}, we impose symmetries conditions in order not to break
the 1D character of the solution. This imposes that the coordinates u}' with m > 0 must be null. We
notice that it is enough to impose w3 and w4 to be null. One can see in Figures 4.14-4.15 convergence

ug(x,t) = —

and
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(A) P; with the Glace scheme (B) P5 with Eucclhyd scheme

(¢) Ps with the Glace scheme (D) Ps with the Eucclhyd scheme

24
1.8
1.2
0.6

—0.6
—-1.2
-1.8
—24
-3

(E) P; with the Glace scheme (F) P; with the Eucclhyd scheme

FIGURE 4.13. Solution for a regularized Dirac type initial condition on a Delaunay
mesh (h = 3/320) at time ¢t = 1.
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curves for the L? norm on cartesian, random and Delaunay meshes. We observe numerically a first
order convergence.
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FIGURE 4.14. Convergence curve for P3 with the Glace scheme (Log scale). Top left:
random meshes, top right: Delaunay meshes, bottom: cartesian meshes.

5. Conclusion

In this paper, we have proposed two nodal finite volume schemes for the Py model. We have proved a
number of new properties for these schemes: their well-defined characters, their conservativities, their
stabilities and their convergences for a sufficiently regular initial condition. We note that the time-
explicit Glace and Eucclhyd schemes are much more expensive in computation time than the standard
finite volume scheme. It is however important to keep in mind that a standard finite volume scheme
cannot be asymptotic preserving [1], the study of nodal finite volume schemes for Py being done in this
perspective. Moreover, a way to remedy the problem of the high computational cost would be to use an
implicit scheme, we could hope to find a competitive method compared to the standard finite volume
scheme. It would be interesting to extend the convergence results to more general boundary conditions
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FIGURE 4.15. Convergence curve for P3 with the Eucclhyd scheme (Log scale). Top
left: random meshes, top right: Delaunay meshes, bottom: cartesian meshes.

than periodic boundary conditions, for example Dirichlet boundary conditions. The numerical results
suggest that the convergence result is suboptimal with respect to the regularity of the initial solution.
The natural continuation of this work would be to focus the study on the addition of the relaxation
term in the flux calculation as in [1], in order to write an asymptotic preserving scheme. Moreover, it
remains to study the spurious modes observed in the numerical results. One can also imagine extension
to 3D. In our view, the main difficulty is practical since 3D rotation matrices are more complex to
implement. From the theoretical point of view, it remains to extend Lemma 3.6 to 3D. Finally, an
extension to second order of accuracy should be straightforward using classical reconstruction strategies
used for finite volume schemes.
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Appendix A. Proof of Proposition 3.18

Here, we give the proof of the Proposition 3.18 which gives a lower bound to Atmax

min V;
Atyax > s > 0.
max = 2max(1 +2#R; )max Lir
Jj€ET eJ
T‘ERJ'

Actually setting

N =3 3 (M (b —hy), b2 —h), and

JjeT TERj
D Z Z G]T’ Z G?T Z F]r? Z F;LT )
JjET ] reER; rER; rER; reER;
according to Property 3.17, L?-stability is ensured if
N
At < Atmax = 55

Let us study the denominator D by first remarking that by (3.37)
S FL = Y Ll ATUE, g My (- ),
r€R; r€R; r€ER;

which simplifies to

Z F;Lr = Z Mjr(h? - h?)a

TERj TERj

since, by Lemma 3.11, 3% .cr ljruehjrATufejr =0.
Thus, one has

> F},

r€R;

= 3 @ —nn[ 2 S (M) - n). M (0 - B
TR o

which reads using Young’s inequality

S w < 3 st -l e 5 (o - mf+ fasong - nef).
r€R; Tiisﬂ
and then
3 F; < Y [y —n) |+ 24, Z |20 0y — )|
re€R; r€R;
< 2R Y My —np)| (A1)

TGR]'

Using again Lemma 3.11, one has

Y Gho= >0 Lldy AUy b= LUg AU (B —h).
T‘eRj T‘E'R,j TGR]
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The same calculation as previously applies, so that

> GI

reR;

‘2
In order to finish the calculation we shall now bound from above HM jr(h? —h7)

LU AR, (b - h)

<(1+2#R)) Y |

reR;

L, AUR, (0} —hy)

2
’ and

2
. On the one hand

| =) =

(MM (b7 — 1), (B — 7)) .
Now, since according to (3.22), M;, = ljruglePhDJrPEUE@jr, one has
M Mj, = I2Ug. PaDy B{UR, U Py Dy PLUP,
—_—
=1

since P, and U;‘,T are orthogonal matrices. Thus M jj;M i = z?ru;; pP,DAPT Z/{ljeﬁ, SO

[z (my — )| = (22,248, 2D PIU™, (0 — W2, (B — D).
and
N h Ty (hn_ pny (W WP
HMJT —h )H < g%%)fljr <ljru6erhD+Ph Uy (hj —hyl), (hf — hr)) )
since the eigenvalues of D are positive and lower than 1 (see [11]). So one has
|M; (b h”)H < maxl;, (M (B — ), (b} — b))

On the other hand

h n n 2 h h n n n n
’ ljruggjrAu—ejr(hj —h) ’ = (l?ruejrATu%jTUggﬁAu—ejr(hj —h), (hj - hr)) )

= (Bup AT AU, (b7 —h7), (b} — b))
Recalling that ATA = PhDiPT, one gets the same right hand side as previously

2

SO

LiUg, AURy (0} —hy)
\zjruegj Aub, (07— hg)H < maxlj, (Me(0} — B2), (b7 — h7)).
T ” Ji

Injecting these upper bounds into (A.1) and (A.2), it yields

2 2
SR R DoRert

TGRJ‘ TG'R

2(1+ 24R;) max L, (M (b — ), (b} — b))

Finally, the denominator D is upper bounded by

D< Z (1+ 2#R;) max (M (B} —h2), (B —hy)),
jeJ ] eJr
max;c 7 (1l + 2#R;) max L, Z (M]r(h —h"), (b} - hf)) .

min;ey V; jeT ,
J J TER]' ]EJ

<2
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Recognizing the expression of the numerator IV, one gets

manej(l + 2#R )

D <2 l:r N.

- minje s Vj rjnez?( ar

r€R;
So we established
N, o b
D — 2 24#R.; L;
(1 + 24R;) sy,

TERJ'

Appendix B. Proof of Theorem 3.21

We give the proof of Theorem 3.21 which establishes the convergence of the semi-discrete scheme.
The scheme in the condensed form writes

d ZArujr:a

TER

748 h
W — g] A _ 0 l-]ruejrAu_ejr - _ g]r .
77 \h;)” T\l ATUB 0 ’ = \h,

In all this Section, C' denotes a strictly positive constant, which can change from one line to another.
The proof is given in the case of the Glace scheme, but it can be easily extended to the case of the
Fucclhyd scheme. We will study the quantity

with

£() = g lmn() — (D)l 22(e)

for t €10, +o0[. We compute

2/ uh dx—|—2/ dx—l—/ uh, dx+/ (up,u’) dx,

and we estimate each term of the sum.

B.1. Estimation of D;

Using Proposition 3.15, one has

- > > (Mj.(hj —h,),h; — h,).

JET rER;

B.2. Estimation of Dy

From Proposition 3.14,
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B.3. Estimation of Ds

A direct calculation gives

Dgz—z< /Judx) Sy < ]rujr,lj/judx>,

JjeT JjeET reR;
/udx) .
Moreover,

D3—ZZ<JTUJT— V/udx—uw)%—zz Ajr(ujr —uj),u(x,)),

JET reR; JeJ reR;
and since ZjEJ ZTER]' (Ajrlljm u(x,)) =0,

ZZ(aruﬂ— )é/udx—uxr> S Y (A ux).

JET rER; JET rER;

and since 3 .cr Ajr =0,

i‘\»—‘

Y Y ( (e — ),

JET reR;

To simplify the notations, we denote

With these notations, we have

(AJT uj, — V / udx — ) =1 [uengAu‘jgjr(hr -~ hj)} - 0gjy

+ L (U, ATUE, (g0 — g))] - Oy
By the Young’s inequality, one gets

1 1 Lir
(Ajr(ujr - ), Vj/judx - u(xr)> < 5l /zjrug_TAukgﬂ(hT — by) |2+ g |

Lip
H\/ J?"ue ATug g]T gj)Hz‘i‘]?H(sherQ-
b._

Let use first estimate the term a. One has
o= (\J1uf Auky, hy), /L, U AU (b, — by)),
- (zjrugﬂATAukgjr(hr - hj), h, —h;).
Recalling that ATA = PhDin , one gets
a = (LUl PhDIRIUR, (b, — by), by —hy).
Since the eigenvalues of A; are less than 1
a < (LUl PaDy BIU, (b, — hj),h, — hy),

which rewrites
a < (Mj;(hy —h;j),h, —h;).
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We now estimate b. Using the equality (3.18), one has
b= |l\/Lilhg:, PaD+ P2y (b, —hy)||?,
= (Lldfy, PuD2PUE, (b, —hy), b, — by},
and using the same arguments as previously
b < (Mjr(h; —hy), b, —hy).

Finally, one gets the following estimate
l; l;
ES IS CALMIRE TD W
‘ 2 2
JjeT TERj
+ Z Z (Mj,(h; — Z Z Ajruj,u(x,)) .

JET r€ER; JET rER;
B.4. Estimation of Dy

This last term does not depend on the scheme, we have
Dy :/ —(up,u’)dx = — Z(uj,/u'dx).
@ jeg J

By denoting I'j;, the k-th edge of the cell j, and nj; = (cos,,sin0j;) the associated normal, which
we choose so that

1 -
ljrnj,« = i(lﬁ,njk + ljknjk)'

—/u’dx: /Alﬁxu+/A28yudx,
J

:/ xAluda—i—/ yAgudJ

We have

= Z / -k.Al—Fnjk.Ag)uda,

ke,

thus according to Proposition 2.5,

—/u'dx = / Uy, Ail—g;, udo,
Y keK;

therefore

D4 = Z Z (uJ,Z/{QJkAlu_ ]k/F uda) .
ik

JET keK;
The idea is to rewrite this estimate at nodes in order to balance D3. We write D, in the form

T + ‘a
Dy = Z Z <uj’ljku0jk“41u—9jk uix +)2 ma )>

JET keK;
u(x,+) + u(x)
+ 30> (Us Arthg 1, ) udo — 1, 5 :

JET keK;
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where x, and x,+ are the nodes on the edge I'jx, oriented in the trigonometric direction, and K; is
the set of edges of the cell j. By grouping the sums on the edges into sums on the nodes, we obtain

> > (uj’ljku9jk“41u—9jk uex, )2+u = ) > D (Ajuju(xy)).

JET keK; JET TER;

It remains to study the second term of the sum. We will use the following Lemma.

Lemma B.1 ([18]). If f € H*(]0,h]) with h > 0, then
/hf(S)ds_hf(0)+f(h)| /2
0

. 375 20

Proof. Indeed, we can characterize H]lo 188 the set of absolutely continuous functions with a derivative

almost every where in L?]0, 1] and we can reiterate on H]20 o[ Using a Taylor expansion with integral
remainder we have:

1) = 10) + ') + | (s — )" (),
and
h
§0) = 1O +hf'©0) + [ (s =B

which gives

76) - LOLID — (o B0+ [ - a1 ["o-

Integrating with respect to s on [0, 1] and since the integral of an affine function is null on the considered
interval, we have

f(s)—“W:/S /t dtd—f/t Pt

/S "5 01"t )dsdt—g/to (h— )" (t)dt

t h t
- —(t—h)f"(t)dt.

t=0 2
Thus using the Holder inequality
/ f(s)ds — \// ||f”||L2(]o,h[),
which, after calculation, corresponds to the desired estimate. [ |

Applying this Lemma on each edge I'j;, we obtain the estimate

Di< Y Y (Ajruiu) +C S S O wllVPull e,

JET keK; JET keK;

B.5. Estimation of £

Adding the four estimates, since Mj, is nonnegative, we obtain

<Y 5 (Llowr P+ Loy ) + € X X Bl ul e

JET rER; JET keK;
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Let us estimate the first term. We decompose the nodal term ég;, by introducing the edge term égj
as

and therefore
5gj7’ = 6gjk + 7/ gdU - Xr)
jk

It is classical that
10gjkll < ClIVgllL2()-
On the other hand, a calculation shows that

1 1
7/ gdo — g(r) = gda—f/ g(r
gk YTk gk Tk Ui
1
< [ lg- gl
ik ik

1/2 1/2
g(/ Pda> </F z§k||Vg||2da) ,
Ljk 7k gk

1/2
= 121Vl 2r, 0.

< Chl/QHVgHHl(j)-

Therefore, for h bounded, one has
10gjrll < ClIVellm)-
The same calculation for dh;, gives

l; l;
5 % (4ol + Lo ) < CHIVal
JjeET TET\’,J‘
Let us now estimate the second term. Since u € H3(2) one has

IV2ull p2r,) < Cllull s o)

We have
4 |y |9 Bellul? + G Cllul3ps
> DVl ey, < 22 > (Belall? + LrCllulls ) ) »
JET kEK; JET kEK;
< Cih Yy Villwjl? + Cohllull s g
jeJ

< Cih|up|Z2(q) + Cohllulfs -
By Proposition 3.15, the scheme is dissipative, so
[unlZ2() < lupli720) < luoll?2(q)
Moreover, according to Proposition 3.14

[ullz3(0) = lluoll 3.
and therefore

5/2
SN IVl e,y < Chlluol3s o)
JET keK;

Finally we obtain the estimate on &'(t)

E'(t) < ChlIVull3p ) + C'hlluoll3sq)
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By the Steklov—Poincaré inequality (see for instance [9, Lemma 3.24, p. 27]), we have

£(0) < Chl|Vuo|za (g,

and finally we obtain for h < 1, by integrating in time

[an(t) —u(®)||z2) < C\/(l + t)HvuOH%Q(Q) + t]luo||? 3(Q)h1/2'

and UP

g
0

Appendix C. Examples of A, U,

For N = 3, we have

].

sin 0
—sinf cos6

cos

sin 360
0
0
cos 36

0

0
sin 6

0

—sinf cosf
0

0
0
cos

0
cos 360
—sin 36

0
0
0
0

0
sin 26
0 )

0
cos 20

0

0

0 1
—sin20 0 cos20

(1
g | O
10
0
For N =5, we have

U

oS O

7
O|N
) (e} ) ) (e (e

o &
o o o o odds T2
|

o [+
o o O o o
_

o o O [e) o O
_

m O oS O

8

<t ||

—[SIEIE

o o Sf
_

IR

S O oS o o O

<t
o IS o o o 1%@3
|

s SN G
| i

o ~
1ﬁ 574
=] o o O o o O
_

<t
O@O o g 1%0 o o
[

-2 o

0
171%0 c o o o
|

o o o o o o o o

Il
<

0 sin(20)

cos(20)

0

SO OO
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cos() sin(9) 0 0 0 0 0 0 0 0 0 0
—sin(f) cos(9) 0 0 0 0 0 0 0 0 0 0
0 0 cos(36) 0 0 sin(360) 0 0 0 0 0 0
0 0 0 cos(f) sin(0) 0 0 0 0 0 0 0
0 0 0 —sin(f) cos(9) 0 0 0 0 0 0 0
yb — 0 0 —sin(30) 0 0 cos(30) 0 0 0 0 0 0
o = 0 0 0 0 0 0 cos(50) 0 0 0 0 sin(50)
0 0 0 0 0 0 0 cos(30 0 0 sin(30) 0
0 0 0 0 0 0 0 0 cos(f)  sin(f) 0 0
0 0 0 0 0 0 0 0 —sin(f) cos(8) 0 0
0 0 0 0 0 0 0 —sin(36) 0 0 cos(30) 0
0 0 0 0 0 0 — sin(50) 0 0 0 0 cos(56)
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