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Abstract. We present commuting projection operators on de Rham sequences of two-dimensional multipatch spaces
with local tensor-product parametrization and non-matching interfaces. Our construction yields projection operators
which are local and stable in any L? norm with p € [1, o0]: it applies to shape-regular spline patches with different
mappings and resolutions, under the assumption that interior vertices are shared by exactly four patches, and that
neighboring patches have nested resolutions in a way that excludes local chessboard patterns. Our construction also
applies to de Rham sequences with homogeneous boundary conditions. Following a broken-FEEC approach, we first
consider tensor-product commuting projections on the single-patch de Rham sequences, and modify the resulting
patch-wise operators so as to enforce their conformity and commutation with the global derivatives, while preserving
their projection and stability properties with constants independent of both the diameter and inner resolution of
the patches.

2020 Mathematics Subject Classification. 65N30, 656N12, 65D07.

Keywords. Commuting projection, finite element exterior calculus, de Rham sequence, multipatch spaces,
isogeometric analysis.

1. Introduction

Mixed finite element spaces which preserve the de Rham structure offer a flexible and powerful frame-
work for the approximation of partial differential equations. This discretization paradigm has been
extensively studied in the scope of electromagnetic modelling [9, 10, 28] and has given rise to an
elegant body of theoretical work which guarantees that compatible spaces of nodal, edge, face and
volume type lead to stable and accurate approximations to various differential operators in domains
with non-smooth or non-connected boundaries [1, 6, 7, 27].

A notable step has been the unifying analysis of Finite Element Exterior Calculus (FEEC) [2, 3]
developed in the general framework of Hilbert complexes. There, the existence of bounded cochain
projections, i.e. sequences of commuting projection operators with uniform stability properties, is
identified as a key ingredient for the stability, spectral accuracy and structure preservation of the
discrete problems. In parallel, L? stable commuting projection operators based on composition of finite
element interpolation and smoothing operators have been proposed by Schoberl [35, 36] for sequences
of compatible Lagrange, Nédélec, Raviart-Thomas and discontinuous finite element spaces, and by
Christiansen, Arnold, Falk and Winther in [2, 19, 20] for simplicial finite element spaces of differential
forms in arbitrary dimensions. These constructions have later been refined by Ern and Guermond [23]
who introduced shrinking-based mollifiers to avoid technical difficulties with the domain boundaries,
and derived commuting projections stable in any LP norm, p € [1,00]. Local commuting projection
operators have also been proposed: first by Falk and Winther [25] with uniform stability properties
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in the domain spaces (H', H(curl), ...) and by Arnold and Guzmén [4] with uniform stability in L2.
Let us also mention [22] where the authors derive local stable commuting projections in H (div).

Important extensions of these works have been carried out in the scope of isogeometric analysis
methods [30], with structure-preserving spline finite element spaces on multipatch domains proposed
by Buffa, Sangalli, Rivas and Vésquez in [13, 14]. These discretizations involve compatible sequences
of tensor-product spline spaces defined on a Cartesian parametric domain and transported on mapped
subdomains (the patches) using pullback operators such as contravariant and covariant Piola trans-
formations. The parametric tensor-product structure is attractive as it enables fast algorithms at the
numerical level, and with the elegant construction of [13] it admits a variety of commuting projec-
tion operators starting from general projections for the first space of the sequence. In particular, this
process leads to commuting projections with uniform stability properties on single-patch spline spaces.

A difficulty, however, regards the construction of stable commuting projection operators on mul-
tipatch spline spaces. Because the tensor-product structure breaks down at the patch interfaces the
construction of [13] does not apply, and it is unclear whether the smoothing projection approach
of [2, 20, 35] can yield projections which are uniformly stable with respect to the inner grid resolution
of the patches, due to the non-locality of spline interpolation operators. Although optimal convergence
results for multipatch spline approximations have been established in [11, 16], up to our knowledge no
L? stable commuting projections have been proposed for these spaces.

Another difficulty regards the extension of these constructions to locally refined spaces. A typical
configuration is when adjacent patches are discretized with spline spaces using different knot sequences
or polynomial degrees. Then the patches are non-matching in the sense of [16] and the existence of
commuting projection operators, let alone stable ones, seems to be an open question. More generally
the preservation of the de Rham structure at the discrete level is an active research topic when locally
refined splines are involved: let us cite [15, 31] on the construction of discrete de Rham sequences of
T-spline and locally refined B-splines, [24] where sufficient and necessary conditions are proposed for
the exactness of discrete de Rham sequences on hierarchical spline discretizations, and [33, 38] for de
Rham sequences of splines with multiple degrees and mapped domains with polar singularities. We
note, however, that none of these works propose commuting projection operators for spline spaces
with local refinement.

In this article, we provide a first answer to these questions in the 2D setting, by constructing LP
stable commuting projection operators on multipatch spaces with non-matching interfaces, for any
1 < p < co. Under the assumption that the multipatch decomposition is geometrically conforming,
that local resolutions across patch interfaces must be nested and that interior vertices are shared by
exactly four patches, our construction applies to general discretizations involving parametric tensor-
product spaces with locally stable bases. Our commuting projection operators are also local, and their
stability holds with constants independent of both the size of the patches and the resolution of the
individual patch discretizations.

Our construction follows a broken-FEEC approach reminiscent of [18, 26], where the multipatch
finite element spaces are seen as the maximal conforming subspaces of broken spaces defined as the
juxtaposition of the single-patch ones. The commuting projections are then obtained by a two-step
process: Applying the tensor-product construction of [13] on the individual single-patch spaces (which
consists of composing antiderivative operators, stable projections and local derivatives) we first obtain
stable projection operators on the broken space which commute with the patch-wise differential oper-
ators. The second step is to modify these patch-wise projections close to the patch interfaces so as to
enforce the conformity conditions and their commuting properties, while preserving their projection
and stability properties. On the first space of the sequence where the conformity amounts to continu-
ity conditions across patch interfaces, this is done by composing the patch-wise commuting projection
with a local discrete conforming projection which essentially consists of averaging interface degrees
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of freedom. On the next spaces the patch-wise commuting projection are modified with additive cor-
rection terms which rely on carefully crafted antiderivative, local projection and derivative operators
associated with the edge and vertex interfaces. Our main finding is that this constructive process
indeed produces local commuting projection operators on the conforming spaces, with uniform LP
stability properties. Moreover, our construction also applies to de Rham sequences with homogeneous
boundary conditions. A by-product of this analysis is the optimal convergence and spectral correctness
of Hodge—Laplace operators on multipatch spaces with patch-wise refinements.

The outline is as follows: in Section 2 we present the form of our commuting projection operators
and state their main properties. The structure of the broken and conforming multipatch spaces are
respectively described in Section 3 and 4, together with our assumptions on the multipatch geometry
and the local stability of the bases. In Section 5 we define and study stable antiderivative operators
associated with patches, edge and vertex interfaces, and our construction is finalized in Section 6 with a
statement of our main results. Section 7 is then devoted to proving these results, using the preliminary
properties established for the various intermediate operators. We conclude with some perspectives. The
appendix presents ours results for the curl-div sequence and describes how the construction is modified
in the case of homogeneous boundary conditions.

2. Broken-FEEC approach and main result

In this article, we mainly consider the 2D grad-curl de Rham sequence

id

R — v

Vo= H'(Q) % Vi=H(ewl;Q) &3 v2=120Q) -5 {0} (2.1)
The curl-div sequence and their counterparts with homogeneous boundary conditions are discussed in
the appendices A and B, as they can be treated in almost the same way. We refer to [2, 3] for their
description as L?(£2) Hilbert complexes.

Accordingly, we consider a sequence of finite element spaces in 2D

v 1
N

included in the spaces (2.1), and a multipatch domain of the form

kek

with disjoint, geometrically conforming subdomains ) associated with smooth mappings Fj defined
on a reference domain €2 = 0, 1[2. We further assume that each patch €1 is equipped with a sequence
of local finite element spaces

(/AN /AL e (2.3)

where Vlf = .7-",5(‘7,5) is defined as the f-degree pushforward of a logical space V,f with a locally stable
tensor-product basis that will be described in the next section.

We further allow different patches to have different logical spaces, which corresponds to local (patch-
wise) refinements, under nestedness assumptions which will be specified later on. The global finite
element spaces are then defined as

Vit = {v e VHQ) : v|q, € Vi for k € K} (2.4)

where again, the spaces V() are given by (2.1).
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Our objective is then to design LP stable projection operators on these discrete spaces that yield a
commuting diagram:

R —4. gy Hiewl; ) —VL 1200 Y, (o)

‘ HO Hl HZ [ (25)
id Vv curl 0

R Vi Vi 143 {0}

On a single patch €y, the approach of [13] starts from a general tensor-product projection f[g :
Lr(Q) — Vko on the first logical space, and defines projections on the next spaces of the form

Mla= 3 Vallds(a) and 1127 =000 () (2.6)
de{1,2}

with directional gradient operators V4 and antiderivative operators

Oy (@) () = " 1 (2, 22) dz 81 pho
/ngz and \Tl(f)(fc) = / / f(21722) dzg dzy.
by(a) (&) = /O in(31, 2) dz o Jo

The projections (2.6) commute with the logical differential operators thanks to the tensor-product
structure of f[,%, and they preserve its stability due to the intrinsic integrability of the antideriva-
tive operators and a localization argument that relies on the tensor-product product structure, as
will be explained below. On the mapped spaces the projections are defined through pullbacks and
pushforwards,

Y = FIOL(FH ™ LP(Qy) — V. (2.7)

Their stability and commuting properties respectively follow from the smoothness of the mapping Fj,
and from the fact that the pullbacks commute with the differential operators, see e.g. [13, 28]. (Note
that for £ = 1, the LP space in (2.7) is implicitly understood as vector-valued: this convention will be
adopted throughout the article.)

At patch interfaces where the parametric tensor-product structure breaks down, this construction
must be adapted. Our approach is to first consider the patch-wise projections

mb, =Y M LP(Q) — Vi, (2.8)
kel
on the broken patch-wise spaces
Vpew = {v € L*(Q) : v|q, € V{ for k € K} (2.9)

which are fully discontinuous at the patch interfaces. These patch-wise operators map to functions
which may take different values on the interfaces, corresponding to the different patches. Therefore, we
modify them to enforce the conformity conditions at the patch interfaces. On the first space of (2.1)
where the H! conformity amounts to continuity conditions, in the sense that V0 = VSW NCY(Q), this is
done by applying a conforming projection P : Vpow — V,? which averages interface degrees of freedom:
we thus set

0._ 0
1° = P19,
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On the next spaces our modification takes the form of additive correction terms associated with the
patch interfaces. The global projection on Vh1 has the form

mhe=1rl, + ) I+ Y I+ Y. 10, (2.10)
ec& veY veV,ee€(v)

with correction terms that are localized on patch edges and vertices. Like the single-patch projec-
tions (2.6), they involve antiderivative operators, local (patch-wise) projections ng and partial deriv-
ative operators. In addition, they also involve local projection operators which vanish on conforming
functions. Specifically, our correction terms take the following form:

Mu:= > VP — I, 5(u)
defl L}
Myu = Vi (PY = I°)I1,, 9% (u)

Mu= Y VI~ PO @Y (u).
de{]], L}

Here, V,,, is the patch-wise gradient operator and V¢, d € {||, L}, are patch-wise gradients along the
logical parallel and perpendicular directions relative to a given edge e: they will be defined in Section 3.
The various operators P9, I9, 19, . .. are discrete projections on local conforming and broken subspaces
associated to patch edges (for g = e), vertices (for ¢ = v) and edge-vertex pairs (for g = (v, e)). These
local projection operators will be designed so as to guarantee the grad-commuting properties of II!
and TI°, and to vanish on continuous functions: they will be described in Section 4. Finally, the ®9 are
antiderivative operators associated with edges and vertices: they will be studied in Section 5.
Similarly, the projection on Vh2 reads

=12, + > 12+ > 12,
ec& veEV,e€€(v)
with interface correction terms of the form
{ II2 f = D*>¢(P° — I°)II), We(f)

_ _ (2.11)
I12, f = D*(I; — Py U"C(f).

Here, D% is a second order patch-wise derivative and W€, W€ are bivariate antiderivatives: they will
be described in Section 3 and 5.
Our findings can be summarized as follows.

Theorem 2.1. The operators HfL are local projections on the spaces th, ¢ =0,1,2. They yield a
commuting diagram (2.5) and they are uniformly LP stable with respect to the size and inner resolution
of the patches.

This result will be formally stated and proven in Section 6. A precise meaning of the uniform
stability will be given by listing discretization parameters k1, k2,... on which our estimates depend.
Throughout the article, we will then write

Y
to mean that f < Cg holds for a constant that only depends on these constants x,, while f ~ g
indicates that both f < g and g < f hold.

3. Broken multipatch spaces

In this section, we describe in more detail the multipatch domains and the finite element spaces to
which our construction applies.
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3.1. Multipatch geometry

As described above, we consider a domain 2 of the form (2.2), made of disjoint open patches € =

A

F3(Q) with smooth mappings Fy, k € K. We denote by Hj, the diameter of patch Qj, and assume that
the mappings are C! diffeomorphisms with Jacobian matrices satisfying

IDFy(2)| < riHy and  [[(DFy(&)) " < ro(Hi) ™!
forall € Q and k € K. In particular, it holds
IDF(&)[| ~ Hy,  [(DFw(@)) "' ~ (Hp)™',  det(DF(2)) ~ Hj. (3.1)

We make the following assumptions:
(i) the patch decomposition is geometrically conforming,
(ii) across any interior edge, the patch discretization spaces are nested,

(iii) vertices are shared by at most four patches (exactly four in the case of interior vertices) with
specific nestedness properties.

Here, Assumption (i) amounts to saying that the intersection of two closed patches is either empty, or
a common vertex, or a common edge. In addition, we assume that the mappings are continuous on the
patch edges, in the sense that both sides provide the same parametrization up to a possible change
in orientation. Assumption (ii) is standard for locally refined spaces and Assumption (iii) essentially
amounts to excluding chessboard refinement patterns around interior vertices; around boundary ver-
tices it prevents boundary patches from being coarser than interior ones. This will be specified in
Section 3.5, see Assumption 1 and 2.

3.2. Tensor-product logical spaces

Following [13, 28, 34|, we consider discrete spaces on each patch which are obtained by pushing forward
tensor-product de Rham sequences on the logical Cartesian domain €2 = |0, 1[2. Thus, for a patch Q,
k € K, we consider a logical discrete de Rham sequence on €2,

Vko L ‘7]{:1 iﬂ) Ak2

with tensor-product spaces of the form

. . VeV .
Vo=Vl WY, Vil k" k) V2o vligVi 3.2
k k k Wg ® Vl&: k k k (3.2)
The univariate spaces must form de Rham sequences on the reference interval, i.e.

VO cwhi(o, 1) % vl r'(o,1))

and antiderivative operators must map back to the first space,
Vi — V;

for arbitrary integration constants, which also implies that constants belong to Vg. An important
particular case is provided by spline spaces

—1
V) =8P, V) =827

where p and a are the degree and regularity vector of the first space, as described in [13]. This
also includes the case of polynomial spaces Vg = PP and W}C = PP~!. To simplify the matching
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of functions across patch interfaces we further assume that the univariate spaces are invariant by a
change of orientation, namely

peV) = ponecV) where n(z)=1-2z
Our next assumption is that the first space is equipped with basis functions
O —Span({\F:i=0,...,n4})
with the following properties:

e interpolation at the endpoints,
ANO)=08;0 and  AF(1) = bim,. (3.3)
e bounded overlapping and quasi-uniformity: the functions A¥ are supported inside a closed
interval 3 with
kg thy < diam(8F) < k3hy, with hy, = (ng, +1)71, (3.4)
and these intervals overlap in a bounded way, i.e.

#({j s #£0}) < k4 fori=0,...,n. (3.5)

e inverse estimate: for all p € W% and all §’-g 0 <1 < ny, it holds

56y < 5 () T loll oo sty (3.6)

e local stability: there exist dual basis functions Gf vanishing outside the intervals §f, such that

1
/ OFAE da = 6

0
holds for all 7,5 € {0,...,nx}, as well as the dual normalization
Mol ST 108ty < o)™ (3.7)

The basis functions for V,?, as well as the dual functions, are then defined as

AF(@) = NF (81) A (£2) N 2
{éf(A)—Gk( )Hk( N for €, 1€Z":={0,...,n}

and both functions are supported in the Cartesian domains
SF =3k xsF (3.8)

which, according to (3.5), also overlap in a bounded way. From (3.4) and the normalization (3.7) we
infer
\mwm@@<#”, 16511 o sy < By/"2 (3.9)

where we have denoted ; =1-= for p € [1,00]. Note that in the case of splines, the inverse estimates

hold [5] and such dual functlonals are standard: they can be obtained from the perfect B-spline of
de Boor [21] or as piecewise polynomials [12, 17]. Using these dual functions, we define a projection
operator

Q) — V0, b Y (OF, G)AF (3.10)
eIk

91



M. CamMmpPos PinToO & F. SCHNACK

where (-, ) is the usual L?-LP duality product in Q. Our assumptions classically imply that the pro-
jection IIY is locally stable. Specifically, denoting qﬁf = <Gf ,¢) for k € K and i € Z%, one easily infers
from (3.9) that

/\2 k A
R/ P168 S 116l s (3.11)
A key property of the tensor-product structure is the preservation of directional invariance. The
proof is straightforward, using that constants belong to the univariate spaces W%.

Lemma 3.1. If ¢ € LP(Q) satisfies Oqd = 0 for some d € {1,2}, then 5df[2q§ =0.

3.3. Pushforward spaces on the mapped patches

N

On each patch Qp = Fj(Q2), the local spaces are defined as the image of the logical ones by the
pushforward operators associated with Fy, i.e. V,f = ]-',g (V,f). In 2D these operators read

f;g:gzg»—>¢::g5oF,;1
Fiiar— u:= (DF,Ta)o F; ! (3.12)
Fiof— f= (g ) o F!
where DF}, = (8b(F’f)a(§3))1§a,b§2
minant, see e.g. [11, 28, 29, 32]. These operators define isomorphisms between LP(&) and LP(w) for
any open domain @ C  with image w = Fj (). Specifically, for all ¢, @, f € LP(2) the pushforwards
¢ = F2p, u = Fia and f = F2f satisfy
2 A
I¢ller) ~ H P16l rey,
2/p—1 «
lelloy ~ H "~ o, (3.13)
2/p—2) 7
1 lzoer ~ B2 oo
A key property is the commutation with the differential operators, namely

VFb=FiVd,  cwl Fla = Ficurla

is the Jacobian matrix of Fj, and Jp, its (positive) metric deter-

which holds for all ¢ € H 1((2) and 4 € H (c/u?l; Q) In particular, the mapped spaces also form de
Rham sequences (2.3).

3.4. Broken basis functions and patch-wise projection on V;;?w

Basis functions for the single-patch spaces Vlf = ]-",gf/,f are obtained by pushing forward the reference
basis functions. Outside (2, we implicitly extend ]-"lf by zero, so that these functions also provide a

basis for the broken spaces (2.9). Of particular importance to us is the corresponding basis for Vpow,

Ab@F)  for x e O

for ke K, i € IF = {0,...,ny}> (3.14)
0 elsewhere

@) = A2 |

where &* := (F},)~!(z). These functions have local supports mapped from (3.8),

supp(A}) C S} = Fi(57) (3.15)
and we define the single-patch extension of a support domain Sf C Q as
Ex(SH= |J SF where IZM(S}):={jeZF:Skns}+0} (3.16)

JET*(SF)
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see Figure 3.1. The patch-wise projection onto the broken space VPOW is then defined as

o, =>"1I) : LP(Q) — V3, (3.17)
ke
with single-patch projections obtained by pushing forward the logical ones (3.10),

I+ ¢ — FRIR(FD) ™ (lay). (3.18)
Lemma 3.2. Given ¢ € LP(Q)), write ngﬁ = Ziel-k qbfAf for k € K. We have
ST o0y S 119l ogsty (3.19)
for all i € TF, and the single-patch projection satisfies
M6 sty < 19l o, sty (3.20)

with Ej the single-patch extension defined in (3.16).

Proof. Observe that ¢f = (6 ¢) holds with ¢* = (F2)~'(4|o,). From (3.11) and the scaling
relations (3.13) we infer that

ad oy Y s (3.:21)
holds with a local mesh size diam ()
~ iam (€2
hy = Hphy = ——=.
F Wk ng +1
Using next (3.9) and again (3.13) we find ||A}]| 1) S hi/p, which yields (3.19). The bound (3.20)
follows by combining these estimates and the bounded overlapping of the domains Sf. |

Remark 3.3. Using (3.20) and the fact that any constant function belongs to Vko, and hence to V2,
one easily shows that

p=con Ex(SF) = TII¢=conSF (3.22)
holds for any c € RR.

3.5. Edges and vertices

In this section, we introduce some notation relative to edges and vertices, and specify the nestedness
assumptions (ii) and (iii) mentioned in Section 3.1.
We first denote by £ the set of patch edges, and for a given e € £ we gather the indices of contiguous
patches in
Kle)={keK:eC 0Q}.

and define the corresponding domain as

Qe) == int < U Qk> (3.23)

keK(e)

Due to the geometric conformity of the patch decomposition, K(e) contains two patches if e is an
interior edge, and only one patch if it is a boundary edge (e C 9€2). Our edge-nestedness assumption (ii)
from Section 3.1 then reads:

Assumption 1. For any interior edge, K(e) consists of two adjacent patches k™ (e), k™ (e) of nested
resolutions, in the sense that
Vi-(0) € Vi (o)- (3.24)
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A

) $d
FIGURE 3.1. A support domain S’f in the logical domain € (left) and its mapped
image SF = Fj,(SF) on a patch Q (right), as defined by equations (3.8) and (3.15),
both enclosed by blue boundaries. Here a bilinear spline basis is used for illustration
purposes, with support domains consisting of 2 x 2 cells. The domain extension Ek(Sf)
defined in Equation (3.16), as well as its logical counterpart, are delimited by the orange

boundaries. We use different shadings to show different numbers of overlapping basis
function supports contributing to the domain extensions.

For boundary edges it will be convenient to denote the unique patch of K(e) by £~ (e). Given two
adjacent patches, the above assumption implies that any coarse basis function can be decomposed in
the fine basis, namely an equality of the form

A=) N (3.25)
JETE (i)
holds for all @ = 0,...,n;-(c), and we further assume that the refinements are graded, in the sense
that the decomposition (3.25) involves a bounded number of fine functions:

#(TS (1) < Ky fore€ &, i=0,...,n5-(o). (3.26)
For simplicity, we also assume that the coarse support interval matches the fine ones, in the sense that

5, = Ujezj @) §;r, and that the fine and coarse supports are nested, in the sense that
Vi€{0,...,np+)}, Fi€{0,...,n4-()} such that §j C s . (3.27)

Observe that the above assumptions imply that the resolutions and diameters of two adjacent patches
are similar, namely
Hy+
ELASC R (3.28)
Nk~ (e) Hy- (e

Given an edge e and some & € i, k € K(e), we denote by (:Eﬁ',i“’j_) the components of the
logical point &¢ = (&%, &%) = F .~ '(x) in the directions parallel and perpendicular to the logical edge
¢k == (F,)~'(e). In other terms, we set

N+
1<k7(e)§ﬁ;8 and nglg

~k ak oo Ak o A .
b ok b Ak (#7,25) if " is parallel to the #; axis
2,27 ) = ()0, T = 3.29
(@, 21) = @ee) #1ee) {(:E’g,i’f) if é* is parallel to the 2o axis (3:29)
and it will be convenient to denote the corresponding reordering function by
XFo(@f,ah)—a" and  X[i=Fy(X)): (@, 28) — @ (3.30)
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Using this notation, a logical edge is always of the form
F={zecQ:.2, ="} (3.31)

where é’j € {0, 1} is the logical coordinate of é¥ along its perpendicular axis.
Next, denoting V the set of all patch vertices, we gather for any v € V the indices of the contiguous
patches in the set
Kv)={keK:ve i}

We define the corresponding domain as the union of the contiguous patches,

Q(v) == int ( U Qk> (3.32)

kek(v)

and also denote by £(v) the set of contiguous edges. Conversely, we denote by V(e) = {v € V :e €
E(v)} the set of vertices contiguous to a given edge e € €.

\

FIGURE 3.2. Adjacent nested patches around a vertex v corresponding to the decom-
position (3.33), with n(v,l) = n(v,r) = 2 since v is an interior vertex, and dashed
curves connecting arbitrary points & € Q(v) to a coarse edge e*(v), according to As-
sumption 2. Observe that here the edge shared by patches k! and k) could also be
used as a coarse edge. The plotted cells correspond to the minimal intersections of the
overlapping supports Sf defined in (3.15).

To specify the vertex-nestedness assumption (iii) from Section 3.1, we say that a point x can
be connected to an edge e with a monotonic curve of length L if there exists a continuous curve
v : [0,1] — € such that v(0) € e, y(1) = @, v intersects L patches without touching any vertex and
for any t; < ta, the patches Q, > ~(t;) satisfy V21 C W%. Our nestedness assumption on vertices
then reads as follows.

Assumption 2. For any interior vertex v, K(v) contains exactly four patches and there exists an
edge e*(v) € E(v) such that any © € Q(v) can be connected to e*(v) with a monotonic curve of length
L < 2: we call such an edge a coarse edge of v. For any boundary vertex, KC(v) contains no more than
four patches, and there also exists a coarse edge e*(v) in the sense just defined.

An illustration is provided in Figure 3.2 for interior vertices, and Figure 3.3 for boundary vertices.
This assumption allows to decompose any I(v) in two sequences of adjacent patches with nested
resolutions (one of which may be empty), namely

K(v) = {k:i('v) 1 <i<n(v,)}U{k(v):1<i<n(v,r)} (3.33)
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\

F1cURE 3.3. Adjacent patches around a boundary vertex v and dashed curves con-
necting arbitrary points € Q(v) to one coarse edge e*(v), according to Assumption 2.
We show a decomposition of the form (3.33) for the adjacent nested patches.

(rotating left and right, for instance) with integers 0 < n(v,1),n(v,r) < 2, such that if n(v,s) = 2 for
s =1 or r, the patches Qkf(v) and ng(v) are adjacent and their FEM spaces satisfy

0 0
Vizw) € Vig(o)-

If v is an interior vertex, we must have n(v,l) = n(v,r) = 2 and the coarse, resp. fine patches of both
sequences (i.e. the patches kl(v) and kf(v) for i = 1, resp. i = 2) must be adjacent. Note that since
both sequences are independent of each other, the fine patch in one sequence may be coarser than the
coarse patch in the other one (that is, in Figure 3.2 one could also use the edge between patches k!
and k:lz as coarse edge e*). In practice, our assumptions exclude chessboard patterns where two patches
facing each other across a vertex are finer than the other two: For instance, in Figure 3.2 one may
switch the resolutions of the patches kb and k%, but not those of k4 and k}.

If v is a boundary vertex then different configurations may occur: if v is shared by one or two
patches only, then we can decompose K(v) in a single sequence of nested, adjacent patches. If v is
shared by three or four patches then both sequences are non-empty, and the coarser patches (k4 (v)
and k7 (v)) must be adjacent but the finer ones (kﬁl(v,l) (v) and k(o) (v)) do not need to be.

For later purpose we denote by k*(v) the index of one (coarse but not necessarily the coarsest)
patch adjacent to the coarse edge e*(v).

3.6. Patch-wise differential operators

Using the pushforward and pullback we also define patch-wise gradient operators. Given k € K and
d € {1,2}, we define the single-patch directional gradients as

Ve HY Q) — LA (), ¢ — FE(#a0a(FD)1(9)) (3.34)

where %4 is the unit vector of R? along %4, and we observe that on € the usual gradient writes
VE = Vk 4 Vg. Like ]:,%, these single-patch gradients are implicitly extended by zero outside their
patch. The patch-wise (broken) gradient is then

Vow : (@ Hl(Qk)> — L*(Q), pr— Y VF(dlg,). (3.35)

kel kel
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We observe that V,, maps VO to Vplw, and on H!(Q) it coincides with the usual gradient V. For an

edge e € £, we define broken gradlents along the parallel and perpendicular directions: for d € {||, L},

V?zi( D Hl(ﬂk)> — LA(Qe)), é— > Fi(50u(F) " (dley) (3.36)

keK(e) kek(e)

where now f"j is the unit vector of R? along :E’fl, the parallel or perpendicular logical directions
respective to e according to (3.29). Observe that these operators satisfy

Vi+Vi= > VE=V, on Q) (3.37)
keK(e)

see (3.23). To design our commuting projection on V;2, we will need broken second order (mixed)
derivative operators: a single-patch operator

DY = F20,0,(F)~ : VP — V2 kek (3.38)
and a patch-wise operator D%€ : VpoW — VPQW associated with any edge e € £. We define the latter by
its values on the local domain Q(e), as

D**¢lq, = (det X2)FZ(0f0h &%), ke K(e) (3.39)

where we have denoted ¢* := (.7:0) Ly € V0, recalling the reordering function (3.30). Outside Q(e),

we set D>¢¢ = 0. Note that det X k= 41, so that D% “¢|q, indeed belongs to Vk Finally, consider
the patch-wise curl operator deﬁned by

curlpy : (@ H(curl; Qk)> — LX), ur— Z curl® (ulg, )
ke kek

where again the local curl® operator is extended by 0 outside Q. We observe that curlpy maps Vplw

into V2

ow»> and on H (curl; Q) it coincides with the usual curl operator. Moreover, the following relation
holds.

Lemma 3.4. Let ¢, 11 be functions in VPOW which vanish outside Q(e). We have

curlpy < Z Vfﬂﬁd) = DQ’e(T/}L - ¢||)-

de{|l, L}
Proof. Let w =3¢ 1} Vita- On each patch Q, k € K(e), its pullback reads
i

~ Lk 1\—1 ~k Ak Tk
= f = 8 = A

def]l, L}
where we have denoted wd (F, 0) L4pg. In particular, we have

curlyy wlo, = Ff (curl @*) = (det XF)F2(8F0% (F — 0F)) = D**(yp1 — 4))la,- ]

4. Conforming multipatch spaces
In this section, we specify a basis for the first conforming space V,?, and we construct several projection

operators on local broken and conforming spaces that will play a central role in the construction of
our commuting projection operators, as presented in Section 2.
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We remind that the coarse and fine patches across an edge are denoted by £~ and k™. To alleviate
notation when these indices appear as an exponent, we replace them by the simpler — and + signs
respectively.

4.1. Conforming constraints on patch interfaces

The finite element spaces (2.4) are the maximal conforming subspaces of the broken spaces (2.9),
namely

1 1 1 2 2 2 2
VP=Vo,NnHYQ), V =Vi nH(whQ), V2=V NLQ) =V,
Since each local space V,f consists of continuous functions, the conforming subspaces are characterized

by continuity constraints on the patch interfaces. Specifically, a function ¢ € V;?w belongs to H'(Q),
and hence to V}? , if and only if we have

Plo, = dla, . on every edge e = 00— N O+ (4.1)
and a function u € V) belongs to H(curl; ), and hence to VL, if and only if
T ulg, =T ulg,, on every edge e = 02— N O+ (4.2)

where T denotes an arbitrary vector tangent to the edge. For the last space of the sequence there are
no constraints since V2 = szw.

It is possible to reformulate these interface constraints on the pullback fields. To do so, we consider
the parametrization of an edge e € £ according to the k= and k™ patches, namely

xzF[0,1] — e, z+— Fu(@f(z)) with &F(2) = XF(z, &%)

where é’i is as in (3.31). We remind that the continuity assumption on the mappings (see Section 3.1)

implies that these parametrizations coincide up to a possible change in orientation, namely an affine
bijection 7, : [0, 1] — [0, 1] such that

if orientations coincide
C(z) =} h =7 : 4.3
7 (2) =@ (1)) where  .(:) {1 e, (4.3
For later purpose, we denote
n.(2) =2 and 7S (2)=ne(2). (4.4)

The continuity condition (4.1) expressed on the pullbacks ¢* == (F2)~(¢|q, ) then reads
67 (& (2)) = 9T (@ (ne(2))), = €0,1].

To specify the curl-conforming condition (4.2), we consider the tangent vectors to e oriented ac-
cording to the k= and k™ patches, namely

xh (2
rh(e) = 2 D (et ()]

where & = xF(2) = F,(&%(2)) € e and 'f’ﬁ is the positive unit vector parallel to the reference edge

% = F; (). According to (4.3), these vectors coincide up to their orientation, namely

rHz) = ()7 (x) with (g,) = 1.

e

Expressed on the pullbacks @ (&%) = (F})~(ulg,)(@") = DEL(2")u|q, (&), the curl-conformity
condition (4.2) then reads

‘f‘[ cu (2, (2) = (776)/7A_|—|~_ -at (&5 (1e(2)), =z €0,1].

98



BOUNDED COMMUTING PROJECTIONS FOR NON-MATCHING INTERFACES

A useful observation is that 7% - Fl(#5 a) = (Dka'ﬁ) - DF;7T(#% @) = 0 holds for all function @. In
+

particular, for both 7. = 7

we find that the perpendicular derivative operator (3.36) satisfies

Te - Vi =0 on (e). (4.5)
4.2. Continuous basis functions
A basis for the space V,? can be obtained as a collection of
e patch-interior functions Ai’? which vanish outside a single patch £y,
e edge-based functions A§ which vanish outside an edge domain Q(e),

e vertex-based functions AV which vanish outside a vertex domain Q(v),

see (3.23) and (3.32).

4.2.1. Patch-interior continuous functions.

The patch-interior functions are simply the single-patch basis functions Af with indices ¢ in the set
Ik ={1,...,n — 1}2 (4.6)

According to the interpolation property (3.3) these are indeed the basis functions which vanish at the

patch boundaries, and they are continuously extended by 0 outside 2.

4.2.2. Edge-based continuous functions.

For an edge e € £, we define the edge-based function of index i € {0,...,n.}, with n. = N~ (e)s @S
X;(@[)X& @1 for & € ), with k =k~ (e)
Aé(x) = AT (ne(aeﬁ))xlfj © (2T)  for @ € Oy with k = k™ (e) (4.7)
0 elsewhere
where x = Fj, (&) = Xf(i’ﬁ,:ﬁ’i) for k € K(e), see (3.30), and where

i* (e) = npef € {0,n4} (4.8)
is the index corresponding to the (constant) perpendicular coordinate of e in the patch k& € K(e),
see (3.31). The functions A¢ belong to Vp?w thanks to (3.25), moreover they are continuous across e,
i.e. their values on the adjacent patches k~(e) and k™ (e) coincide on e. For 0 < i < n, they further

vanish on 0€2(e) \ e, so they are actually continuous on the whole domain €.
We denote the corresponding index sets by

Z¢={0,...,n.} and Z§:={1,...,n.—1} (4.9)

and for later purposes we let
IF = {icZF:if =i (e)}
denote the (single-patch) multi-indices associated with the edge e, see (4.8). Notice that Z_ is isomor-

phic to Z¢, while Z} may have more elements. In particular, using the reordering coordinate function
X defined by (3.30), we have

IF={i¥) e {0,....om}}  with  i¥(5) = XE(5,4% (). (4.10)
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4.2.3. FEdge-based domains and extensions.

For i € Z°, the function A{ is supported in a domain of the form
S¢ =8P USPT € Qle) (4.11)
where Sf’k = {Xf(:%||,:i‘J_) ey : 775(:2‘”) €s;,&) € sfk (6)}, see Figure 4.1. We define the (edge-based)
i
domain extension as
E(S5)= |J 8§ where ZI°(SF):={je€I: S5NS+#0} (4.12)
JET(SF)
Note that this is similar to the definition of an extended single patch support Ej(SF), see (3.16). We
further observe that the nested assumption on the supports (3.27) yields the inclusion
SF C E.(S¢) for all i € 7¢ and 7 € Z¥(S¢) (4.13)
where we have set
IF(SE) = {i € IF: SFnSE+£ 0. (4.14)
An illustration is provided in Figure 4.1.

FIGURE 4.1. An edge-based support domain S is shown for one edge e, as defined
in (4.11) and delimited by the blue boundary. Its domain extension E.(S{), defined
in (4.12), is enclosed by the orange boundary. As in Figure 3.1 a bilinear spline basis
is used for the illustration, with support domains consisting of 2 (coarse) cells in the
parallel direction and 1 in the perpendicular direction, since the corresponding basis
functions are boundary splines. Again, we use different shadings to show different num-
bers of overlapping basis function supports contributing to the domain extensions.

The following property is an analog of (3.22) in the case of an interface.
Lemma 4.1. Let ¢ € LP(Q). For any constant ¢ € R, we have
¢=rconE(S;) = ng<b:c on eN Ss.
Proof. For k € K(e), write ¢f = II0¢ = 3 ,cpr oFAF where ¢f = (6F, ¢*) holds with ¢F =

(F)~Y(¢la,)- Using the interpolation property of the basis functions at the endpoints (3.3), we first
observe that A¥ vanishes on e for 4 ¢ Z¥. For x € e N S5, we thus have

oh(x) = > ofAf(m) = > ¢iAk(x)

icZk i€TE(SS)
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where we have used the set (4.14). According to (3.19) the latter sum only involves the values of ¢
on the domains SF with 4 € I];(S;f), which are all contained in E¢(S%), see (4.12). Now if ¢ = ¢ on
this domain, we may replace it by ¢ on the whole 2, without changing ¢£(a:): the projection property
yields then ¢f(x) = c. [ |

4.2.4. Vertex-based continuous functions.

For a vertex v € V, we define

SN > AL (4.15)

ecE(v) keK(v)
where
k._ Ak e ._ A€
A’U = A’Lk(’v) and A’U = Aie(v)'
Here, we have respectively denoted by
i*(v) = 0" € {0,m}*  and  i°(v) =i (v) € {0,nc} (4.16)

the multi-index of v in a patch k (with ¥ := F,_*(v) € {0,1}?), and its single index on an edge e
(with a numbering corresponding to the coarse patch k = k™ (e)).

To verify that A? is continuous on the edges e € £(v), let us write an explicit expression on a patch
Q. To alleviate notation we assume that the logical vertex is the origin oF = 0. Writing e, es the
edges contiguous to v in the patch k, we then denote by A\j? the coarse univariate function associated
with v on the edge eg: this allows to rewrite the edge-based functions (4.7) in the patch € as

A () = MG (@0)AG(32), AR (@) = A5(2)AF (22), = € Wy
Using next (3.25) we rewrite the coarse edge univariate functions in the form

Nt (@a) = Y g NE (24 de{1,2},
7>0

where we have cgfldk = 1 due to the interpolation property (3.3). (Note that if k& = k~(eq) then this
decomposition is trivial, i.e. ced’ =0 for j > 0.) This allows to rewrite (4.15) as
A%lo, (®) = AGH(E1)AG(E2) + AG(21)AF (£2) — A§(21)AG(22)
= Zcel’ )\k {El )\0 LEQ + 2662’ )\0 :L'l))\k(l‘g) )\S(fl))\lg(fg)

j=0 j>0
=3 cfUNE @) A (B2) + Y g AE (@) (82) + A (21) M6 (22).
7>0 7>0

Using again the interpolation property (3.3) this yields for d € {1, 2}
Alo, () = D e M (2q) + M (2a) = A (2a) = AG(x)  for @ € eq (4.17)
7>0

which shows the continuity of AY across the edge e4, and hence on any e € £(v). As A? vanishes on
the other edges e ¢ £(v), it is continuous over the whole 2.

We further observe that the function AV vanishes outside the supports of the edge basis functions
A$, namely we have supp(A?) C SY with

U 555(9)7 (418>

ec&(v)
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indeed the latter domain contains the supports of the single-patch vertex functions,

U Si. cs% (4.19)
kek(v)
see Figure 4.2.
For later purposes we define
7 o . . ~k o .
he = kgllcl?e) dlam(sii(e)), he = krerllcl?e) hy (4.20)
and
By = i diam (8% hy = min hg. 4.21
VT ek () de1,2} lam(slﬁ(”)>’ U ekl (421)

We note that the local quasi-uniformity Assumption (3.28) and the regularity (3.1) yield flg ~ hy,

as well as hy ~ Hkilg, for any geometrical element g = e or v and any contiguous patch k € K(g).
Using (3.7), (3.4) and the scaling relations (3.13) we also find that both the edge- and vertex-based
functions satisfy the a priori bounds

1Af | o) S h2/P and [A°|| o) S HY/P- (4.22)

AN

FIGURE 4.2. A vertex-based support domain S" is shown for one vertex v, as defined
in (4.18), enclosed by the blue boundary. As above, bilinear splines are used as illus-
tration.

Let us verify that the resulting collection indeed forms a basis of V}?.

Lemma 4.2. The continuous functions defined above, namely

(A keKieThU{AS:ec&ic IS} U{AY v e V), (4.23)
form a basis for the conforming space V,? = Vpow nVvo.
Proof. Let us decompose the set of single-patch indices into disjoint subsets

TF =T UTi UIh

with Z, = {i*(v) : v € V(k)} and IE‘,O = Uecer) ZF \ Z¥%,. The linear independence of the collec-
tion (4.23) follows from the observation that (i) the continuous interior functions A¥ are single-patch
basis functions with 2 € I’S , (ii) the continuous edge-based functions A% decompose into basis func-
tions A¥ with indices 4 € Iff:,o (and with i = j for k = k7 (e)), and (iii) the continuous vertex-based
functions A? additionally involve basis functions Af with indices % € I{Z.
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To verify that it forms a basis we remind that a discrete function ¢ € V;?w belongs to V}? if and only
if it is continuous (that is, single valued) on the edges e € £ and on the vertices v € V: given the
interpolatory property (3.3), this amounts to a constraint on the single-patch boundary coefficients
qu’ with ¢ € I \I’g . We then verify that any value on the vertices can be obtained by choosing the
coefficients of the vertex-based functions AY, and any function on an edge e € £ (belonging to the
associated coarse space) can be obtained by selecting the coefficients of the edge-based functions A‘;
with j € Z§: this shows that any ¢ € V,? can indeed be obtained as a combination of functions from
the collection (4.23) |

4.3. Projection operators on local broken and conforming subspaces

In order to define proper correction terms at the patch interfaces, we now introduce several projection
operators on various local subspaces of the broken space VpOW: first, we define a projection on the

homogeneous single-patch space Vi) N H (),

AP ifie T

i (4.24)
0 otherwise

I{f:Afi—>{

where we remind that the set Z% corresponds to patch-interior indices, see (4.6).
We then define two projection operators associated with an edge e € £: the first one is on the space
spanned by the broken functions which do not vanish identically on e,

. . k
oAk s AY ifke /.C(e) and ¢ € Z7 (4.25)
0 otherwise
where we remind that the set Ils corresponds to edge-based single-patch indices, see (4.10).
The second edge projection is on the space spanned by the edge-continuous basis functions:
. _ _ . — . s k
PeoAb s Aj ifk=k"(e) and i € Z_, with j =i € I° (4.26)
0 otherwise.

see (4.9), (4.10).
Next for each vertex v € V we define projection operators on different subspaces of VpOW: one on the
space spanned by the broken vertex functions

o AE s {Af if k € K(v) and ¢ = 7" (v) (4.97)
0 else
where ¥ (v) is the local index corresponding to v, see (4.16).
Another projection is on the single vertex-continuous basis function
PoAb s AY ifk:lf;*(v) and ¢ = i*(v) (4.28)
0 otherwise.

where k*(v) € K(v) is the patch associated to v as described in Section 3.5.
We also define a projection on the broken pieces of the vertex-continuous functions, namely
Avlg, if k € K(v) and & = i*(v)

) (4.29)
0 otherwise.

I_”:Af»—>{
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Finally, we define projection operators on different spaces spanned by edge-vertex functions. Again,
we define three operators: one that projects on the simple broken functions,

€A s AY ifke /‘C(e) N K(v) and 7 = " (v) (4.30)
0 otherwise
one on the edge-continuous functions which do not vanish on a given vertex
Pe Ak A if k= l.c’(e) € K(v) and i = i*(v) (4.31)
0 otherwise
and one on the broken pieces of the edge-continuous functions that do not vanish on the vertex:
T Ak ASlg, ifke I‘C(e) N K(v) and i = i*(v) (4.32)
0 otherwise.

Below we will verify that these operators are indeed projection operators. For later reference we
observe that for all ¢ € VpOW, the above edge and vertex-based projections are localized in edge and
vertex-based domains of the form (4.11) and (4.18):

(supp(P°¢) Usupp(I°¢)) C Lj S5
j=0

(supp(Py¢) Usupp(I5¢)) C Sfi(y) C S° (4.33)
(supp(P"¢) Usupp(I*¢)) C S°.
From these definitions we infer some useful relations. First, we observe that
2 L=2r (4.34)

ecf
holds for all v € V. Multiplying (4.15) with 1o, we further obtain an equality relating the opera-
tors (4.29) and (4.32) to the broken vertex-based projection (4.27):
=Y I5-1° (4.35)
ec&

Another key relation is the decomposition of any broken function ¢ € VPOW as

¢:<ZI§+ZI§+ZP>¢ (4.36)

ke ecf veY
where we have set
Is=1°=> I (4.37)
veV
By using the fact that the functions (4.23) form a basis for the conforming space V}? = Vpow NVY, we
also define a local projection on the conforming subspace,

P:Vy, — V), ¢.—><ZI{§+ZP5+ZP”>¢. (4.38)
ke eef vey
where we have set
P§ =P = P;. (4.39)
veY

Lemma 4.3. The operators Q = 15, ..., I¢ defined in (4.24)~(4.32) are all projection operators in the
sense that Q = Q?, and P defined in (4.38) is a projection operator onto the continuous space V}?.
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Proof. For the operators I(’f, I¢, I, I which map on specific sets of single-patch basis functions,
the projection property is straightforward to verify. For an operator P9 = P¢, PY or P; which map
on (fully or partially) continuous functions, the property follows from the fact that each of these
continuous functions (say, A9) admits a decomposition in the broken basis (3.14), of the form
_ AKk(9) g K
A = Ay + Z s Ny
K i
with PY9(A; ((g))) = A9 and PY (Ai.“,,) = 0, hence P9(A9) = A9 holds indeed. For the operators [9 = IV

and IS which map on broken pieces of continuous functions, of the form A9|q, , the projection property
follows from a similar observation. Finally, the projection property of P is verified by considering that
each term in the sum (4.38) projects onto the continuous basis functions of interior, edge and vertex
type in the collection (4.23). [ ]

Several useful properties can be derived from explicit expressions of the above projections.

Lemma 4.4. Given ¢ € VpoW and x € Qk, k € K(e), the edge based projections read
(I°9)lo (@) = Blo, (. (@) N (1),
(P6)la, (@) = blo,_(p. ()N ) (#5)
where Xf(:i'ﬁ,i“’i) =z as in (3.30), k- =k~ (e) and
p.(@) = XH(ah, ) (4.41)

is the point on the edge e that has the same parallel coordinate as x € Q. Similarly, the vertex based
projections read

(4.40)

I'¢= Y ¢lo,(v)A"lg, and P’¢ = ¢|q-(v)A" (4.42)
ke (v)
where ¥ = Q) and the edge-vertex based projections read
Ip= > ¢lo,(v)Ajla, and P5¢=dla,_(v)A;. (4.43)
keK(e)

Proof. Write ¢ = >  jez (;SfAf . By deﬁnition, the projection I°¢ involves broken functions Af
with 4 = 3°(j) = X%(j,i% () as in (4.10), i
Ai’;()( x) = )\k(a:H))\ )( k) forxeQ, j€{0,...,n}

while P¢¢ involves conforming functions of the form (4.7). In particular, we have

(Ie¢ |Qk Zk ¢kAk ( Z Qbk > )‘k % (e) (j’j_)
et (4.44)

(P6)lo, Z¢ (2 5 >>)Ak @)

and the expressions (4.40) follow from the interpolatory property (3.3) of the basis functions in the L
direction. For the vertex based projections we write
P = ¢kk*(<”,,)) A I Y=Y ¢k A Ly, (4.45)
kek(v)
and -
Pio = ¢_ (v) A3, Iyo = Z (bfk(v)Ai]le'

kek(e)
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The expressions (4.42) and (4.43) follow from the relations qﬁfk () = élq,, (v), which again follows from
the interpolation property (3.3) at the patch boundaries. [ |

The following properties, which will be needed to analyze the operators IT¢, are immediate corollaries
of Lemma 4.4

Lemma 4.5. Let ¢ € VS)W, and e € €. The equality
Peo(x) = I°¢(x)

holds for all © € Q—, and all * € Qi+ such that dla, (pe(x)) = dla,, (P.(x)) where p.(z) is the
projected point on e, see (4.41).

Lemma 4.6. Let ¢ € VpoW and v € V. It holds:
if  Pla,(v) = dla,, (v) for all k, k' € K(v), then (P"—1I")¢=0.
Moreover, for all e € E(v) it holds:
I =I9 on e (4.46)
and
if  ¢la,(v) = 9la, (v) for all k, K € K(e), then (PS—1I%¢=0.

Proof. All these relations follow from the expressions (4.42)—(4.43). For the equality (4.46) we also
use the relation (4.17). |

Another important property is that both the broken and conforming edge projections preserve the
invariance along the parallel direction. This partially extends the preservation of directional invariance
of the local projections stated in Lemma 3.1.

Lemma 4.7. Let ¢ € LP(Qe)) be such that the pullbacks ¢* = (FO) " (dlo,) satisfy 3H<ZA>’“ =0 for
k € K(e). Then,

Pl ¢ = VIl ¢ = Vil ¢ = 0. (4.47)

Proof. The last equality from (4.47)follows from Lemma 3.1. Apply then (4.40) to ¢, = nggé and
observe that ¢p|qx(p.(x)) is constant: the result follows. |

We further verify that these projection operators are locally stable.

Lemma 4.8. Let ¢ € LP(QY), and let Q° = I¢, P¢ or F§ be one of the broken or conforming projection
operators associated with an edge e € £. Then Qeﬂgwgb vanishes outside the domains S]‘?, J € 1°,
see (4.11). Moreover, it holds

QT dll Loy S 19llLr(m.(ssy) — with Q°=1°, P or Py (4.48)

where we remind E. is the edge-based extension (4.12). Similarly, let Q¥ = Iv, I:f,, P? or P; be one
of the broken or conforming projection operators associated with a verter v. Then Q“ngqﬁ vanishes
outside the domain S%, and it holds

1Q T ¢l Lr(sey S N1@llLe(sey  with Q¥ =I°,I;, P¥ or Py. (4.49)
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Proof. Write ¢, = ngqﬁ = Zkemiezk (ﬁi?Af. The fact that Q°¢y, resp. QV¢n, vanishes outside the
domains S5, resp. S?, is easily verified using (4.33) and (4.39). Using the form (4.44) of I°¢, with the
bound (3.19), we next compute

1@l Le(se) < > ’¢ﬂ||/\§HLP(S;) N > DMl Lo sy (4.50)
keK(e) eIk keK(e) i€TE(SS)

so that (4.48) (for Q¢ = I¢) follows from the bounded overlapping of the domains SF and the inclu-
sion (4.13). For Q¢ = P¢ we use the form of P°¢p in (4.44) (the same computations also apply to
P§ ¢y, which involves fewer terms). With the bounds (3.21) and (4.22) with he ~ hy, for k € K(e), this
yields

||Pe¢h\|Lp(s;f) < Z"b;(i)mAf”LP(Sj) < D> Hqﬁ”m(s;(i))

i€Te i€Ze(SS)

where the index set Z¢(S5) is defined in (4.12). The bound (4.48) for Q° = P¢ then follows from the
inclusion S; ) C 5§ C Ee (w) for i € Z¢(w), and again the bounded overlapping of the domains S¥.

The bound (4.49) is proven with similar arguments: for instance, writing I%¢;, = > kek(v) gb i ( A”Ilgk
as in (4.45) and using again (4.22), we have

1 bnllosey < D ¢k ) 1A |zr(se) S > H¢HLP(Sk )

keK(v) keK(v) ik (v)
so that (4.49) with Q¥ = IV follows from the inclusion S k) © S, see (4.19). The cases Q¥ = P?, I¢
and Py are handled in the same way. |

5. LP stable antiderivative operators

Our construction (2.10) for II' relies on several local antiderivative operators, which are built using
specific integration curves:

e a single-patch antiderivative <I>§ for k € K and a direction d € {1, 2}, associated with integration
k
curves 7,

e edge antiderivatives ®§ for e € £ and a relative direction d € {||, L}, associated with integration
curves vg

e a vertex antiderivative ® for v € V, associated with integration curves v*.

Given a vector valued function wu, these operators take the general form

1 rh
= A/ / u - dlda
hJo Jy(za)

where h is an averaging resolution in the spirit of [8] and for every value of the averaging parameter a,
~v(x, a) is a generic curve connecting x and some starting point yo(x, a) which may or may not depend
on x. In particular, applied to gradients these will satisfy a relation of the form

h h
*(Vo)w) =+ [ [ LT dlda = o@) — = [ oln(e.0) da
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In a similar fashion, we will define bivariate antiderivative operators of the form

1 rh
T) = A/ // fdzda
h Jo o(xz,a)

which will be involved in the commuting projection II2,

5.1. Single-patch antiderivative operators

In the case of single-patch antiderivative operators <I>§, the integration curve does not depend on a
and for x € ), it is fully contained in €. Writing & = F}~ 1(x) we parametrize it as

z,&9) ifd=1

vi(@) = Fe(Ja(@,[0,24))  with  Ja(&,) : [0,24] 5 2 +— {Eﬁrl,z) ifd=2.
1

Using the invariance of path integrals through 1-form pullback (.Fk) . w — @F, this results in

defining the directional antiderivative operators as

ok (w)(z) = /Oxlﬁ’f(zl,fcg)dzl and  ®(w)(z) = /Omag(gzl,@)d@. (5.1)

As already mentioned, these operators play a central role in the tensor-product construction of [13].
We review their main properties in our framework.

Lemma 5.1. Let u = V¢ with ¢ € C1(Q). It holds
©j(u)(@) = ¢(x) - $(F(@))  for z €,
where Tqg =0 and Ty = Tq for the other component.

Proof. The proof is straightforward. |

Lemma 5.2. The single-patch antiderivative operators are stable in LP, namely
195 (w)ll ) S llullzri (5.2)
holds for w € LP(Q2). Moreover, the local bound
AT 005y < Nl oy ) (5.3

holds on any domain S’f of the form (3.15), i € I¥, where Ej, is the single-patch domain exten-
sion (3.16).

Proof. Using the scaling of (3.13), we work with the pullback ®%(@*) on the reference domain Q.
Without loss of generality, we consider d = 1, and with a Holder inequality we bound

p
BE@OIE, g //‘/ (2, B9) dz

dz
< [ 1o / it (2, )P dz e < (|02,

and (5.2) follows from the scaling relations (3.13) and the bound Hj, < 1. Turning to the local estimate
we observe that for any fixed #; € [0, 1], the antiderivative

5 21
Bh(ak) (@) = / Wb (21, 30) d2

xr1

(5.4)
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71()(@

(A) parallel case (B) perpendicular case

FIGURE 5.1. Integration paths v5(x,a) defining the edge-based antiderivative opera-
tors ®4. In the case d =|| (A) the curves connect various points x (curves for three
different points are shown in this case) to different starting points yﬁo(m), represented
by white squares, which depend only on the perpendicular component :%’j of the logical
coordinate of & € Qy, see (3.29). In the case d =L (B) the curves depend on the aver-
aging parameter a. For a given value of a € (0, he) they connect every & € Q(e) (curves
for five different points are shown in this case) to the same starting point 7§ y(a) rep-
resented by a white square, see (5.7), possibly crossing the edge at p.(x) represented
by a black square, see (4.41).

satisfies V1 &F (ak) = V1 0¥ (aF), hence V1T ®F (ak) = V1) ®% (4*) by Lemma 3.1. Using the inverse
estimate (3.6) and the local stability (3.20) we next bound
!!V1H2<I>’f(ﬂ’“)\lm(gik) S h,;1||H2<I>If(ﬁk)HLP(S§) S h;lﬂi)]f(ﬂk)||Lp(Eh(§f)).

We then observe that Ej,(S¥) is of diameter < hy, and we fix Z; € S‘fl which according to the locality
properties (3.4)—(3.5), satisfies |#; — Z1| < hy, for all & € E3,(S¥). We then compute as in (5.4): this

gives
Z1

Tk ~k\|P R R < s~ p—1 ~ k A p "<Ap ~ kP o
|07 (@ )||Lp(Eh(S§)) = //J@h(ﬁlv)|$l Z1] /x |0 (2, 22)|P dzda < hy||w HLP(Eh(sf))

1
so that we have shown

||@1ﬂ2‘i’lf(ﬁk)”m(§f) = ||@1ﬂ2i)lf(ﬂk)”m(sf) 5 ”'ak”Lp(Eh(gf))-

Estimate (5.3) follows from the scaling (3.13) of 1-form pullbacks. |

5.2. Edge-based antiderivative operators

In a similar way, we define edge-based antiderivative operators ®§ along d € {||, L}, the parallel
and perpendicular directions relative to e. Both are supported in the patches adjacent to e and the
construction is summarized in Figure 5.1.

For the parallel edge-based antiderivative operator @ﬁ the integration curve is similar to the single-

patch one. For & € Q, k € K(e), it is fully supported in Q. Writing now &% = F,;l(ar:), we define
it as
ek . . ek A . o .
V(@) = Fe(3" (&, [0£(0),2]]))  with 40" (&, ) : [1£(0), &f] 3 2 — XP(z,2%)
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where we remind that i“ﬁ and i“’j_ are the parallel and perpendicular coordinates relative to e, X ¥ is the

reordering function (3.30) and 7% is the edge orientation function given by (4.4). Thus, the resulting
parallel antiderivative is

jk

II

fi(u)(z) :—/ w- dl —/ af (XE(z,8%)) dz (5.5)
;i (@) né (0)

for x € Q, k € K(e) (without averaging as the curves do not depend on a). For the perpendicular

edge-based antiderivative, we use an averaging step

1 [he
B (u)(z) = — / © J(w)(@)da with B9 (u)(x) = / w- dl (5.6)
he Jo V9 (w,a)
where h, is defined in (4.20), and the integration curves are defined as follows:
For & on the coarse patch, the curve 7S (z, a) is included in (. It is the mapping of the logical
curve 47 (&, a) defined for z € [~Z, |1 — al] by
f?j:_('%7a7 ) VA Xe:(:%” —tzjd) . N ~ for = JA;H = ZAS 0 ~
X;(2),a+ zsign(2, —a)) for 0<2< |2 —al

e

In particular the curve 79 (x, a) connects x to the starting point

7L 0(a) = Fi- (o) (Xe (0,a)). (5.7)
Here G is the perpendicular coordinate at distance a from the edge, namely
ifé;T =0
a=1q0 DT (5.8)
l—a ifée] =1

where € is defined in (3.31). The antiderivative then reads

ia(u)(cc) = /OII QN(X;(ZH,CNL)) dz” + /~IJ- 'LALI(X;(@H,Z’J_))dZJ_, for x € Qkf. (5.9)

For z in the fine patch, the curve is defined in two pieces: the first one is included in €-(,) and

corresponds to the logical curve 47 defined above: it connects the starting point (5.7) to the projection
P.(x) on the edge, see (4.41). The second piece is included in Q4+, it connects p.(x) to = and

corresponds to a logical curve ﬁTF(ﬁ:, -) defined below. This amounts to summing
Lalw)(@) =09 ,(u)(pe(x))lo,  + 0P (u)(z) for @ €y, (5.10)

where the first term is the path integral (5.9) on the patch £~ (e), extended to the projected point (4.41)
on the edge, here

pe(a:) = X:(i.H?éI) - X;(ne(i.||)7él)7 (511>
and the second term is a path integral in the fine patch kT (e), defined as
50 (u)(z) == /

At
€1

)

AT (X (&), 20)) 21 (5.12)

which corresponds to the local curve

3 (8,0 0,61 — 1113 21— X7 (3 e + 2 sign(es — 1)

This two-term definition thus corresponds to an integration path that, for each value of the param-
eter a, connects every point & € Q, k € K(e), to the common starting point 75 (0, a).

Notice that this property is also valid for boundary edges, since their unique patch is considered of
coarse type by convention ((e) = {k™(e)}).
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Lemma 5.3. For all e € £, ¢ € C'(Q), there exists a function ¢, € @kelg(e)Hl(Qk) for which the
parallel edge antiderivative satisfies

(Vo) (x) = ¢(x) — pe(x) and Ve =0 (5.13)
on Qe) = Ukek(e) k- Moreover, the perpendicular edge antiderivative satisfies
o (Vo) (@) = 6(x) — b (5.14)

for a constant value ¢, also on Q(e).

Proof. For u = V¢ the parallel antiderivative is the path integral of a gradient. Specifically, (5.5)
yields (5.13) with ¢ (z) = ¢(X*(nF(0),2%)) for & € Qy, k € K(e). For all a € [0, h] the perpendicular
antiderivative is also the path integral of a gradient, hence for interior and boundary edges, we have
9 (u)(x) = ¢(x) — ¢(7] o(a)) where 7] ;(a) is the starting point defined in (5.7). The result follows

from the averaging formula (5.6), with ¢, = - fo “ (V] ola)) da. ]

In the following lemma we study the stability of these edge antiderivative operators in LP, and
establish a local estimate for the resulting edge-correction terms involved in (2.10).

Lemma 5.4. Let w € LP(2), and e € €. Ford € {||, L}, the bound

195 (w)l Lr(we) S llwllr(w.) (5.15)

holds on any set of the form
U Fu@h)  with o =00 XE(0,1] x [€] — phe, &5 + phe])
kek(e)
and1 < p S 1. In particular, (5.15) holds on S¢ = U cze S5 the union of the edge-based domains (4.11).
Moreover, the edge correction term Ilu = >deq|l, L} Ve (pPe —IE)H2W®§(U) vanishes outside S¢, and

it satisfies the local bound
HHéuHLP(S;) S llellzr(secsey (5.16)

on any domain S5, j € 1, with E. the edge-based domain extension (4.12).

Proof. The bound (5.15) for the parallel direction (d =||) is proven just like (5.2) since the parallel
antiderivative operator coincides with the single-patch (5.1) along the parallel direction, up to a
possible change in the curve starting point and orientation. For the perpendicular direction (d =1),
we ﬁrst consider the k= patch and again work with the pullback ®¢ (A_)(a?:) = &9 (u)(x) where

(.7-",%_) u. For simplicity, we assume an orientation corresponding to X; =1,ie,x = (a?H 21,

and é7 = 0, i.e. @ = a. Note that this also yields &7 = [0,1] x [0, ph]. Using Hélder inequalities we

compute
A~ — he H — QATL A— /A
che( H // hp / /0 ay (2,a)dz +/ a7 (2, 21)dzL | da
‘i'”’p*l e [T o » N
S //_ A/ / \u” (z,a)P dz dad®
We he 0 0 (517)

}Ale 7 — p—1 T
o Jo e Ja

S pHu[Hip(@e_) + (phe)pHaIHIzP(ﬁu;) = Hﬂ_HiP(@e_).

P
dz
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The last inequality follows by dropping the constants and using the fact that he <1 (this estimate
seems a bit rough, but it is enough to show (5.15) and we shall further localize it to establish (5.16)).
The scaling relations (3.13) for 0-form and 1-form pullbacks yield then

2 2 ~— 2/ —
195 (W)l oy ~ HLN|9S (@ Wir@sy S H | Irr@zy S lullpe - (5.18)
(we) (@e) (@e)

On the kT patch we also assume an orientation corresponding to X} = I, ie. & = (Zy,21), and
é] = 0. We first consider the O-form pullback of the integral term §®9 (5.10), and compute

p
H‘S@J_(A Lp // / fL'”,ZJ_)dZJ_

d&
~ J_
< |phe|P~t ot (&), 21)Pdz) d& (5.19)
oy BB

< phelPlaT I, o) S 18712, oo

We next write ®*(47) (&) = @< (u)(p.(x)), with & = F, (&), the pullback of the coarse match-
ing term in (5.10). With our simple orientation the matching point (5.11) is p.(x) = Fjy+(2),0) =
Fj—(1e(2)),0). Without loss of generality we further assume the same orientation: 7.(2) = z so that

&7 = &F. Since ®&*(47) (&) corresponds to the first term in (5.10), it is a path integral on the coarse
e e

patch, given by (5.9). We thus have
||(I)€*("— ||Lp( +) // |(I)e 11 xH 0)|pdm

he i‘H 0
Byt phe 2
& // ‘:C”h’/ / iy (2, a)” dz) dad& (5.20)
We' e 0 0
he [0
+// / / a1 (&), 21)[" dz dadi
we JO a

AT I ey + (PRI IATIE, o) S 1T,
With (5.19) and the scaling relations (3.13), this bound yields
1P (W)l Loy < N0PL (W)l 1oty + IR (w) (Pl oo

<H2/p<H<5<Iu( sy + 189 @) o)

S HLPN | ooy + 187 1 ogory) S el pogen)-
Together with (5.18), this proves the stability (5.15) in the perpendicular case.
Turning to the local bound (5.16), we observe that the inverse estimate (3.6) yields
IVG(P® — I°) Iy, ®4(w) || r(sey S he (P = IO, DG (w) | ase)- (5.21)
The local stability of P¢, I¢ and II°

pwW?
1(P® = I @G ()| Lo (se) S 119G (W) Lo (s (se)
so that (5.16) would follow from a bound like ||®Z(u>||Lp(Ee(S;)) < h€||u”Lp(Ee(S;)). A difficulty is that

the latter cannot hold a priori, indeed both antiderivative operators rely on integration curves that
are not localized in a domain of the form Ee(Sj). Therefore, a localizing argument is needed. For the
parallel term (d =||) we can use a similar argument as the one that we used to prove (5.3) for the

P
dz

see (4.48), allows us to write
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single-patch antiderivative: indeed one may again change the integration constant in @ﬁ(u), without
changing the function V7§ (pPe—1 e)ngq)ﬁ (u): here this is made possible because the invariance with

respect to the parallel variable is preserved not only by ng but also by P° and I¢, see Lemma 4.7.
As a result one can define a localized antiderivative

B = [ bk
Y

K@)

with i"f € 5’; a curvilinear coordinate corresponding to the edge piece e N S5: by Lemma 4.7 we

have ﬁ(Pe — Ie)ngq)ﬁ(u) = Vﬁ(Pe — IE)HgWC:T?ﬁ(u) and a local estimate for this antiderivative

(derived exactly in the same way as for the single-patch antiderivative) gives |®%(u)] Lr(Eu(59) <
hellw||zp(E.( 59))- This shows that the local bound (5.16) holds indeed for the parallel term.
For the perpendicular term we cannot use a similar localizing argument, as none of the projection
operators P¢ or I¢ preserve an invariance along the perpendicular direction. Fortunately our design
for the integration curves involved in ®¢ yields the following localizing property:

u=0 on E(S;) = (P°- Ie)ng@i(u) =0 on S%. (5.22)
To establish this property we assume for simplicity that the edge e has the same orientation in both
patches, i.e. nt (z) = x, and recall that F,(S) is Cartesian on both patches, with parallel coordinate
in the same interval as a result of being continuous across e. Let us denote by o/ the minimal parallel

coordinate in both patches, so that any x € E.(S5) satisfies & > o). For all a € [0, fze], we then
observe that the curve v = 7§ (x, a) is made of two connected parts: a first part I'{(x, a) with parallel
coordinate 9 < a) (and included in the coarse patch §2;-), and a second part I'§(x, a) with parallel

coordinate 4 > «|. Because |a — &% = a < he, see (5.8), (4.20), this latter part is included in
E.(S5) while the first part I'{(z,a) is fully outside. Moreover, this first part is independent of :
['{(x,a) =I'{(a). As a consequence we find that if u = 0 on F,(S5), then the antiderivative writes

La(w)(x) = / u-dl = / u - dl, x € E(55),
I'{(a)ur's(z,a) I'i(a)

which, by integration over a € [0, k] yields a constant value, say ®¢ (u) = C(u) on Ee(S5). According
to Lemma 4.1, this shows that on the edge piece e N 57, ngtﬁj(u) takes the same constant value
C(u): in particular it is continuous across e. Consider now x € S§: Using Lemma 4.5 and the fact
that the projected point p,(x) on the edge is also in S¥, we find that (P¢— Ie)ng<1>i(u) =0 on S%.
The property (5.22) hence follows: we have indeed shown that
u=0 on E(S;) = ®9(u)=cst on E.(S})
== ngq)i(u) =cst on eNnS;
= (P°—I)I),®(u)=0 on S5
For a general u € LP(§2) decomposed as u = u]].Ee(S}f) +u(l— ]lEe(S;)), this yields
(PF — 1), % () () = (P* — )10, @, (ulp 50)) (&) for @ € S
and allows us to bound
[(PF = 1)@ () o sy = (P = I, @5 (s ) os
S 19 (ul g, (s)) | e (Ee(se))
by using (4.48). To complete the proof we finally observe that in the last antiderivative the integration
curve 7 (z,a) can be restricted to Ee(S5) which is of diameter < he. By repeating the steps in (5.17)

(5.23)
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and (5.20) with such a localized integration over z, we find
19 (ul g, (s9)) | r(Ee(s9) S hellwle, so)llLr(p.se)) = hellwll o e.(s0))-

Together with (5.21) and (5.23) this proves the local bound (5.16) for the perpendicular term, and
completes the proof. n

5.3. Vertex-based antiderivative operators

The vertex-based antiderivative ®¥(u) is defined on the patches contiguous to v in a similar way as the
perpendicular edge-based antiderivative ® from Section 5.2. Like the latter it involves an averaging
step

he
BV () = - / O (w)da, O (u)(x) / w- dl (5.24)
hy Jo v?(z,a)
with ]A”Lv defined in (4.21), and parameter-dependent integration curves v¥(x,a) of the same form as
the curves 7§ (¢, a) described in Section 5.2. Observe that in this construction, each curve was fully
characterized by the central edge e, the choice of a coarse (k™ (e)) and a fine (k™ (e)) patch around
e, and finally the choice of a starting edge on the coarse patch k7 (e), where the starting points are
located. To define the curves v¥(x,a) we can then specify these elements for each vertex, and for this
we will use the decomposition (3.33) of the contiguous patches k € K(v) in one or two sequences of
adjacent nested patches k = kf(v) with s € {l,r} and 1 < i < n(v,s). An illustration is provided in
Figure 5.2 for interior vertices, and Figure 5.3 for boundary vertices.

On the two patches of a complete sequence, namely for & € Q with k£ = k7 (v) such that n(v, s) = 2,
we define the curve «Y(x,a) by taking (i) the edge e = e*(v) shared by the two patches k§(v) and
k5(v) as the central edge, (ii) these respective patches as the coarse and fine patches associated with
edge e, and finally (iii) the second edge contiguous to v in kj(v) as the starting edge for the curves.
Note that if both patches adjacent to e have the same resolution, then it is possible that k§(v) = k™ (e)
and k3(v) = k™ (e): in other words the orientation used to define the antiderivatives ®9 and ®¥ do
not need to match. This covers the case of interior vertices, since their contiguous patches can always
be decomposed in two complete sequences.

For the case of boundary vertices associated with single-patch sequences, namely for & € Q with
k = ki (v) such that n(v,s) = 1, we observe that € has at least one edge contiguous to v which is a
boundary edge 0€2, say ej(v): we take this edge as the central edge e. Furthermore, we take the patch
ki (v) as the coarse patch (no fine patch is involved here) and the second edge contiguous to v as the
starting edge for the curves 79 (x,a): we may denote this edge as e*(v), indeed if a second sequence
of patches exists for v then this starting edge must be shared by k! (v) and k7 (v).

The construction is then similar to what we had for the antiderivative ®€ : for interior vertices and
boundary vertices, all the curves 7*(zx,a), € 2(v), have a unique starting point 7§ (a) lying on the
coarse edge e*(v) and at a logical distance a from the vertex v.

This antiderivative operator satisfies several properties which can be directly inferred from those
of the perpendicular edge antiderivative. The first one is similar to (5.14) and will be useful to prove
commuting properties.

Lemma 5.5. Let v € V be a vertex and u = V¢ with ¢ € C1(Q). The equality
% (u)(z) = o(x) — ¢g (5.25)
holds for all x € Q(v), with a constant ¢f = hi Jo" (18 (a)) da.

The second property is a local LP stability estimate.
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(v)

ky(v)

FIGURE 5.2. Integration paths v"(x,a) for different points &1 and x5 involved in the
vertex-based antiderivative operator ®Y, for a given averaging parameter a € (0, hy).
The common starting point v (a) is represented by a white square.

k(v)
V¥ (@, ) k5 (v)

FIGURE 5.3. Integration paths +Y(x,a) defining the vertex-based antiderivative op-
erators ®¥(u) for boundary vertices. Integration curves connect every & € Q(v) to a
common starting point v§(a).

Lemma 5.6. For u € LP(Q), the bound
19% (W)l Lr(sv) S hollwll sy
holds on the vertex domain defined in (4.18).

Proof. This estimate relies on two arguments. The first one is that for all & € S¥ and all a € [0, hy)],
the integration curve v¥(x, a) is contained in S: this follows from the structure of S¥ and the fact that
he defined in (4.21) is the minimal diameter of the edge-based supports that compose S?, see (4.18).
The second argument is a bound similar to the one derived in (5.15) for the perpendicular case, as
the integration curves v¥(x, a) are of the same form. Here no further localization argument is needed
thanks to the inclusion v?(x,a) C S, so that the desired bound simply follows from the fact that S
is of diameter ~ hy. [ ]
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Lemma 5.7. Let u € LP(Q). The vertex term Mhu = Vp (PY — I°)II0,,®° (u) vanishes outside S,
and it satisfies the local bound

HﬁzlJuHLP(S”) S HUHLP(Sv)-

Proof. The first statement simply follows from the form of P and I?, see (4.28)(4.29), and the
fact that A vanishes outside S¥. To prove the local bound we use the inverse estimate (3.6) together
with the stability bound (4.49) from Lemma 4.8, with Q¥ = P" or I": for all ¢ € LP(Q), this gives

IV owQ Tl Lo swy S By QT @l Lo(sey S hay Bl Lo(sv)- (5.26)
Setting ¢ = ®¥(u), we find
[V (PY = T @ ()| Lo 50y S hogy |9V ()| Lo (svy S Nl Logse)
where the last step follows from Lemma 5.6. [ |

The next result will be useful to show projection properties.

Lemma 5.8. If u € Vhl, then

e ®%(u) belongs to the broken space V)

pw’

e foralle €€, @ﬁ(u) and ®¢ (u) belong to V2

pw>

e if e is an interior edge, CIJﬁ(u) and ®9 (u) are continuous across e,

o for allv eV, ®¥(u) belongs to VpoW and is continuous across every e € E(v).

Proof. Let us first verify that when u € Vplw, all its antiderivatives belong to V;?w- In the single-
patch and edge-parallel cases this is easily verified by observing that in (5.1) and (5.5) the (logical)
integration is performed along the same dimension Z; as the integrated component @2. Since @ is in
the logical space Vkl given by (3.2) we find that the logical antiderivative belongs to Vko indeed. In
the edge-perpendicular case one must consider two cases, depending on whether @ is in a patch € of
coarse (k = k™ (e)) or fine type (k = k™' (e)). In the former case the logical antiderivative is given by the
sum (5.9) where we see that each integral belongs to Vko_(e) for the same reason as above (this holds
for each value of a, and hence also after integration over a). In the latter case the logical antiderivative
is a sum (5.10) where the second term is a logical integral (5.12) that clearly belongs to V¥ (again
for the same reason as above), and the first term is the restriction of a coarse antiderivative on the
edge e. Therefore, as a function of the parallel variable ﬁ:ﬁ it belongs to Vg,( e) hence also to Wg due

to the nestedness Assumption (3.24), and finally to f/'ko as a function of . In the vertex case we can
use the same argument, since vertex antiderivatives take locally the same form as edge-perpendicular
antiderivatives. To see that these antiderivatives are continuous across the respective edges for u € Vhl,
we fix again a and observe that in each case, the corresponding integration curves depend continuously
on x (in the Hausdorff distance between curves). For perpendicular curves crossing an interface this
is enough to show the continuity of the antiderivative, and for parallel curves close to an interface the
continuity follows from the continuity of the tangential component of the curl-conforming, piecewise
continuous field w. ]
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5.4. Edge-vertex antiderivative operators

Given v € V and e € £(v), the edge-vertex correction term from (2.10) involves two additional
antiderivative operators defined on the domain (e): a parallel one defined as

@ﬁ’v(u) = ®Y(u) (5.27)
see (5.24), and a perpendicular one defined as

" (u) = & () (5.28)
see (5.9)—(5.11).

Lemma 5.9. Let u € LP(Q2). For any v € V and e € E(v), the edge-vertex correction ﬁéﬂ,u =
2 deq|, 1} ve(Is — P @5 (u) vanishes outside SU N Qe), and it satisfies the local bound

Lyl o (sey S 1wl ocsy)- (5.29)

Remark 5.10. If ¢ is a boundary edge, we know from Lemma 4.6 that IS = PS¢, hence ﬁ;v = 0.
Thus, we may consider only interior edges in the proof of Lemma 5.9.

Proof. The first statement is proven as in Lemma 5.7, using the fact that I¢ and P$ involve functions
Ag, which vanish outside S”NQ(e), see (4.31)—(4.32) and (4.18). We next argue as for the bound (5.26)
in the proof of Lemma 5.7, using here Lemma 4.8 with Q¥ = PJ and I;: this allows us to write

V(I — PO ®g" ()| Lo(sey S by 1957 (w) ]| o(se)
for both the parallel and the perpendicular cases. In the parallel case where @ﬁ’”(u) = ®Y(u), the proof

is completed with the local bound of Lemma 5.6. In the perpendicular case where 9" (u) == ®¢ (u),
we need a localizing argument similar to the one used to prove (5.16). Here the localizing property
reads

u=0 on §* = (Ij— P, (u)=0
and the argument goes as follows: we first observe that for x € S* N Q(e) and a € |0, Be}, the curve
71 (x,a) may have a piece outside S (in particular if the starting point 7{ o(x,a) is not on an edge
contiguous to v) but this piece is the same (a logical line parallel to e) for all x € S*NQ(e). From this
we infer that if w = 0 on SY, then the averaged integral ®7”(u) = @ (u) takes a constant value on
SYNOQ(e). In particular, it takes the same constant value on both domains ka (0)’ k = k¥ (e), see (4.19),
) of the broken projection ¢ = IIJ ®9"(u)

are the same for both k = k¥ (e). According to Lemma 4.6, this implies that (IS — P¢)¢ = 0. Thus,
we have shown that
u=0 on S* = ®9%(u)=-cst on S'NQe)

= I, 27" (w)|o- (v) = I, @7° (u)la,, (v)
= (Iy — PO, ®7" (u) = 0.
This localization property is then used as in the proof of (5.16). Here, the steps are
(I — PO @Y (w)l| Lo sv) = 1 — P @57 (wlse)|| o (sv)
S 297 (ulso)| Lo (go)
S hollul po(se)
which, using an inverse estimate for V9 as above, allows us to complete the proof. |

and as a consequence the corresponding coefficients qﬁfk (v
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5.5. Bivariate antiderivative operators

Our projection operator on V;? involves bivariate antiderivative operators defined on functions f €
LP(Q). The first one is a single-patch antiderivative defined as

UE(f) () = /wl /m fF(z1,2)deader,  meQ, keK, (5.30)
0 0

where f* = (F2)~'(f|q,) is the 2-form pullback of f on the patch k. Outside Qy, we extend W (f)
by zero.
The second one is an edge-based bivariate antiderivative defined as

¢ -1 & z)dz T
V() (@) = Ee/o //ge(w,a)f( )dz da, €Qfe), ec € (5.31)

(and ¥¢(f)(x) :== 0 for ¢ Q(e)) where 0¢(x,a) C Q(e) is the oriented surface whose boundary is the
algebraic sum of three oriented curves,

do(z,a) =11 (2, a) —j(x) +7°(z, a).

Here 7] (,a) and ~7j(x) are the curves associated with the perpendicular and parallel edge-based
antiderivatives in Section 5.2, while 4°(x, a) is a closing curve following the edges of Q(e).

An illustration is given in Figure 5.4-(A) for an interior edge e: For € Q and k € K(e), we remind
that v{ (x,a) connects the point 7§ ;(a), see (5.7), to x, while —’yﬁ(a:) connects the point & to 7| o).
Since the starting point v{ ;(a) is on the edge ey = X. (0, [0,1]) and Violx) = XE(k(0),2%) is on
the edge ek == X¥(1n¥(0),]0,1]), we see that it is indeed possible to connect Vﬁo(m) to 7§ g(a) with a
curve 7¢(x, a) that is included in the edges ek, k € K(e).

The third bivariate antiderivative is of edge-vertex type:

1
Ul (f)(x) = /0 //M(w ) f(z)dzda, xee), velV, eecé(v) (5.32)

(and U&Y(f)(x) = 0 for & ¢ Q(e)) where 0“¥(x,a) is the domain whose boundary is again the
algebraic sum of three oriented curves, namely

00" (,a) = 7% (@, hea) — 7" (@, hoa) + 7% (a).

Here ~§ (x, fzed) is the curve associated with the perpendicular edge-based antiderivative, it connects
as above the point ¥{ ;(hea) (defined by (5.7)) to @, —(x, hya) is the curve associated with the

vertex-based antiderivative and @ to the point 48 (hya), and finally 5% (a) is the curve that connects
vg(ﬁv&) to ’yio(ibec_l) and is included in the edges of the patches contiguous to v. Observe that the
latter curve does not depend on @. An illustration is given in Figure 5.4-(B), again for an interior
edge e.

Notice that contrary to the configurations depicted in Figure 5.4, the domain ¢%"(x,a) may be
disjoint from @, and even from the patch € containing x: this may happen for instance in the case
where k = k™ (e), with starting points ’yio(ized) and ’y(‘)’(ﬁv&) located on the same edge ¢ # e of
Qi (¢): in this case some parts of the curves fyj_(sc,flec_z) and 7?(x, hya) cancel each other, and the
domain 0“?(z,a) is in the patch Q- (. Precisely it is the (mapped) Cartesian domain bounded by
the two starting points in the direction perpendicular to e, and by ¢’ and (the parallel coordinate of)
x in the direction parallel to e.

The following properties will be useful.
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(B) edge-vertex case

FIGURE 5.4. Oriented curves delimiting the integration domains o¢(x,a) (top) and
c®?(x,a) (bottom) involved in the bivariate antiderivative operators ¥¢ and ¥*?. On
the top panel the curves for the edge-based antiderivative W€ are shown for a given
averaging parameter a € (0, Be) with starting point 7§ ,(a) represented by a white
square as in Figure 5.1. On the bottom panel the curves of the edge-vertex antiderivative
U are shown, for a given averaging parameter a € (0, 1). Again, we denote the starting
points v o(hea) and 4§ (hya) of the respective perpendicular edge-based and vertex
based antiderivative integration curves by white squares, as in Figure 5.1 and 5.2.

Lemma 5.11. Foru € CY(Q), e € £, v € V(e), we have

~ - 1 he
e (curlw) = B (u) — O (u) + B(u)  with & (u)(z) ::ﬁ/o Ae(ma)u. dl da

and

1
T (curlu) = 7 (u) — @ﬁ’”(u) + &% (u) with % (u)(x) = / / u - dl da.
0 J3ena)

Moreover, the following relations holds:

0°(u) =0 and V@Y (u) = 0. (5.33)
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Proof. By Stokes theorem, we have

// curlu(z)dz:/ u-dl—/ u-dl+/ u- dl
o(z,a) 74 (z,0) ;i (@) 3¢ (x,a)

which, after averaging over a, shows the first equation, and

// curlu(z)dz:/ A u-dl—/ A u-dl+/ u - dl
o (z,a) 74 (@,hea) 7? (@, hoa) yer(a)

which, again, after taking the average, shows the second one while using (5.27) and (5.28). To complete
the proof we observe that both curves 4“Y(a) and 4°(x,a) are independent of :Ef“: for the latter

curve this follows from the fact that it connects two starting points (namely, ’ﬁ,o(‘l) and 'yﬁo(a:), see
Figure 5.1) which are independent of g@ﬁ (for boundary edges this uses the convention that the adjacent

patch is defined as the coarse one, k = k™ (e)). As a consequence the same invariance holds for the
circulations ®¢?(u)(x) and ®¢(u)(x), which proves (5.33). [ |

Lemma 5.12. Let e € £ and v € V(e). If f € V2, then both W¢(f) and V*°(f) belong to V3, and
they are continuous across e.

Proof. We prove the result for ¥*?(f), as the same arguments apply to ¥¢(f) with minor changes.
Given x € Q(e) we let k € K(e) be such that « € Q, and denote & := Fk_l(a:). For k' € K(v), we let

6'k,/(;%k7d) = F,;,l(ae’”(az,&) ﬂQk/). (5.34)
Notice that if Qi intersects the domain o®?(x,a), then either & = k or k' shares an edge €’ with
patch k£ and there is an integration curve « that connects some starting point in 0y to the point x:
by construction of the integration curves, this implies that the patch &’ cannot have a finer resolution
than k. By inspecting the possible configurations for the integration curves ~ (x, i}ea) and v (x, Bv&),
we find that (5.34) can be expressed as an algebraic sum of Cartesian domains @kgm(fck) e 0 as
described below, with orientation € ,, = £1 for m = 1,... (for simplicity we drop the dependency
on a): on ), the antiderivative thus reads

e = Y Sawm [ e (5.35)
K el(v) m Dkt (&
where f¥ = (F2)~'(f) as above. For k' = k it is possible to do this decomposition with domains

O m (&%) of the form [, 2¥] x [aa, #5] and on an adjacent patch &’ # k, of the form X% ([ay, nf,l(:ﬁﬁ)] X
[, B2]) where ﬁcﬁ is the component of &* that is parallel to ¢’. Using the properties of Vk% we then

verify that the different integrals in (5.35), seen as functions of &*, belong to Vkoz when k' = k this
follows from the tensor-product structure of sz = V) ® V} and the fact that the indefinite integral
maps V} to VY. For the terms corresponding to the adjacent patches k' # k this follows from the fact
that the indefinite integrals only depend on the component of &* that is parallel to the shared edge,
and from the above observation that the patch k' cannot have a finer resolution than k, hence our
nestedness Assumption (3.24) reads V), C V}. As a result, we find that ¥*¥(f) belongs indeed to V3.
Finally, the continuity across e follows from the fact that the domains 0¥ («, a) depend continuously
on z (in the sense of the Hausdorff distance). |

We conclude this section by studying the local stability of the correction terms (2.11) which involve
these bivariate antiderivatives.
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Lemma 5.13. The edge correction term I2f = D*¢(P°® — IO We(f) vanishes outside S¢ =
Ujeze Sj, and it satisfies a local bound

HﬁngLP(S;) S 1 llzr e (se) (5.36)

for all f € LP(Q) and on any domain S5, j € I¢, where E. is the edge-based domain extension (4.12).
The edge-vertex correction term l:[sz = D>¢(I¢ — Pf)HgW\Iﬂ”e(f) vanishes outside SY, and it
satisfies the local bound

12 o fllzr(sey S 1 oogse)- (5.37)

Proof. The fact that these correction terms vanish outside the specified domains follows from the
same reasons as their counterparts in Lemma 5.4, 5.7 and 5.9. We next study the local stability of our
bivariate antiderivative operators, conbidering a function f € LP(2) supported in some domain w. On
some (possibly different) domain @ C Q(e), we have, using Holder’s inequality,

p
Ue(f // / // z)dzda
H hp o¢(z,a)Nw
’w‘p ! p p—1
o z)[P dzdadz < [@||w[" | fI},
o¢(x,a)Nw

To show the local bounds 5 36) and 5 37) we then argue as we did in the proof of Lemma 5.4 and 5.9.
Here the inverse estimate (3.6) apphed to the broken mixed derivative D€ yields quadratic blow-up
factors of order h;2, which can be absorbed by a properly localized version of (5.38): the localizing
arguments are then the same as those used for the path integrals in (5.16) and (5.29). n

da

(5.38)

6. Commuting projection operators

In this section, we finalize the construction of our commuting projection operators sketched in Sec-
tion 2, and we state our main results.

6.1. Projection operator on V,?

The projection on the first conforming space combines the projection ng : LP(Q) — VI?W on the
broken multi-patch space with the fully discrete conforming projection P : Vpow — Vho, defined in (3.17)
and (4.38) respectively. Thus, we set

% := PIIY, : LP(Q) — VY, (6.1)
whose projection properties are readily derived from those of ng and P (see in particular Lemma 4.3).
Lemma 6.1. The operator (6.1) is a projection onto the conforming space V,?.

As described in Section 2, the projection IT! then involves single-patch projections which commute
with the broken derivatives.

6.2. Single-patch commuting projection operators

On each patch a projection operator on Vkl is defined following the tensor-product approach of [13],
as
Mu:= > VIO (u) (6.2)
de{1,2}
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where V¥ is the patch-wise directional gradient (3.34) and ®* is the single-patch directional antideriv-
ative (5.1). This definition corresponds to setting

, S e (OO (g da) ) g
= FULFD ™ with  [Ta = 20kl tilen €V
k k k( k) k 82]___[2(]‘02/&2(»%1722) ng) ’

Similarly, a projection operator on Vk2 is defined as
I f = D*FIRU(f) (6.3)

where D?*F and W¥* are the single-patch mixed derivative and bivariate antiderivative operators,
see (3.38) and (5.30). This amounts to writing

A A A A i‘l :f:2 A A
2 = FAA(F) ™Y with  TI3f == 010110 ( / / f(z1,22) dzo dzl> c V2.
0 0

These single-patch operators satisfy some key properties which essentially follow from the arguments
in [13].

Lemma 6.2. The operators (6.2) and (6.3) are projections onto the respective spaces Vi} and V2. For
allw € LP(Q) and f € LP(QQ), the local bounds

”HllcuHLP(Sf) S HU||Lp(Ek(s§))a HH%fHLP(Sf) S HfHLp(Ek.(sf))

hold on any domain S¥ of the form (3.15), i € I*, with E}, the single-patch domain extension (3.16).
Moreover, the commuting relations hold

VFIOp =T1LV* ¢ for all ¢ € HY (Qy) (6.4)

and
curl? Mu =T curl®w  for all w € H(curl; Q). (6.5)

Proof. The projection properties are straightforward to derive from the properties of the univariate
sequence, and the local LP bound on II}, has been established in Lemma 5.2 (sum the estimates (5.3)
for d = {1,2}). The bound on II} is proven with the same arguments. To show the commuting
property (6.4) we consider ¢ € C'(€Q;) and observe that the path integral (5.1) of u = V¢ along a
logical dimension d reads ®%(u) = ¢ — ¢* where ¢*(x) = ¢(Fy(2*)) with &% = 0 and 2%, == &4 for
the other component. In particular V'jqﬁ* = 0 and the preservation of directional invariance by Hg (see
Lemma 3.1) yields VAII9®%(u) = VAII) 6. This shows (6.4) for ¢ € C1(Qy) and the result follows by
density. The commuting relation (6.5) is shown with similar arguments, see [13] for more details. ®

Summing over the patches, we obtain projection operators HIIJW and H%W on the patch-wise spaces,
see (2.8). These operators are obviously stable in LP and they commute with the patch-wise, broken
gradient and curl:

I,V =V I 6, ¢ H(Q) (6.6)
and
H?)W curlu = curl,y Héwu, u € H(curl; Q).

Our next task is to modify Hllaw so that it becomes a projection on the conforming space Vhl with
commuting properties involving the projection IT defined by (6.1).
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6.3. The commuting projection operator on Vhl.

A suitable projection operator on Vh1 is obtained by adding correction terms to the single-patch
projections (6.2). Thus, we set

=Y "I+ > I+ ) M+ > I, (6.7)

kek e€E veY vEV,e€E(v)
with edge correction terms
LP(Q) — Vi,
M Qur—s S0 V5(P° — 1)1, 05 (u) (6.:8)
def|l, L}

that involve the edge antiderivative operators (5.5) and (5.6)—(5.11), the patch-wise projection (3.18)
on VO . the local (edge-based) conforming and broken projection operators (4.25), (4.26) and the

pwW?
edge-directional broken gradient operator (3.36), vertex correction terms
1

"y {LP(Q) — Vows

- (6.9)
U — V(P = [°)TT0, 07 (u)

that involve the vertex antiderivative operator (5.24), the vertex-based conforming and broken projec-
tion operators (4.27), (4.28) and the patch-wise gradient operator (3.35). Finally, the last terms are
edge-vertex corrections
LP(Q) — Vi,
- -
v Qur—s S V(I — POIY, 05 (u) (6.10)
defll, L}

that involve the edge-vertex antiderivative operators (5.27) and (5.28), the edge-vertex broken and
conforming projection operators (4.30) and (4.31), and again the edge-directional broken gradient
operator (3.36).

6.4. The commuting projection operator on th.

A commuting projection Vh2 is also obtained by adding correction terms to the single-patch projec-
tions (6.3). Specifically, it is defined as

°=> "I+ > m2+ > I, (6.11)

kek ec€ veV,ec€(v)
with edge correction terms

pw>

f = D**(P° — I, U°(f)

e

. {LP(Q) — V2

and edge-vertex corrections

pw>

f— D*¢(I¢ - P{;’)ng\lﬂ”e(f).

eV *

_, .{LP(Q)—>V2

These terms involve the bivariate edge and edge-vertex antiderivatives (5.31) and (5.32), the patch-
wise projection (3.18) on Vpow, the local broken and conforming projection operators (4.25), (4.26),
(4.30) and (4.31) and the broken mixed derivative operator (3.39).
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6.5. The main result

We are now in a position to state our main result for the grad-curl sequence (2.1): the operators IT¢
constructed above are commuting projections onto the spaces V}f , and they are locally stable in LP.
This result also holds for the curl-div sequence, and for the sequences with homogeneous boundary
conditions: we refer to Sections A.1, B.1 and B.2 in the appendix for more details.
Our local estimates involve the single-patch extension Ej of the local domains S¥ defined in (3.15),
(3.16), as well as overlapping domains of edge and vertex types, namely
Ee(SF)= |  Ee(S5) where ZI°(Sf):={jeZ:SinS;+0}, (6.12)
e€E jeT(SF)
see (4.11) and (4.12), and
Ey(SF) = U SY  where V(SF):={veV:8"NSF£p},
vGV(Sf)
see (4.18). We gather these domains in a multi-patch domain extension
Ep(S;) = Ex(S7) U Be(S7) U By(S7). (6.13)
Observe that thanks to the grading Assumption (3.26), these extended domains overlap in a bounded
way:
#{(K.5): En(S¥)NER(SE) £0}) <C forkeK,ieT" (6.14)

with a constant that only depends on the parameters x,, from Section 3.

Theorem 6.3. The operators II* defined in (6.1), (6.7) and (6.11) are projection operators onto the
respective spaces V,f, £=0,1,2. On any domain Sf with k € K and i € TF, they satisfy

Il sty S 100 o sty (6.15)
forve LP(Q), 1 < p < oo, with the domain extension defined in (6.13) and constants that only depend
on the parameters k1, ...,Kg described in Section 8. Moreover, the commuting relations

VI’ =1'V¢  and  curlT'u =TI curl u (6.16)

hold for all € HY () and all uw € H(curl; Q).

Remark 6.4. By using a density argument (see e.g. [37, Theorem 1.1]), one can show that the
commuting relations (6.16) actually hold on larger spaces, that is for all ¢ € W1(Q) and all u €
W1(curl; Q), where for all 1 < p < oo we define WP(curl; Q) := {u € LP(Q) : curlu € LP(Q)} equipped
with the norm

1
[ullweeutse) = ([ullfoq) + lleululf, )7

We conclude this section by listing a few corollaries of Theorems 6.3. The first one is a global
stability bound. It is easily derived using the bounded overlapping (6.14).

Corollary 6.5. For ¢ =0,1,2, the bound

1T Loy S vl Lo

holds for all v € LP(Q2), 1 < p < oo, with constants that only depend on the parameters ki, ..., Ky
described in Section 3.

The second one is a direct consequence of the LP stability and commuting sequence properties.
(Notice that a local version also holds on domains S¥.) For conciseness, we now write d° = V and
d! = curl, and accordingly denote WP(d%; Q) = WP(Q) and WP(d'; Q) = WP(curl; ).
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Corollary 6.6. Let £ = 0,1. The operators defined in (6.1) and (6.7) satisfy
S vllwe(aey, v e WP(d59Q),

with constants that only depend on the parameters ki, ..., kg described in Section 3.

¢
1Tl ye (42,0

A third stability result follows by reasoning as in [3, Theorem 3.6]:
Corollary 6.7. If a Poincaré—Friedrichs inequality holds,

vl p2) < CPHdZU”LQ(Q), veVin (ker dZ)L, (6.17)
then the discrete spaces V,f satisfy a Poincaré—Friedrichs inequality of the form
vl z2¢0) < cper||d’ vl|2), v E Vif N (ker d£|vff)L, (6.18)
where cip only depends on the parameters ki, ...,kKkg from Section 3.

Important corollaries of Theorem 6.3 are well-posedness and a priori error estimates for FEEC
approximations of Hodge Laplacian source problems of the form

Lu=Ff where L =-Vdiv+ curlcurl

in mixed formulation, see Theorem 3.8, 3.9 and 3.11 of [3]. One further application regards the asso-
ciated eigenvalue problem.

Corollary 6.8. If the continuous sequence V satisfies the compactness property, then the FEEC
approzimation to the eigenvalue problem Lu = Au converges towards the exact one in the sense of
Theorems 3.19 and 3.21 in [3].

7. Proof of the main result

This section is devoted to the proof of Theorem 6.3, which we decompose in several lemmas.

7.1. Local L? stability

Lemma 7.1. Let v € LP(Q) with 1 < p < 00, and ¢ € {0,1,2}. On any domain Sf with k € K and
i € I, the operators (6.1), (6.7) and (6.11) satisfy

Il 2o sty S N0l zogm, st
with the domain extension defined in (6.13).
Proof. We first consider the case £ = 0 where II' = PII]  is defined by (3.17), (4.38), and we write

¢ = v. As in the proof of Lemma 4.8, we write ¢, = prgb Zke’cﬂ-el—k gb?Af Then 1% = P¢;, and

the different terms corresponding to the decomposition (4.38), namely Ié“(bh, F§ép, and PY¢p, can be
bounded as follows. For the first term associated with interior coefficients, we argue as in (4.50) and
write

115 enllnisey < D2 18511A5llre) S D2 N0lliogsty S I@lloomecsry: (7.1)
JET*(SK) JET*(SF)
For the second (edge-based) term we write
1PSonllosty < Do NFSnlliriss) S D2 N19llerem.cse)) S 19l o (st (7.2)
JETE(SF) ]eze(sk)

where the first inequality uses (6.12) and the fact that Pj¢; vanishes outside the edge domains, the
second one is (4.48) with ¢ = ¢y, = ng¢, and the last one follows from the bounded overlapping of

125



M. CamMmpPos PinToO & F. SCHNACK

the local domains. For the third (vertex-based) term we use similar arguments from Lemma 4.8, such
as estimate (4.49), and write

1P bull sty < D IPnlliossy S D2 Nllirise) S 1l Lo, (sty)- (7.3)

veV(Sk) veV(Sk)
Summing (7.1), (7.2) and (7.3) yields the bound (6.15) for £ = 0. For ¢ = 1, writing u = v we use
the same reasoning and assemble the local bounds on Hlu H u, Hlu and H1 that have been
established in Lemma 6.2, 5.4, 5.7 and 5.9 respectively. For £ = 2 we use the local bounds on H% I,
2 f, and T12 J that have been established in Lemma 6.2 and 5.13. |

7.2. Range property

Lemma 7.2. For all ¢,u,f € LP(Q), 1I°, I'u and TI2f belong to the respective spaces V,?, Vhl
and Vh2.

Proof. The property for II' has been established in Lemma 6.1. By construction, it is clear that II!
and II? map into the respective broken spaces Vplw and VPQW. For II? this is enough since th = Vp%,v,
while for II' we need to show that it also maps in H(curl;2). This amounts to verifying that the
tangential component of IT'w is continuous across any edge e € £. For this we consider some unit
tangent vector T, and k € K(e). Denoting by -|¥ the restriction on e of the €, piece of some broken

field, we write

Alg =Te- (H}fU)I'E

Bf =7 Y (Ihuw)lt
e'e& (k)

Te - (Mu)|f = A¥ + B¥ + % + DF  with Ch=r. > (u)t

veV(e)

Df =7, Y (W u)f
veV(e)
e'e€(v)

Here, we have restricted the vertex sums over V(e) (the vertex contiguous to e), since all the vertex
and edge-vertex projection operators map into functions which vanish on e for v ¢ V(e) (this follows
from the interpolation property of the basis functions at the patch boundaries). Using (3.37), i.e
Vpw = V| + VT on Q(e), and (4.5), that is 7. - V§ = 0, we compute

A’é =Te- H,lgu\’g =Te- (VHHO‘I’ (u ))|Ic =7e ( ||IeH0‘I’||( ))\5

where the third equality follows from the fact that basis functions vanishing on e have also a vanishing
parallel gradient on e. Here the single-patch antiderivative (5.1) is taken in the direction parallel to e,
that is

A

®ff(u) (@) = / A (XAt with & = XAk, ah) = (F) L a).
0
Then,

Z - (Mgw)le

'€ (k)
S VIR - 1), @ (u)]f
e’e&(k) de{]|,L}

= BN Ak L B*
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holds with B
B =T - ViPIL, @f(u)

Ab =1, . V”IerWq)ﬁ(u)

BE=7e > v{OPI® — 1 0Ng o ) k.
veV(e)

where €'(v) is the edge €' # e contiguous to v in Q. Here we have used that 7 - V” ) 0, which

follows from (4.5) and the fact that VH ®) is colinear with V¢ on €y, indeed these edges correspond

to different (orthogonal) logical axes, see (3.36). For an interior edge we see that BF is continuous
across e (in the sense that B, = B*) as the tangentlal derivative of a function continuous across e.

By observing that tlDH( u)(x) — ”( = fn’“(O) ” X (zH,:cl)) dz) is a function of Z #* only, we can
use Lemma 4.7 with ¢ = @ﬁ(u) - CIJﬁ(u) and infer that

A — AL = 1. V{IFTI(®f (u) — ®f(u)) = 0.
For the third term we compute, using again 7. - Vpw = T - ﬁ,

Ci=rer Y (Mu)f

veV(e)

=T, Vi PUII, @Y (u CY VP @0 (w) [
veV(e) veV(e)

= Ck_CF

and for the last one we write, using (5.27) and (5.28),

Di=7e- >, (Hyu)l
veV(e),e’ €E(v)

Z Vi LT, @Y (u) Z Vi PyTL ° (w)|2
veY(e veV(e
e > VIO - P5’<v>>ngw¢i’<”><u>|’;
veV(e)
=: D¥ — DF + DF.

According to (4. 46) the equahty I ”d) = I¢¢ holds on e: this yields C* = D¥, moreover for ¢/ = ¢/(v)
we have P¢ ¢ = Pe ¢ and I¢¢ = Ie ¢ on e. This yields Bk = —Dk Thus, we obtain that

e'(Hl )|e_B§+C§_D§ (74)
where these three terms are tangential derivatives of fields which are continuous across e (and hence

are also continuous across e) if the latter is an interior edge. This shows that IT'w € H(curl; ) and
completes the proof. n

7.3. Projection property
Lemma 7.3. For alluw € V)l and f € V}2, we have IT'u = u and TI?f = f.

Proof. We first consider IT! and observe that for all k, the restriction ulq, belongs to the local space
VL. Hence, the projection property of the local projection operator gives (IItu)|q, = ulq,: it follows

that
S Mhu=u.
kek

127



M. CamMmpPos PinToO & F. SCHNACK

We thus need to show that the correction terms ITlw, ITlw and ﬁé}vu all vanish for u € V;!. As for
the first term we know from Lemma 5.8 that the parallel and perpendicular antiderivatives @ﬁ(u)

and @ (u) belong to VF?W, hence they are left unchanged by the patch-wise projection ng. Moreover,

again from Lemma 5.8, they are continuous across any interior edge e so that Lemma 4.5 allows us to
write

(P° = I, @4(u) =0,  de{[, L}

We further observe that this equality also holds on boundary edges, this follows from the fact that
P¢ = I°. As a result the edge correction terms vanish: IIlu = 0 for u € V;l. The same reasoning
applies to the vertex correction term: according again to Lemma 5.8, the antiderivative ®%(u) belongs
to VpoW and it is continuous across any interior edge e € £(v). Then Lemma 4.6 applies, which yields

(PY — I")ID, ®¥(u) =0
and hence ﬁ,lju = 0. Turning to the edge-vertex correction terms we infer from (5.27) and (5.28) that
both @ﬁ’”(u) and ®7"(u) are in V;?w and continuous across interior edges e. Applying again Lemma 4.6
yields then

(Ps — OO, 85" (w) =0,  de{|, L},

which shows that ﬁéﬂ,u = 0 and finishes the proof. To show that II? is a projection, we use a similar
argument based on Lemma 5.12. |

7.4. Commuting property

Lemma 7.4. The equality
I've = Vi’ (7.5)
holds for all ¢ € H(R2).

Remark 7.5. The commuting relation (7.5) also holds in the respective (larger) space W11(Q), as
mentioned in Remark 6.4.

Proof. We consider u = V¢, with ¢ € C*(Q): the result will then follow by a density argument, using
the L! stability of the projection operators. Throughout this proof we write ¢, = nggb € Vpow. For
the volume terms, we have seen in (6.6) that the commutation of the patch-wise projection operators
yield

> T = V.
kel

For the parallel edge correction terms we remind that (5.13) reads
j(w)(x) = o(x) — dec()
on Q(e), e € &, for some function b. independent of iﬁ . Hence, Lemma 4.7 yields
f{(P° — I°)IIp, ®f (u) = V(P* — )y,
Next for the perpendicular edge correction term, we use (5.14), namely
9 (w)(@) = o(@) - b (7.6)
(again on Q(e)) with a constant value ¢.. Since ng preserves patch-wise constant functions, Lemma 4.5
gives (P¢ — Ie)ngée = (P® — I¢)¢. = 0. Hence, we have for any e € £
V(P = IO, @5 (u) = V(P — I%)¢n.
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Writing again Vi + VT = Vp,, on Q(e), it follows that
Mu= Y VP - I, ®5(u) = Vo (P — I%)¢y.
de{l, L}

For the vertex correction we use (5.25), namely

%(u)(x) = o(x) — ¢ (7.7)
which holds on Q(v) with a constant value ¢f. Thus, the statement result of Lemma 4.6 yields

[yu = Vi (PY = IV)I15, 0" (1) = Vi (PY = IV)¢p.

Finally, for the edge-vertex correction, the respective antiderivative operators (5.27) and (5.28) are of

vertex and edge perpendicular type, hence they also satisfy relations of the form (7.6) and (7.7) on
Q(e), with constant terms ¢, and ¢§. Thus, using the last statement of Lemma 4.6 we have

Meyu= Y Vally— POIP" (w) = Vi (Ly = Py)én.
defll, L}
With the decomposition (4.36), i.e. ¢ = (Xpeic I8 + Sees I§ + Spey V) dn, this allows us to write
' = Vb with

Yn = én + (Z(Pe — I+ Y (PU 1Y) +ZZ(I_{?—P§)>%

ec& vey ec€ vey

= (ZI§+Z(15+P6F)+ Z(I”+P”I_”)+ZZ(I_§P§)>¢h.

kel ec& veY ecfvey
We then observe that (4.34), (4.37) yield >° (I§ — I¢) = =3 ., Iy = — >, 21°, while (4.35) is v =
S I¢ — IY. With (4.39), i.e., P¢ — Y, P¢ = P§, and the decomposition (4.38), this gives

U = (ZI§+ZP€+ZP”—ZZPS)%:P@L.

kel ec& veV ecEveV
This shows that 1, is continuous on €2, hence Vo, = Vb, and finally we find II'Ve¢ = Vi, =
VPo, = VPHgW¢ = VII, which completes the proof. [ |

Lemma 7.6. The equality
1 curl w = curl Tl (7.8)
holds for all w € H(curl; Q).

Remark 7.7. The commuting relation (7.8) also holds in the respective (larger) space W1 (curl; )
defined in Remark 6.4.

Proof. By a density argument we may consider u € C'(2). According to Lemma 6.2 we know that
the single-patch projections commute with the patch-wise curl operator, namely
curl® TTiu = I13 curl w.
Since every vertex correction term (6.9) is a patch-wise gradient, we also have
curlpy Mu=0.
For the edge correction terms (6.8), we use Lemma 3.4 with ¢g = (P¢ — I¢)II] ®5(u) and compute
cttlp, Tl = D*(P* — [)I1%, (5 (u) — Bf (u)
= D2E(P* — 1), (8% () — B (u) + B°(w))

= D**(P® — I, V¢ (curl w)
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where the second and third equalities follow from Lemma 5.11 and the parallel invariance preserving
property of the operators ng, P¢ and I, see Lemma 4.7: note that an invariance along &) leads

indeed to the cancellation of the mixed derivative D%¢ on each patch. For the edge-vertex correction
terms (6.10) we use again Lemma 3.4 and write

curlpy II¢ yu = D**(I — POID (95 (u) — @)° (u))
= D**(I — PO (97" (u) — @) () + 9% (u))

= D>*(I5 — P5)II), e (curl u)
where the second and third equalities follow from Lemma 5.11 and the preservation of constants by
the operator ng, which are in the kernel of I — P;, see Lemma 4.6. Gathering the computations

above and using the form of the II? projection, we find
curl IT'u = curlpy T'u

= Z curl® i u + Z curlpy Ml + Z curlpyy Mlu + Z curlpy f[;vu

kel ec& veV veV
ec&(v)
= Z 113 curl u + Z 12 curl u + Z ﬁg,v curl w = 1% curl u. [
kel ec& veV
ec&(v)

8. Conclusion

In this article we have proposed a new approach for constructing L? stable commuting projection
operators on de Rham sequences of multipatch spaces, which allows patch-wise refinements with
tensor-product structure.

Our construction involves single-patch projections that rely on the tensor-product structure of
the single-patch spaces, and correction terms for the interfaces. Like the single-patch projections, the
correction terms are composed of partial derivatives, local projections and antiderivative operators: the
specificity of the latter is to involve projections on the local conforming and broken spaces associated
with an interface.

Being local, our construction naturally yields projection operators which are stable in any LP norm
with p € [1,00]. It also applies to de Rham sequences with homogeneous boundary conditions.

Looking ahead, an important objective will be to extend our construction to 3D domains and lift the
four-patch restriction. Applying these theoretical findings to the design of stable numerical schemes
is also a work in progress. Preliminary experiments conducted on curl-curl eigenvalue problems have
yielded promising results, particularly when employing broken-FEEC schemes [18]: these and further
studies will be described in a forthcoming article.
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Appendix A. The curl — div sequence

The curl-div sequence reads
R -4 VO = H(cur; Q) <% vi* = H(div;Q) 2% v2* =12(Q) -5 {0} (A.1)

which can be related to the V — curl sequence (2.1) by a standard rotation argument: We indeed
observe that

curlp = RV¢p and divv=cwrlR v with R= (_01 é) . (A.2)

This leads to defining
HO’* — HO, Hl,* — RH1R717 H2’* — HQ, (A3)

which allows to transfer the stability and commutation properties of the IT¢ projections to the curl-div
sequence.

Analogously, the pushforward operators for the grad-curl sequence in (3.12) are also related to the
ones of the curl-div sequence, namely

Fr g ¢ = o F !
Fe*ito— u = (Jp DFyir) o By
For o fe f= (gt o B
Using the matrix relation RDF~ T = JE;DF kR, we find indeed
Fr=F, FT=RFR', F=rh
Following Section 3.2, we define the reference patch finite element spaces as

T R P R AT A Sl B
kT Yk — Yk k> kT k_Wi@)ng k — Yk — Yk k>

and upon pushing forward the patch-wise spaces with V,f = f,ﬁ’*(VIf ™), we define the global conform-
ing spaces as
V) =V N H(eur Q), V)t =V nH(div;Q), V2* = VZ nL*(Q) = V2,

These definitions allow us to extend the main result, namely Theorem 6.3, to this sequence:
Theorem A.1. The operators II%* defined in (A.3) are projection operators onto the respective spaces
V}f’*, £=0,1,2. On any domain Sf with k € K and i € IF, they satisfy

HH&*UHLP(SZ@) S HUHLP(E;L(Sf))

for allv € LP(Q), 1 < p < oo, with the domain extension defined in (6.13) and constants that only
depend on the parameters k1, ..., kg described in Section 8. Moreover, the commuting relations

curl 1% ¢ =Y curl ¢ and  divIIY u = 1> divu
hold for all ¢ € H(curl; ) and u € H(div; ().

Remark A.2. Again, these commuting relations actually hold in larger spaces characterized by L'
integrability, defined similarly as in Remark 6.4.
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Proof. The stability follows from Theorem 6.3 and the fact that R and R~! are isometries in any LP.
The range and projection properties for ¢ = 0,2 follow from Theorem 6.3 as the projectors and
conforming spaces are equal. For ¢ = 1, we first realize that the spaces H(curl;Q2) and H(div; ()
have similar, but rotated, conformity conditions, i.e. continuity along tangent and normal vectors
respectively. Since Vkl’* = f;’*(Vkl’*) = RFLHR'RV}) = RV}}, we have

V" = RV, N H(div; Q) = RV} (A.4)
Thus, the range and projection properties are direct consequences of (A.4) and definition of TT!*.
The commuting properties are again a consequence of Theorem 6.3 and the relations of differential
operators in (A.2), i.e.

I curl¢ = RII'R~ ' curl ¢ = RII'V¢ = RVIIY¢ = curl I1%*¢
and
1%* dive = 2 curl R v = curl I R~ 'w = curl R~ v = div T v. [ ]

Similarly, Theorem A.1l has the same corollaries as Theorem 6.3. In particular, Corollary 6.6 holds
for TI%* with d° = curl and d' = div, and a second stability result follows by reasoning as in [3,
Theorem 3.6]:

Corollary A.3. If the spaces V&* in the curl-div sequence (A.1) satisfy Poincaré—Friedrichs inequali-
ties of the form (6.17) (with V¥ = V%* and d° = curl, d' = div), then the discrete spaces V}f’* satisfy
discrete Poincaré—Friedrichs inequalities of the form (6.18) with a constant cry that only depends on
the parameters Ki,...,kg from Section 3.

Appendix B. Homogeneous boundary conditions

We want to discuss the counterparts of sequences (2.1) and (A.1) with homogeneous boundary condi-
tions, namely

/

0 -5 VO=H(Q) L V!=Hylew;Q) & v2=12Q) - R (B.1)
and
0 -% V0= Hy(eurl: Q) <% V1= Hodivi) 2% v2—12(0) L R (B.2)

The constructions are very similar to the inhomogeneous cases, we just have to adapt some conven-
tions we made earlier and add some explanations. In particular, the homogeneous boundary conditions
are handled by removing boundary basis functions from the conforming basis of V,? (with a consistent
adaptation of the conforming projection P and its localized counterparts P¢, P, PS), and by defining
the antiderivative operators ®9 and ®* through integration curves that start from the homogeneous
boundaries. In the following we focus on the first sequence (B.1), the other one being treated in the
same way.

B.1. Notation and assumptions on the geometry

In the homogeneous case, instead of the convention that the single patch K(e) for boundary edges e is
of coarse type, k = k™ (e), as stated in Assumption 1, we now declare it to be of fine type, k = k™ (e).
Assumption 2 for boundary vertices v is then changed as follows: any « € Q(v) can be connected
to some boundary edge e = e(x) € £(v) with a monotonic curve of length L < 2 as is visualized in
Figure B.1. Note that if v is a boundary vertex shared by three or four patches then it is now the
finer patches of both sequences that must be adjacent, while the coarser ones do not need to be.
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\

F1GURE B.1. Adjacent patches around a boundary vertex v and dashed curves con-
necting arbitrary points @ € Q(v) to one coarse edge e*(v) in the homogeneous case,
according to Assumption 2. We show a decomposition of the form (3.33) for the adja-
cent nested patches.

B.2. Basis functions and conforming projectors

In the homogeneous case (B.1), the same basis from Section 4.2 can be used excluding the functions
A§ and AY associated with boundary edges and vertices.
This is consistent with the definitions of the conforming projectors as

e only a fine patch k7 (e) has been associated to boundary edges e in Section B.1: we thus have
Pe=0.

e for boundary vertices where k*(v) is undefined, this leads to setting P¥ = 0.

e P¢ =0 on homogeneous boundary edges where k™ (e) is undefined

In total we have P§ = P¢ = 0 for boundary edges and P” = 0 for boundary vertices, so that P
defined by (4.38) is indeed a projection on the homogeneous conforming space V) = V.o, N Hy ().

In Lemma 4.4 we notice that in the homogeneous case (B.1) the patches k7 (e) and k*(v) are
undefined for boundary edges and vertices, so that the corresponding values of ¢ can be replaced by 0.

B.3. Antiderivative operators

The antiderivative operators defined in Section 5 are extended to the case of homogeneous boundary
conditions, with the following changes.

Regarding edge-type antiderivative operators, for boundary edges where boundary patches are by
convention of fine type k™ (e), the curves 74 (x, a) are all perpendicular to the boundary edge in the
logical variables. In particular, they have many different starting points which all lie on the edge e
(see Figure 5.1), hence on the boundary 0f.

Regarding vertex-type antiderivative operators associated with boundary vertices v, we observe
that the curves v¥(x, a) may start from different points 7§ (x, a), but they all lie on the boundary 92
as shown in Figure B.2.

In particular, we change some Lemmas of this section as follows:

Lemma 5.3: For a boundary edge e and u = V¢ with ¢ € C*(Q), then it holds
O (u)(x) = o(x). (B.3)
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FIGURE B.2. Integration paths v”(x, a) defining the vertex-based antiderivative oper-
ators ®¥(u) for boundary vertices. In the homogeneous case, different points & € Q(v)
may be connected to different starting points 7§ (x, a), all on the boundary 0.

The result follows from the fact that all curves 79 (z,a) start from the boundary 99 where

¢ = 0.
Lemma 5.5: For a boundary vertex v and u = V¢ with ¢ € C1(Q) N H}(Q), then
OV (u)(x) = ¢(x) on Q(v). (B.4)

Lemma 5.8:

e if e is a boundary edge, @ﬁ(u) and ®9 (u) vanish on 02
e if v is a boundary vertex, ®¥(u) vanishes on 0f.

This follows from the boundary vanishing properties of the antiderivatives in the case of ho-
mogeneous boundary edges and the fact that on 9 all integration curves involved in these
antiderivative operators are either of zero length (being normal to the boundary and starting
from it), or tangent to the boundary: in this latter case they integrate the vanishing component
of the function u € V;} C Hy(curl; Q).

Lemma 5.11: The relations hold for u € C'(Q2)NHo(curl; ©2). For boundary edges the circulation
®¢(u)(x) may contains a contribution along e which depends on :%ﬁ (because the adjacent patch

k is considered as the fine patch, k = kT (e)), but for u € C1(2) N Hy(curl; Q) this contribution
vanishes. The same argument can be used for @V (u)(x).

Lemma 5.12: The antiderivatives U¢(f) and ¥?(f) vanish on any boundary edge. Indeed, we
observe that our definitions of integration curves associated with boundary edges and vertices
lead to domains ¢°(x,a) and o}"(x,a) which are of zero measure for & € e when e C 9.
Hence, U¢(f) = ¥*"(f) =0 on e.

B.4. The main result

Theorem 6.3 also holds for the sequences (B.1) where ¢ € H(Q) and all u € Hy(curl; ), and for
the sequence (B.2) with the corresponding homogeneous spaces. The commuting relations (6.16) also
extend to the larger spaces, i.e. they hold for all ¢ € WOI’I(Q) and all u € W (curl; Q) where the latter
space is the closure of C1(Q) in W!(curl; Q).
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Regarding the proofs in Section 7, we add the following remarks:

Lemma 7.2: We need to show that the tangential component of II'w vanishes on boundary
edges. Using the definitions of the conforming projectors in Section B.1, we realize that the
terms in the decomposition (7.4) are tangential derivatives of fields that vanish on boundary
edges. Hence, IT'u € Hy(curl; ).

Lemma 7.3: Similarly, we want to show that the correction terms vanish on boundary edges.
This can directly be inferred form the properties we added to the antiderivative operators in
Lemma 5.8, as they all already vanish on boundary edges.

Lemma 7.4: The equality holds for all ¢ € H}(2) in the homogeneous case (B.1). As remarked,
it also extends to the space VVO1 1((2) The proof extends similarly, considering ¢ € C1(Q2) N
H} (), using ¢ = 0 and the relations (B.3) and (B.4) on homogeneous boundary edges.

Lemma 7.6: Again, the equality also holds for all uw € Hy(curl; Q) with extension to the larger
space W (curl; Q). The proof is verbatim, but considering u € C*(Q) N Hy(curl; Q).

In the case of homogeneous boundary conditions, the commuting diagram (2.5) becomes:

o —2 . B —Y Hyew) —UL 120) LN
‘ 110 m 12 [
(0} 0 V,? Vv Vhl curl Vh2 f R

Since the last commuting relation is non-trivial, let us state it formally.

20
JREN
holds for all f € L*(Q).

Proof. On each patch €, we decompose the pullback

= (F) 7 (e = Faw + o
into its mean value fr’fw = fQ fk and a remainder of zero integral, fQ f(’f = 0. This yields a decompo-
sition of f into

Lemma B.1. The equality

F=foav+ fo= 3 Filha) + D Fill),
kek kel
where the integral preservation of the 2-form pushforward yields fQ fo=0and fQ fmv = fQ f. Without
loss of generality we can assume that €2 is connected, so that fy = curl w holds for some u € Hy(curl; Q)
(indeed the cohomology space {g € L*(Q) : [,9 = 0 and (g,curlv) 2y = 0 Yo € Ho(curl; Q)} is
trivial). Using the commuting property satisfied by the projection operators we then write

/HQfO:/H2cur1u:/curlH1u:/ nxItu=0
Q Q Q o2

where last equality follows from the fact that IT'u € Hp(curl;Q). Since constants belong to the
logical spaces V;> we further see that fm, € Vp2w = V;2: in particular the projection property yields
112 fuoy = fmv- The result then follows by gathering the above findings:

Aﬁ%—émmwémh—émféf .
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