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Abstract. In this paper, we propose to revisit a reciprocity gap method for solving point inverse source problem in
an advection diffusion equation. The motivation of this problem is in ecology for pollutant source identification in
a river. We propose the construction of original (numerically computed) adjoint functions that allows to consider
more realistic geometries and river flows. The method is combined with a state estimator which allows to accelerate
the identification process. The proposed method is validated on several examples.
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1. Introduction

This work is motivated by the development of numerical methods for source identification in the context
of ecology [2, 14, 15, 18, 19]. In particular, we are interested here in pollutant source localization in
a river given some downstream data, that is to say data on a part of the boundary of the domain.
To describe the pollutant propagation, we consider a simple model from the literature: an advection-
diffusion equation [11, 15, 20]. The source term is assumed to be a point to correspond to a localized
source. This problem corresponds to a classical inverse source problem, and several studies already
have been dedicated to this subject. Let us recall some of them relevant in our context.

A first question that naturally arise in inverse problem is the question of identifiability. In other
words, can we recover the unknown information from the available data? For the problem of point
source identification in a diffusion equation, it was shown in [3, 7, 12] that we can uniquely recover the
source position given measurements on the boundary of the domain. For advection diffusion problem,
given upstream and downstream boundary data (that is to say, on a part of the boundary), a similar
result was shown in [13, 15, 17] (for different situations, 1D, 2D or 3D) under some assumptions on the
flow and the diffusion tensor. The proof of the result relies on the reciprocity gap method. Based on this
identifiability result, a non iterative algorithm is proposed to solve the inverse problem. The general
idea is to construct analytically appropriate adjoint functions to reformulate the inverse problem
as a simple non linear equation (the identifiability result coming from the injectivity of the adjoint
functions). A major advantage of this approach comes from the fact that the numerical algorithm of
resolution of the inverse problem is fast and no minimization process is required. Yet, a drawback is
the analytical construction of the adjoint functions which requires relatively strong assumptions on
the geometry of the river, the flow and the diffusion tensor [15, 17].

Other approaches can be found in the literature such as gradient minimization approach, see [10, 25]
and references inside, or Kalman filtering approach, see for instance [24, 26], which allow greater
flexibility on the hypotheses on the parameters of the model, but usually require larger computational
effort to solve the inverse problem. Let us also mention [8, 9] which consider also the problem of source
identification using an observer approach but for a different equation (wave equation).
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A. Tonnoir

Besides, as initiated in [17], we wish to propose an �online� monitoring procedure that allows to
estimate the pollutant source position at each time (making the identi�cation procedure in real time).
To be able to do that e�ciently, one needs a state estimator for the advection di�usion equation that
describes the pollutant propagation. Building this type of estimator is not an easy task, especially with
partial boundary data. Let us mention some papers in our context. In [4] a Kalman estimator with
an e�cient implementation based on matrix compression is proposed for general elliptic equations,
and in particular for the advection-di�usion equation. From stabilization process, see [21, 23] and the
reference inside, one can also derive a state estimator. Yet, boundary stabilization methods usually
rely on the knowledge of the solution in the whole domain, which is not a�ordable in our case since
we consider only measurements on a part of the boundary.

In this work, we propose to revisit the reciprocity gap approach and more precisely the construction
of the adjoint functions via a (semi-)numerical computation, the idea being to take advantage as much
as possible of the separation of variables method. We wish to propose a method that gives a general
way to construct these adjoint functions and allows to fully relax the conditions needed to build
them analytically. Thus, it generalizes previous works and keep the advantage of a fast identi�cation
procedure. Also, we explain how to implement the identi�cation procedure to get an online monitoring
and to identify multiple sources in the case when they are �well-separated� (in a sense that will be
clarify hereafter). A second main contribution of this work is the construction of a simple and cheap
state estimator based on (partial) boundary data (under some assumptions) for which we give an error
bound.

The rest of the paper is organized as follows. In Section 2, we present the model and give the
mathematical formulation of the inverse problem. Then, in Section 3 we recall the general approach of
the adjoint functions method and give the reformulation of the inverse problem as a simple resolution
of two non-linear equations. In Section 4, we present the construction of a cheap state estimator based
only on (partial) boundary measurements. In Section 5, we study in details the case of a rectangular
river. This particular example allows to illustrate many physical intuitions and to propose a general
procedure to construct the adjoint functions. Finally, in Section 6 several generalization and tests are
presented to assess the method in more realistic situations. In particular, we consider a synthetic case
of two sources identi�cation in the Seine river in Rouen (France).

2. Mathematical model and formulation of the problem

To describe the di�usion and propagation of a quantity u of a pollutant in a river, we consider the
following simple linear model:

@t u + V � r u � div( D r u) = f in 
 ;
u = 0 on � in ;
D r u � � = 0 on � out [ � ;

(2.1)

where V describes the velocity �eld, D is the di�usion tensor 1 (a 2 � 2 positive de�nite matrix) and
the domain 
 � R2 represents the geometry of the river, see Figure 2.1. The boundary of the domain
@
 is split into three parts: � in corresponding to the in-�ow boundary, � out corresponding to the out-
�ow boundary and � corresponding to the �lateral� boundary. The homogeneous Dirichlet boundary
condition in � in corresponds to the fact that we suppose that no pollutant comes from upstream,
and the homogeneous Neumann boundary condition in� out corresponds to a simple open domain
boundary conditions (modeling the fact that the river do not stop at � out ).

1Note that V and D may vary with the position (x; y ).
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� out

� in

�

�

Figure 2.1. Geometry of the river 
 . The black arrow corresponds to the velocity �eld V .

In the sequel, we will assume the following hypotheses:

(H1) the initial condition in (2.1) is u(t = 0 ; � ) = 0 , which corresponds to assume that there is no
pollutant in the domain at initial time.

(H2) the vector �eld V is irrotational and divergence free (which amounts to consider that it comes
from a potential �ow), and V � � = 0 on � where � is the outward normal (no �ow across the
lateral boundary),

(H3) and the source term is very localized so that we consider

f (t; x; y ) = � s(x; y)� (t) (2.2)

where � � 0 and � s is the Dirac distribution at position s corresponding to the pollutant
source. The function � represents the amount of pollutant emitted at each time t and the
source is supposed to vanish after timeT0 > 0, which means that � (t) = 0 for all t � T0. This
time T0 is supposed to be unknown, as well as� .

Remark 2.1. One could also consider a reaction term in (2.1) with a parameterR � 0. The method-
ology presented below is the same. In particular, ifR is constant then we can always come back to
equation (2.1) using the change of unknownu = eu eRt where eu is the solution of the problem with the
reaction coe�cient.

The purpose then is: Given the boundary measurements over time[0; T], T > T 0,

M = f (u; D r u � � ) on [0; T] � f � in [ � out gg (2.3)

�nd the source position s in the shortest time. Note that this inverse problem �simply� amounts to �nd
the two coordinates (sx ; sy) of the source term. An important di�erence with the previous mentioned
works is the fact that we wish here to have an online procedure, that is to say a procedure that gives
an estimate of the source position at each timet 2 [0; T]. This means in particular that we wish to
avoid the �direct� least-square minimization approach which would require to know the measurements
during all time [0; T].

Also, we can be interested in the reconstruction of the function� ( � ), but this issue will not be
discussed in this work. This can be done a posteriori as in [14, 16]. We will see that even if� ( � ) is
unknown, we can recover the total amount of emitted pollutant and the source position. As already
mentioned, the question of identi�ability for this inverse problem have been studied in several previous
work [7, 15, 17] requiring additional (quite strong) hypotheses on the tensorD , the velocity �eld V
and the geometry 
 to be ensured. Here, we will focus on a numerical procedure to reconstructs or
a candidate for s even if identi�ability is not ensured.

235



A. Tonnoir

Remark 2.2. Using classical regularity results, see [12, 22], one can show that if the source term is not
on the boundary, the solution is in C0([0; T]; H 1=2(
)) and the data uj � out is in C0([0; T]; L 2(� out )) .

Remark 2.3. If we suppose the time dependency of the source� ( � ) known, then the identi�ability
of the source with boundary measurements can be obtained using the results of [1]. Indeed, the
advection-di�usion equation considered here �ts into the general framework proposed in this paper.

3. The general approach

3.1. Reformulation of the inverse problem

The starting point of the method consists in testing equation (2.1) with appropriate adjoint functions.
So, multiplying equation (2.1) with a function v and integrating in time and space, we get:

Z T

0
hu; L � vi dt + B(u; v; T) +

Z



u(T; � )v(T; � ) =

Z T

0
� (t)v(t; s)dt (3.1)

where h �; � i is the duality product between H 1=2(
) and H � 1=2(
) , L is the operator de�ned by

L (v) = @t v + V � r v � div( D r v); 8 v 2 C0([0; T]; H 1=2(
)) ; (3.2)

and L � is the adjoint operator of L

L � (v) = � @t v � V � r v � div(D r v); 8 v 2 C0([0; T]; H 1=2(
)) : (3.3)

The boundary term B is given by

B(u; v; T) =
Z T

0

Z

@

uvV � � � vDr u � � + uD r v � � d� : (3.4)

The idea then consists in takingv satisfying L � v = 0 . Also, following the idea of separation of variables,
we seek forv of the form: v(t; x; y ) = � (t)w(x; y). Simple computations then show that � (t) := e�t for
any real constant � and w must satisfy

� div(D r w) � V � r w + �w = 0 : (3.5)

In the sequel, we will consider the case� = 0 so that v(t; x; y ) = w(x; y) (which means stationary
solutions), the motivation of this choice being explained after in Remark 3.5. Then, to fully determine
the function w one only need to specify the boundary conditions. They are chosen according to the
boundary data knowledge and the goal is to keep inB(u; v; T) only known terms. Therefore, on� we
will impose homogeneous Neumann conditions. On� out , we will impose a (non homogeneous) Dirichlet
boundary conditions and on� in either homogeneous Neumann or Dirichlet conditions. To sum up, we
will have

De�nition 3.1 (Adjoint function) . Given gout 2 H 1=2(� out ), the adjoint function w is de�ned as the
unique solution in H 1(
) to

� div( D r w) � V � r w = 0 in 
 ;
D r w � � = 0 on � ;
w = gout on � out ;
�D r w � � + (1 � � )w = 0 on � in ;

(3.6)

where � = 0 or � = 1 , depending on the condition one wishes to impose on� in .

This problem is well-posed thanks to the Dirichlet condition on � out and using Lax�Milgram the-
orem. Thus, using the boundary conditions satis�ed by v = w, the term B(u; v; T) = B(u; w; T)
simpli�es and we get
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Lemma 3.2. For any adjoint function w solution to (3.6), we have:

B(u; w; T) =
Z T

0

Z

� out

uwV � � + uD r w � � d� �
Z T

0

Z

� in

wDr u � � d� : (3.7)

The proof of this result is direct noticing that:

B(u; w; T) =
Z T

0

Z

� in [ � out

uwV � � � wDr u � � + uD r w � � d� ;

=
Z T

0

Z

� out

uwV � � + uD r w � � d� �
Z T

0

Z

� in

wDr u � � d� :
(3.8)

As mentioned, computing this term requires only the knowledge ofu on the out-�ow boundary � out
and Dr u � � on the in-�ow boundary � in . Note also that one could avoid the knowledge of the data
Dr u � � on � in by taking w = 0 on � in (i.e. � = 0 in (3.6)).

Now, with this adjoint function, equation (3.1) can also be simpli�ed and we straightforwardly get

Lemma 3.3. For any adjoint function w solution to (3.6), we have:

B(u; w; T) +
Z



u(T; � )w( � ) = w(s)�( T) where �( T) =

Z T

0
� (t)dt: (3.9)

Corollary 3.4. Taking successivelyw = 1 (which is solution to (3.6) with � = 1 and gout = 1 ),
w = wA and w = wB two other solutions to (3.6), we obtain

�( T) = B(u; 1; T) + ( u(T; � ); 1)L 2 (
) ;

wA (sx ; sy) =
B(u; wA ; T) + ( u(T; � ); wA )L 2 (
)

�( T)
;

wB (sx ; sy) =
B(u; wB ; T) + ( u(T; � ); wB )L 2 (
)

�( T)
:

(3.10)

In the above system, the unknown terms are the �nal state u(T; � ) and the source positions =
(sx ; sy). �( T) the total amount of pollutant emitted during time [0; T0] is given by the known boundary
term B(u; 1; T) and u(T; � ). For the �nal state u(T; � )2, we will approximate it by an estimator û that
will be explained in the next section. Note that a basic idea of state estimator is to takeû = 0 since
the solution u of the direct problem tends to 0 as t tends to + 1 . Yet, as we will see, we can do better
in many cases.

Then, replacing u(T; � ) by û(T; � ) the quantity �( T) can be estimated by

�( T) ' B (u; 1; T) + ( û(T; � ); 1)L 2 (
) : (3.11)

Let us note that this gives an estimate of the total amount of pollutant that has been emitted.

Remark 3.5. Note that if we take � 6= 0 in (3.5), one should in fact compute
Z T

0
� (t)e�t dt instead of �( T) =

Z T

0
� (t) dt in (3.9):

Yet, since v(x; y; t ) = e�t does not satisfy L � v = 0 (for � 6= 0 ), we cannot use B(u; e�t ; T) +�
û(T; � ); e�t �

L 2 (
) to estimate the above quantity. This is why we took � = 0 . Nevertheless, let us
note that B(u; 1; T) + ( û(T; � ); 1)L 2 (
) can be a good approximation of the above quantity for small� .

Similarly, we replaceu(T; � ) by û(T; � ) in the equations satis�ed by wA and wB in (3.10) and we get

2Let us remark that in adjoint state method for the computation of the gradient of the functional to minimize, we
usually take v(T; � ) = 0 to eliminate this term.
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De�nition 3.6 (Reformulation of the inverse problem). We will seek for the estimate source position
ŝ = ( ŝx ; ŝy) solution to the system:

wA (sx ; sy) = DA (T);

wB (sx ; sy) = DB (T);
(3.12)

where

DA (T) =
B(u; wA ; T) + ( û(T; � ); wA )L 2 (
)

B(u; 1; T) + ( û(T; � ); 1)L 2 (
)
and DB (T) =

B(u; wB ; T) + ( û(T; � ); wB )L 2 (
)

B(u; 1; T) + ( û(T; � ); 1)L 2 (
)
: (3.13)

This problem is nothing but a system of two non-linear equations. In fact, the coordinates(ŝx ; ŝy)
of the source localization can be interpreted simply as the intersection of the two level sets ofwA and
wB . Let us also remark that the question of identi�ability amounts to know if system (3.12) has a
unique solution. In particular, if we can �nd wA (x; y) = wA (x) and wB (x; y) = wB (y) solution to (3.6),
then the two equations are decoupled and identi�ability can be easily shown providing monotonicity
properties of wA and wB . Following this idea, we will propose a way to constructwA and wB �rst on
a simple rectangular geometry in Section 5, and then on a general case in Section 6.

3.2. Algorithm for the �online� monitoring

To end this section, let us emphasize that the position estimate can be computed in fact at any timet,
not only T. This allows to consider an �online� monitoring of the section of river 
 by solving (3.12)
at each time t and replacing thereforeDA (T) and DB (T) by

DA (t) =
B(u; wA ; t) + ( û(t; � ); wA )L 2 (
)

B(u; 1; t) + ( û(t; � ); 1)L 2 (
)
and DB (t) =

B(u; wB ; t) + ( û(t; � ); wB )L 2 (
)

B(u; 1; t) + ( û(t; � ); 1)L 2 (
)
: (3.14)

As explained, the resolution can be done by computing the level sets associated to each adjoint function.
Yet, in the sequel the adjoint functions will be only known numerically on a mesh (we use Lagrange
Finite Elements for the discretization and resolution of problem (3.6)), i.e. at some positions(xk ; yk )k
k 2 f 1; : : : ; Nsg with Ns > 0. Therefore, instead of computing the level set, we simply consider the set
of points for which wi is in an interval around D i (t), i 2 f A; B g3:

Si (t) = f (xk ; yk ); k 2 f 1; Nsg s.t. wi (xk ; yk ) 2 [D i (t) � tol ; D i (t) + tol ]g: (3.15)

If SA (t) \ S B (t) = ; , the idea is to gradually increase the value oftol > 0 until the intersection is not
empty. Then, the estimate position of the source is de�ned by

De�nition 3.7 (Position estimate). The estimate source positionŝ(t) = ( ŝx (t); ŝy(t)) at time t is
given by

(ŝx (t); ŝy(t)) = argmin
(x;y )2S A (t )\S B (t )

(wA (x; y) � D A (t))2 + ( wB (x; y) � D B (t))2: (3.16)

Let us underline that this minimization problem is easy to solve since the setSA (t) \ S B (t) is very
small. Let us also remark that other choices are possible for the functional in (3.16).

Remark 3.8. The parameter tol in (3.15) can also be used to determine a possible area of the source
term, in case of uncertainties on the data.

3One could also use an interpolation technique to compute the level sets.
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Besides, to get an e�cient implementation of B(u; w; t) we can remark that it can be computed
recursively. Indeed, if � t > 0 denotes the time stepping of the measurements andtn = n� t, we have:

B(u; w; tn+1 ) ' B (u; w; tn )

+ � t
� Z

� out

u(tn+1 ; � ) (wV � � + Dr w � � ) d� �
Z

� in

wDr u(tn+1 ; � ) � � d�
�

: (3.17)

The procedure of source position estimation is sum up in Algorithm 1. Note that the source estimate
is computed as soon as the estimate of total emitted pollutantjB(u; 1; t) + ( û(t; � ); 1)L 2 (
) j is larger
than a given value " > 0.

Algorithm 1 Source estimation

Require: wA and wB appropriate adjoint functions solutions to (3.6)
while tn � T do

Update the term B(u; w; tn ) using equation (3.17)
Compute the state estimator û at time tn (See Section 4)
if jB(u; 1; tn ) + ( û(tn ; � ); 1)L 2 (
) j � " then

Compute DA (tn ) and DB (tn ) using equation (3.14)
tol  10� 5

Compute the sets ofSA and SB using equation (3.15)
while SA \ S B = ; do

Increasetol by a factor > 1
Update the setsSA and SB using equation (3.15)

end while
Solve the minimization problem (3.16) to get the estimate(ŝx ; ŝy)

end if
Update time: tn  tn + � t

end while

4. The state estimator

In this section, the purpose is to construct a state estimator û of u. Given boundary data, this is
a di�cult task for an advection di�usion equation, as explained in the introduction. We require the
estimator the following criteria:

� It is based only on the measurements ofu on � out and it converges tou as t tends to + 1 ,

� The computational cost is low enough to allow �online� monitoring as explained in the previous
section.

4.1. Spectral decomposition of the solution

Since the source term is unknown, the idea is to build a state estimator fort � t0 � T0 (although we
do not know the extinction time T0 of the source term)4 when the source is null. In other words, we
wish to estimate for all t � t0 u solution to:

@t u + V � r u � div(D r u) = 0 in 
 ;
u = 0 on � in ;
D r u � � = 0 on � out [ � ;

(4.1)

4The introduction of t0 will be useful in the sequel
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with the unknown initial data u(t0; � ). To construct this estimator, we will rely on a spectral decompo-
sition of the solution. To be able to justify this decomposition, we need to add the following hypothesis
on V and D:

(H4) we suppose that

rot
�
D � 1V

�
= 0 () @y(D � 1V )1 = @x

�
D � 1V

�
2: (4.2)

If this hypothesis is not satis�ed, then the spectral decomposition we will present hereafter is wrong and
so is the associated estimator. Let see now where does this condition comes from. To get the spectral
decomposition ofu solution to (4.1), one needs to compute the eigenvalues� and the eigenfunctions
' of the eigenvalue problem:

� div (D r ' ) + V � r ' = �' in 
 ;
' = 0 on � in ;
D r ' � � = 0 on � [ � out :

(4.3)

Using the fact that div( V ) = 0 and setting ' ( � ) := e� ( � )  ( � ), we get that

� div
�

Dr ' �
1
2

V '
�

+
1
2

V � r ' = �';

() � div
�

e� Dr  +
�

Dr � �
1
2

V
�

e�  
�

+
1
2

V � r (e�  ) = �e �  ;
(4.4)

Under hypothesis (4.2), one can choose� s.t.

D r � �
1
2

V = 0 () r � =
1
2

D � 1V : (4.5)

Thus, equation (4.4) becomes:

� div (D r  ) � D r  � r � +
1
2

(V � r  )
| {z }

=0

+
1
2

(V � r � ) = � ;

() � div (D r  ) +
1
4

�
V � D � 1V

�
 = � ;

and the eigenvalue problem (4.3) can rewrite as follows

� div (D r  ) +
1
4

�
V � D � 1V

�
 = � in 
 ;

 = 0 on � in ;
D r  � � + 1

2V � � = 0 on � [ � out :

(4.6)

Since the operator� div( D r� ) + 1
4(V � D � 1V )( � ) (with the above B.C.) is self-adjoint and positive,

we are ensured that there is a family( k )k2 N of (real) eigenfunctions associated with a non-decreasing
sequence of positive eigenvalues(� k )k2 N that tends to + 1 . Moreover, this family ( k )k2 N can be
normalized to form an orthonormal basis ofL 2(
) . Thus, we can justify the following decomposition
of u:

Proposition 4.1 (Spectral decomposition). Under the condition (4.2), the solution u to (4.1) is
given by

u(t; x; y ) =
X

k� 0

Ak (t0)e� � k (t � t0 ) ' k (x; y) where ' k (x; y) = e� (x;y )  k (x; y); 8 k 2 N; (4.7)

with ( k )k2 N the family of orthonormal eigenfunctions solutions to(4.6). Also, the parametersAk (t0)
are uniquely determined by the value ofu at time t0 and explicitly given by:

Ak (t0) =
�
e� � u(t0; � );  k

�

L 2 (
)
; 8 k 2 N:
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Let us recall that u(t0; � ) is unknown, this is why we need an estimator. One can notice that the
family (' k )k2 N is not orthonormal according to the scalar product in L 2 but, since e� is uniformly
strictly positive, it is an orthonormal basis of L 2(
) according to the weighted scalar product:

('; e' ) � =
Z



' (x; y) e' (x; y)e� 2� d
 : (4.8)

Indeed, using the properties of( k )k2 N, we clearly have(' k ; ' l ) � = � kl and for any function f 2 L 2(
) :

f =
X

k� 0

(fe � � ;  k )' k =
X

k� 0

(f; ' k ) � ' k :

This remark will simplify some computations in what follows. Let us note also that this scalar product
leads to an equivalent norm with the classicalL 2 norm. Moreover, we have:

f 2 L 2(
) () k f k2
� =

X

k� 0

(f; ' k )2
� < + 1 : (4.9)

Similarly, we have that:

f 2 H 1(
) () k f k2
H 1

�
=

X

k� 0

(1 + � k )( f; ' k )2
� < + 1 : (4.10)

Here again, this de�nes an equivalent norm with the classicalH 1 norm. This last remark will be useful
for using the trace theorem in the sequel.

Remark 4.2. Let us note that the hypothesis (4.2) is always satis�ed if D = d Id with d > 0 a
constant parameter. In that particular case, the function � de�ned in (4.5) can be deduced directly
from the potential of V .

4.2. State estimator

Let us consider the datau on � out during a time frame [t � t f ; t], with t f > 0 given. The purpose will
be to design an estimate ofu(t; � ) based on these data. According to Proposition 4.1, we will seek for
û of the form:

û(s; x; y) =
NX

k=0

Âk (t � t f )' k (x; y)e� � k (s� t+ t f ) ; 8 s 2 [t � t f ; t]; (4.11)

where N is the given number of eigenfunctions we wish to consider. The coe�cientsÂk (t � t f ) cor-
respond to the decomposition ofû at time t0 = t � t f . Once these coe�cients are determined, we get
the estimate of u(t; � ):

De�nition 4.3 (State estimator). Under the condition (4.2) and given the coe�cients Âk (t � t f ), the
estimate of u(t; � ) is obtained by:

û(t; x; y ) =
NX

k=0

Âk (t � t f )' k (x; y)e� � k t f : (4.12)

Since the data are known only on the boundary, we cannot take advantage of the orthonormality of
the eigenfunctions inL 2(
) to compute the coe�cients Âk (t � t f ). Also, the family of traces (' k j � out )k

is usually not a linearly independent family of functions 5, so we cannot simply decompose the data
u(t � t f ; � )j � out . The idea is then to consider the whole data during the time frame[t � t f ; t] and to
solve the minimization problem:

min
(Â k (t � t f )) k 2f 0;:::;N g

Z t

t � t f

ku(s; � )j � out � û(s; � )j � out k2
L 2 (� out ) ds: (4.13)

5We can simply show it for instance in the case of a rectangular domain
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Proposition 4.4. The solution to the minimization problem (4.13) is given by the resolution of the
linear system:

GÂ (t � t f ) = g; (4.14)

where the Gramian matrix G is given by

Gij =
�
' j e� � j ( � � t+ t f ) ; ' i e� � i ( � � t+ t f )

�

L 2 ([ t � t f ;t ]� � out )
;

=
�
' j e� � j ( � ) ; ' i e� � i ( � )

�

L 2 ([0;t f ]� � out )
; 8 (i; j ) 2 f 0; : : : ; N g2;

(4.15)

the vector g 2 RN +1 is de�ned by

gk =
�
uj � out ; ' ke� � k ( � � t+ t f )

�

L 2 ([ t � t f ;t ]� � out )
; k 2 f 0; : : : ; N g;

and the vector Â (t � t f ) 2 RN +1 is the vector of componentsÂk (t � t f ) de�ned in the state estima-
tor (4.12).

Proof. The proof is very classical. Sincêu(s; � ) is de�ned by (4.11), we deduce that

ku(s; � )j � out � û(s; � )j � out k2
L 2 (� out ) =












NX

k=0

Âk (t � t f )' k ( � ; � )j � out












2

L 2 (� out )

e� 2� k (s� t+ t f )

� 2
NX

k=0

Âk (t � t f )
�
' k (x; y)j � out ; û(s; � )j � out

�

L 2 (� out )
e� � k (s� t+ t f )

+ kû(s; � )j � out k2
L 2 (� out )

Integrating in time in [t � t f ; t] and using the de�nition of G, g and Â (t � t f ), we get
Z t

t � t f

ku(s; � )j � out � û(s; � )j � out k2
L 2 (� out ) ds =

�
GÂ (t � t f )

�
� Â (t � t f ) � 2Â (t � t f ) � g

+
Z t

t � t f

kû(s; � )j � out k2
L 2 (� out ) ds:

We conclude using the fact that G is a symmetric matrix so that the minimum of the above quantity
is given by the resolution of the linear system (4.14).

Let us make some remarks on linear system (4.14). First, the Gramian matrix is independent oft,
so its computations and factorization can be done once and then used for the estimate at any time
t. Also, though for N large the matrix G is (usually) very ill-conditioned, it is still better than the
Gramian matrix obtained only with the family (' k j � out )k (as we will illustrate in the numerical results
hereafter). Intuitively, this can be understood by the fact that the time evolution brings information
by the speed of decrease of the solution via the eigenvalues� k . Finally, let us mention that at each
time t, the main cost for computing the estimator û(t; � ) is the computation of the coe�cients gk . To
speed up these computations, we can use a recursive formula, as for the coe�cientB(u; w; t). Once
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again from a computational point of view (with � t > 0 the time stepping and tn = n� t), we have

gk (tn+1 ) =
Z tn +� t

tn +� t � t f

Z

� out

uj � out ' k j � out e� � k (s� (tn +� t � t f )) d� d s;

' e� k � t

 Z tn

tn � t f

Z

� out

uj � out ' k j � out e� � k (s� (tn � t f )) d� d s

� � t
Z

� out

u(tn � t f )j � out ' k j � out e� � k (tn � t f ) d�
�

+ � t
Z

� out

u(tn+1 )j � out ' k j � out e� � k tn +1 d� ;

' e� k � t
�

gk (tn ) � � t
Z

� out

u(tn � t f )j � out ' k j � out e� � k tn � t f d�
�

+ � t
Z

� out

u(tn+1 )j � out ' k j � out e� � k t f d� :

(4.16)

Unfortunately, the recursive formula (4.16) becomes unstable for largen, so in the implementation,
every ns steps we recompute the coe�cient gk (tn ) using a classical quadrature formula for the integral
in time between [tn � t f ; tn ].

Let us sum up the algorithm for the implementation of the state estimate:

Algorithm 2 State estimator
Require:

Pre-computation of the eigenfunctions' k solutions to (4.3) for k 2 f 0; : : : ; N g
Pre-computation and factorization of the Gramian matrix G de�ned in (4.15)

while tn � T do
if n � 0 mod ns then

Compute each component ofg(tn ) using a quadrature formula
else

Update each component ofg(tn ) using equation (4.16)
end if
Solve the linear system (4.14)
Compute the state estimate û(tn ; � ) using equation (4.12)
Update time: tn  tn + � t

end while

4.3. Error estimate

Now, assuming we can solve the linear system (4.14) (i.e. the functions(' k j � out e� � k ( � � t+ t f ) )k2f 1;:::;N g

are linearly independent inL 2((0; T)� � out )), a natural question is: can we have an error bound between
û and u in 
 at time t? Indeed, since the family(' k j � out e� � k ( � � t+ t f ) )k2 N is not an orthonormal basis,
we cannot a priori ensure that the coe�cients Âk (t � t f ) computed by the resolution of (4.13) are
equal (or close) to the coe�cients Ak (t � t f ) of the decomposition ofu at time t0 = t � t f .

Let us de�ne by uN the truncated series:

uN (s; x; y) =
NX

k=0

Ak (t � t f )' k (x; y)e� � k (s� t+ t f ) ; 8 s 2 [t � t f ; t]: (4.17)
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We denote by gN the associated vector which components are de�ned by

gN
k =

�
uN j � out ; ' ke� � k ( � � t+ t f )

�

L 2 ([ t � t f ;t ]� � out )
:

The di�culty comes from the fact that we do not have gN = g. Yet, the vector A (t � t f ) which
components are given byAk (t � t f ) for k 2 f 1; : : : ; N g is solution to

GA (t � t f ) = gN ;

so, we can deduce that

kÂ (t � t f ) � A (t � t f )kRN � kG � 1kkg � gN kRN ; (4.18)

where we consider the classical̀1-norm in RN . Now, using the orthogonality of the functions (' k )k
with respect to the scalar product ( � ; � ) � we have

kû(t; � ) � uN (t; � )k� =












NX

k=1

�
Âk (t � t f ) � Ak (t � t f )

�
e� � k t f ' k












�

;

=
NX

k=1

jÂk (t � t f ) � Ak (t � t f )je� � k t f � k Â (t � t f ) � A (t � t f )kRN :

(4.19)

Using Cauchy�Schwarz inequality, we can bound the termkg � gN kRN as follows:

kg � gN kRN =
NX

k=1

�
�
�
�

�
u(s; � )j � out � uN (s; � )j � out ; ' ke� � k (s� t+ t f )

�

L 2 (( t � t f ;t )� � out )

�
�
�
� ;

� k u(s; � )j � out � uN (s; � )j � out kL 2 (( t � t f ;t )� � out )

NX

k=1

k' ke� � k (s� t+ t f )kL 2 (( t � t f ;t )� � out )

| {z }
= C

;

� Cku(t; � )j � out � uN (s; � )j � out kL 2 (( t � t f ;t ) ;

where we can note thatC is uniformly bounded in t since C �
p

t f
P N

k=1 k' kkL 2 (� out )
6. We deduce

then that:

kû(t; � ) � uN (t; � )k� � CkG� 1kkuj � out � uN j � out kL 2 (( t � t f ;t )� � out ) : (4.20)

and thus:

kû(t; � ) � u(t; � )k� � k û(t; � ) � uN (t; � )k� + kuN (t; � ) � u(t; � )k� ;

� CkG� 1kkuj � out � uN j � out kL 2 (( t � t f ;t )� � out ) + kuN (t; � ) � u(t; � )k� :
(4.21)

In the next, the constant C may vary from one line to another. The main point is that it does not
depend ont. On the one hand, we have using (4.7) witht0 = T0 and the properties of the functions
(' k )k :

kuN (t; � ) � u(t; � )k� = k
X

k� N +1

e� � k (t � T0 ) (u(T0; � ); ' k ) � ' kk�

� e� � N +1 (t � T0 )ku(T0; � )k� ;
(4.22)

6Yet, we can already note that C grows with N .
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where we recall that T0 is the extinction time. On other hand, we have using the trace theorem and
the equivalence between theH 1

� -norm with the classical H 1-norm:

kuj � out � uN j � out k2
L 2 (( t � t f ;t )� � out ) =

Z t

t � t f

ku(s; � )j � out � uN (s; � )j � out k2
L 2 (� out ) ds;

�
Z t

t � t f

ku(s; � ) � uN (s; � )k2
H 1 (
) ds;

� C
Z t

t � t f

ku(s; � ) � uN (s; � )k2
H 1

�
ds;

(4.23)

where the constantC comes from the equivalence between the two norms. Now, using (4.10) we easily
get that:

kuj � out � uN j � out k2
L 2 (( t � t f ;t )� � out ) � C

Z t

t � t f

k
X

k� N +1

e� � k (s� T0 )Ak (T0)' kk2
H 1

�
ds;

� C
Z t

t � t f

e� 2� N +1 (s� T0 )
X

k� 0

Ak (T0)2(1 + � k ) ds;

� Ct f e� 2� N +1 (t � (t f + T0 )) ku(t0; � )k2
H 1

�
:

(4.24)

This leads �nally to the following result:

Theorem 4.5 (Error bound) . Under the condition (4.2), the state estimator û(t; � ) de�ned in (4.7)
satis�es

kû(t; � ) � u(t; � )k� � k u(t0; � )k� e� � N +1 (t � T0 ) + C
q

t f e� � N +1 (t � (t f + T0 )) ku(T0; � )kH 1
�
; (4.25)

which tends to0 as t ! + 1 .

According to this result, we can notice that the estimator û converge tou for t larger that t f + T0.
This means that t f should not be too large and if possible, we will take it small. Yet, t f cannot be
too small otherwise the matrix G is very ill conditioned, as illustrated hereafter. Similarly, N cannot
be too large otherwiseG is also very ill conditioned

5. The instructive case of a rectangle river

In this section, let us consider the case where


 = [0 ; L ] � [0; h]; � in = f 0g � [0; h] and � out = f Lg � [0; h]; (5.1)

with L > 0 and h > 0. We will consider also a uniform uniaxial �ow and a constant diagonal tensor
D , that is to say:

V =
�
Vx
0

�
and D =

�
dxx 0
0 dyy

�
(5.2)

where Vx > 0, dxx > 0 and dyy > 0. Let us remark that in that case, condition (4.2) is satis�ed so we
will be able to use the state estimator we developed.

In this con�guration, let us now describe how to compute the adjoint functions wA and wB using
separation of variables method.
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5.1. The longitudinal adjoint function

To recover the x� component ofs, the best situation is to have an adjoint function wA only depending
on x so that its level sets are simply vertical lines. Now, ifwA (x; y) = wA (x), the boundary conditions
on � are satis�ed and problem (3.6) rewrites as follows:

� dxx @2
xx wA � Vx@xwA = 0 in ]0; L [

wA = 1 on f x = Lg
� �d xx @xwA + (1 � � )wA = 0 on f x = 0g

(5.3)

where we took gout = 1 (if gout is not constant, then wA depends ony). This equation is a simple
linear ODE of order 2 which general solution is given by

wA (x) = K 1 + K 2 e� Vx
dxx

x (5.4)

where the coe�cients K 1 and K 2 are uniquely determined by the boundary conditions. More precisely,
if � = 1 we get K 1 = 1 and K 2 = 0 which is an invariant solution also in x and therefore cannot be
use for solving equation (3.12). If� = 0 then we get:

wA (x) =
1 � e� Pe

x
L

1 � e� P e ; (5.5)

where Pe is the so-called Péclet number

Pe =
LVx

dxx
> 0: (5.6)

This number gives the ratio between the transport due to advection and the transport due to di�usion.
With this expression, we can remark that:

� If Pe is small, then wA �slowly� increases from 0 to 1 as x goes from0 to L , see Figure 5.1. In
particular, since the function is strictly increasing, this ensure that the �rst equation of (3.12)
has a unique solution. Also, by the mean value theorem we easily show that

jx1 � x2j � L
eP e � 1

Pe
jwA (x1) � wA (x2)j ; 8 (x1; x2) 2 [0; L ]2: (5.7)

This stability result shows that for close values ofwA (x1) and wA (x2), the arguments x1 and
x2 should be close (sincePe is small).

� If Pe is large, then wA is almost constant equal to1 and sharply increases forx close to � in ,
see Figure 5.1. Once again, the function is strictly increasing so we are ensure that the �rst
equation of (3.12) has a unique solution. Yet, this time, inequality (5.7) shows that although
wA (x1) and wA (x2) might be close,x1 and x2 can be very distant. In other words, recovering
the position sx of the source is not easy and require extremely precise measures, which are
usually not a�ordable.

Remark 5.1. Note that the result for large Pe is coherent with the fact that in absence of di�usion
(that is to say Pe ! + 1 since dxx ! 0), we cannot recover the positionsx . Indeed, in this case
with constant parameters V and D, the solution to (2.1) is given by u(t; x; y ) = u0(x � tVx ; y) where
u0(x; y) = u(T0; x; y) for t � T0, T0 being the time of extinction of the source. Therefore, we cannot
distinguish two source terms shifted in time and space which would lead to the same measurements
since u0(x � tVx ; y) = u0((x � t0Vx ) � (t � t0)Vx ; y). On the contrary, if Pe ! 0, we can easily show
that wA tends to the linear function x

L which is the best situation for solving (3.12) and recoveringsx .
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Figure 5.1. On the left, the function wA (x; y) with a low Péclet number Pe = 1 :2 and
on the right, a higher Péclet number Pe = 12.

The above remarks can be used to determine the maximum distance between� in and � out one can
consider to still be able to identify sx with wA given the velocity V and the di�usion tensor D . For
instance, if we haveVx = 1 , dxx = 1 and we wish to determine the exact positionsx up to a precision
of 10� 1 being able to generate measurements with a precision of10� 5, then L should be small enough
to ensure

eL � 1
1

10� 5 � 10� 1 () eL � 1 + 104

which gives approximatively L � 9:21. In most interesting cases, as we will see, since the Péclet number
will grow will the length L of the river, this adjoint function will in fact not be useful.

5.2. The transverse adjoint function

Now, the purpose is to determine they-component of s. The most favorable situation would be to
have wB (x; y) = wB (y) so that the level sets would be horizontal lines. Yet, we easily show that such
solutions are necessarily constant solutions. The idea then is to look for separate variables solutions
wB (x; y) = � (y)� (x) which leads to

Lemma 5.2. Separate variables solutions to(3.6) in the rectangular domain 
 de�ned by (5.1) are
given by

wk+1 = cos
�

k�
y
h

�
� k (x); k 2 N; (5.8)

where

� k (x) = K 1er 1 (k) x
L + K 2er 2 (k) x

L ;
r1(k) = �

Pe

2
+

q
P2

e + (2 L
h k� )2 dyy

dxx

2
;

r2(k) = �
Pe

2
�

q
P2

e + (2 L
h k� )2 dyy

dxx

2
;

(5.9)

and the constantK 1 and K 2 are determined by the boundary conditions.

Proof. When looking for solutions of the formwB (x; y) = � (y)� (x), we easily get that � (y) = � k (y) =
cos

�
k� y

h

�
, k 2 N, and � k must satis�es

� dxx @2
xx � k � Vx@x � k + dyy ( k�

h )2� k = 0 in ]0; L [;
� k = 1 on f x = Lg;
�@� � k + (1 � � )� k = 0 on f x = 0g:

(5.10)

Solving this second order ODE leads to the expected result.
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Figure 5.2. On the left, the function wB = � 1(x) cos(� y
h ) with a low Péclet number

(Pe = 1 :2) and on the right the same function with a higher Péclet number (Pe = 12).

Remark 5.3. Let us remark that for k = 0 , we recognize equation (5.3) and the �rst adjoint func-
tion wA .

In the expression (5.9), we can observe thatr1(k) � 0 whereasr2(k) < 0 and also jr1(k)j � j r2(k)j.
For k = 1 , the exponential term with r1(1) will �slowly� increase from 0 to L . The idea then is to
choose the parameter� of the boundary condition in order to get K 2 close to0. A simple way to do
so is to take � = 1 so that we impose an homogeneous Neumann condition on� in and we get:

� 1(x) =
r2(1)

er 1 (1) r2(1) � er 2 (1) r1(1)
er 1 (1) x

L �
r1(1)

er 1 (1) r2(1) � er 2 (1) r1(1)
er 2 (1) x

L :

In Figure 5.2, we represent the corresponding adjoint functionwB = � 1(x) cos(� y
h ) for two Péclet

numbers. As we can see, this time the larger the Péclet number is, the better the situation is for
solving (3.12). Indeed, if Pe ! + 1 and L remains constant, simple computations shows that the
function � 1 tends to 1, so that wB tends to cos(� y

h ). This is the opposite situation as for the previous
adjoint function wA ! So, if the advection dominates,wB is a �good� adjoint function to determine sy .

Remark 5.4. Note that one could choose� in the Robin condition on � in to get exactly K 2 = 0 . Yet,
this is possible only because we know the analytical expression of the solution. In the general case,
this will not be possible anymore, this is why we consider here the choice� = 1 that gives always an
approximation of an open domain on� in .

For this particular example, we can easily show

Proposition 5.5 (Identi�ability) . Taking wA = w1 and wB = w2 where wk is de�ned in (5.8), we
uniquely identify the position s solution to (3.12).

Proof. As previously explained, the positionsx of the estimate source is uniquely determined because
wA only depends onx and is monotonous. Then, sincewB (sx ; � ) is also monotonous iny, we uniquely
determine the position sy .

In more general situations, we may wonder if it is worth considering other adjoint functions for
k � 1

wk+1 =
�

r2(k)
er 1 (k) r2(k) � er 2 (k) r1(k)

er 1 (k) x
L �

r1(k)
er 1 (k) r2(k) � er 2 (k) r1(k)

er 2 (k) x
L

�
cos

�
k�

y
h

�
; (5.11)

solutions to (3.6) with gout = cos(k� y
h ) and � = 1 . In fact, this is necessary as soon as the Péclet

number is a bit high and the �rst adjoint function wA = w1 increases too sharply, so it cannot be used
numerically for solving equation (3.12). This will be illustrated in the next section.
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Remark 5.6. Let us remark that if we use (wA ; wB ) = ( w2; w3) for the adjoint functions, we still
have identi�ability in the case of the rectangular river.

5.3. An example of source localization

To conclude on this particular case of a rectangular river, let us show an example of source identi�ca-
tion. We will consider the following parameters:


 = [0 ; 300] m� [0; 100] m; V =

"
0:2

0

#

m:s� 1 and D =

"
3 0

0 3

#

m2:s� 1:

We consider a source at positions = (150; 25) m and the function � is de�ned by

� (t) =
100 sin( �t

180) if t � 180 s;
0 if not :

The synthetic data on � in / � out are recorded during time[0; T] with T = 3000 s at interval � t = 1 s.
In Figure 5.3, we have represented at di�erent time snapshots of the solutionu in 
 on the left, the

estimator û de�ned by (4.12) (using N = 5 and t f = 400 s)7 and the setsSA (t) (in orange), SB (t) (in
purple) and their intersection SA (t) \S B (t) (in red). The estimated source positionŝ(t) = ( x̂s(t); ŷs(t))
is represented by the red cross. The results are presented for three choices of coupled of adjoint
functions. As we can see for smallt no estimate is computed. Indeed, this corresponds to the case
where no (su�ciently enough) pollutant has reached the boundary � out (the data on � in are neglected)
and therefore jB(u; 1; t) + ( û(t; � ); 1)L 2 (
) j is almost null. As t grows, the estimation is performed and
we can see that for the couple of adjoint functions(w2; w3), it converges to the true position (the errors
come from the discretization in space and time (numerical quadrature), and from the fact that the
data are generated on a di�erent mesh from the one use for the adjoint functions and the estimator).
For the two other couples, usingw1 as adjoint function, we see that the algorithm fails to converge. As
explained before, this is due to the fact that in that case, this adjoint function is not adapted because
the Péclet number is too big.

Now, to evaluate the interest of the state estimator, we have represented in Figure 5.4 the evolution
of the error kŝ(t) � skR2 =L (where L = 300 m is the length of the domain and s = (125; 25) m is the
true source position) versus time when using or not the state estimator (not using it corresponds to
take û = 0 ). These results correspond to the case where we take for the adjoint functions(wA ; wB ) =
(w2; w3). As we can see, using the estimator improves the speed of convergence of the method and
therefore allows a faster identi�cation procedure (this is particularly true for N = 1 ). At the end, since
we almost haveû ' u (' 0), the two curves are superposed.Also, we can observe that the number of
modesN has a strong in�uence on the result. In particular, the best situation is obtained when using
only one mode. Note that for this caseN = 1 , we can taket f small since it has no in�uence on the
condition number of G. Let us also underline that the state estimator can deteriorate the estimate of
the source position when the elapsed time is too short (see aroundt = 500 s for N = 5 or N = 7 ). A
simple way to check if the state estimator has a chance to give a good esimate (and is worth to be use)
consists in computing the di�erences betweenû(t; � )j � out and u(t; � )j � out . This leads to the following
criterion:

De�nition 5.7 (Criterion to use the state estimator). We use the state estimator at each timet for
which the following condition is satis�ed:

kû(t; � ) � u(t; � )kL 2 (� out )

ku(t; � )kL 2 (� out )
� 1: (5.12)

7Although in this case we could compute the eigenfunctions of the problem (4.3) analytically, we have computed them
numerically.
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u û w1, w2 w1, w3 w2, w3

Figure 5.3. On the left, the solution of the direct problem at times t 2
f 49; 549; 949; 1169; 1624; 2914gs (from top to bottom). In the second column, the es-
timator û at the same time. In the columns3 to 5, the set SA (t) (in orange), the set
SB (t) (in purple) and the intersection SA (t) \ S B (t) (in red) for di�erent couples of
adjoint functions wA ; wB (from left to right: (wA ; wB ) = ( w1; w2), (wA ; wB ) = ( w1; w3)
and (wA ; wB ) = ( w2; w3)). The estimate of the source position is the red cross and the
green dot is the true position of the source.
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