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Abstract. The Langevin dynamics is a diffusion process extensively used, in particular in molecular dynamics
simulations, to sample Gibbs measures. Some alternatives based on (piecewise deterministic) kinetic velocity jump
processes have gained interest over the last decade. One interest of the latter is the possibility to split forces (at
the continuous-time level), reducing the numerical cost for sampling the trajectory. Motivated by this, a numerical
scheme based on hybrid dynamics combining velocity jumps and Langevin diffusion, numerically more efficient than
their classical Langevin counterparts, has been introduced for computational chemistry in [43]. The present work
is devoted to the numerical analysis of this scheme. Our main results are, first, the exponential ergodicity of the
continuous-time velocity jump Langevin process, second, a Talay—Tubaro expansion of the invariant measure of
the numerical scheme on the torus, showing in particular that the scheme is of weak order 2 in the step-size and,
third, a bound on the quadratic risk of the corresponding practical MCMC estimator (possibly with Richardson
extrapolation). With respect to previous works on the Langevin diffusion, new difficulties arise from the jump
operator, which is non-local.
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1. Motivations and overview

Molecular dynamics (MD) is a popular numerical tool to infer macroscopic properties of matter from
simulations at the microscopic level. In the framework of statistical physics, thermodynamical quan-
tities are seen as average values of certain functions called observables with respect to a probability
measure. The primary objective of MD is to efficiently sample these measures, typically by computing
long trajectories of stochastic processes. Here, we focus on the so-called canonical ensemble, in which
the number of particles, the volume of the system and its temperature are fixed.

Let us consider a system of N interacting particles. Denote by x € X their positions and v €
R3N their velocities, with X = R3Y or X = T3V = R3N /Z3N if periodic boundary conditions are
enforced. Let M = diag(mils,...,myI3) be the mass matrix of the particles, 5 = 1/(kgT) the
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inverse temperature of the system (where kp is the Boltzmann constant), U : R3N — R the potential
energy function encoding the interactions between particles and finally H(z,v) = U(z) + 3v7 Mv the
Hamiltonian of the system, corresponding to its total energy. In the canonical ensemble, the statistical
distribution of microscopic configurations is described by the Boltzmann—Gibbs measure, defined by

dp(x,v) = ZM_I exp(—pH (z,v))dxdv, (1.1)

where Z, = [pon exp(—BH (x,v))dazdv. In most cases, computing macroscopic quantities of the form
E,l¢] analytically or with deterministic numerical quadrature is out of reach, as they are high-
dimensional integrals involving an unknown constant Z,,. Instead, they can be approximated by sim-
ulating a Markov process (X¢, V;);>0 that is ergodic with respect to p, which means that for any ¢ (in
a certain class of functions), almost surely:

/ o(Xs, Vs)ds b / o(z,v)dp(z,v) = Eulp].

A popular process that has this property (under mild conditions on the potential U) is the kinetic
Langevin diffusion, defined as the solution of the following SDE:

dX; = V;dt
dV; = —M'VU(Xy)dt —yM 'V, dt — M~ /2v8-1d B, ,

R?)N

(1.2)

where (Bt)>0 is a standard Brownian motion in and v > 0 is a friction parameter. In practice,
the Langevin diffusion cannot be simulated exactly, leading to discretization splitting schemes such as
BAOAB ]9, 28, 29, 30] where the parts of the dynamics corresponding to the free transport, the forces
and the friction/dissipation are simulated separately.

When simulating the dynamics, the most expensive part is the computation of the forces VU. A
common approach to reduce the cost is to substitute this gradient with a stochastic version, as in the
stochastic gradient descent in optimization (ubiquitous in machine learning [8], see also examples in
MD in [23, 24, 46]), or to treat various parts of the potentials with different time steps (multi-time-step
methods), see [49]. We are interested here in an alternative approach that involves replacing (1.2) with
a hybrid model combining a classical Langevin diffusion and a piecewise deterministic Markov process.
This hybrid model still samples from @ but can be simulated using a numerical splitting scheme that
requires fewer gradient computations per time step.

The idea involves decomposing VU as a sum of vector fields (F;)o<i<x for some K € N, where Fp
denotes the computationally inexpensive component (typically in MD the short-range forces exhibiting
fast variation), while the F; terms, for i > 1, represent long-range forces, which are computationally
more demanding than Fy (as each atom interacts with all others through these forces, unlike the
short-range ones). Then, we define the velocity jump Langevin process (X, V;)i>0 as the Markov
process which follows the Langevin diffusion process associated with the force Fy, with the velocity
V; undergoing additional random jumps at rate \;(x,v) following a jump kernel ¢;(z,v, dv") (both
defined below in (2.3)), that depend on F; in a way that ensures that the equilibrium measure of the
process is indeed the Gibbs measure p.

This process can be simulated with a splitting scheme similar to BAOAB, but with an additional
part arising from the velocity jumps. The simulation of the jump times is based on the thinning
method, see [31, 32]. Suppose that \;(z,v) < A; for 1 < i < K, and denote A = >, \;. A direct
computation on the generator shows that the jumps can be exactly simulated this way: starting from

(:U7 v)’

(1) Draw & a standard exponential random variable, and let T = £/\ be the next jump time
proposal.
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(2) Draw I in [[1, K] such that P(I = i) = \;/\. Propose a jump of type I at time 7T

(3) Accept the jump with probability A;(z,v)/A, in which case the velocity is resampled at time
T according to gr(x,v, dv'), otherwise the velocity at time T' is simply v (there is no jump).

Unlike a traditional numerical scheme for the Langevin diffusion (like BAOAB), where the gradient
VU is computed at every time step, here we only need to evaluate F; when a jump of type ¢ is proposed
(at step 3 above), which does not occur at every time step for every i. However, similarly to BAOAB
and contrary to multi-time-step splitting methods, there is still a unique step-size in the discretization
and no additional parameters to tune: the frequency at which F; is evaluated is random and is adapted
to each force through the bound );. By contrast, when using piecewise deterministic Markov processes
such as the Bouncy Particle (BPS) [10, 36, 45] or Zig-Zag [5] samplers (which can be seen as particular
cases of the velocity jump Langevin diffusion where Fy = 0 and v = 0, so that, between velocity jumps,
the deterministic motion is simply the free transport & = v), thinning is usually employed to sample
exactly the full continuous-time process, without any time-discretization. However, when Fy # 0, this
is only possible when it is a linear function (as in the so-called boomerang sampler [6]), which is not
the case we are interested in. Besides, note that the use of discretization schemes even for piecewise
deterministic Markov processes have recently gained interest [3, 4, 12, 44].

The idea of the hybrid velocity jump Langevin approach was first introduced in [43], in the particular
case where the jump mechanism is the one of the BPS, with a decomposition of the forces based on
long-range pairwise interactions. Later, in [21], a generalized version was introduced in which the
jump mechanism, originally defined in [42], can be seen as an interpolation between the BPS and
the Hamiltonian dynamics, which is shown to be numerically more stable, while preserving dynamical
properties, also of interest in MD.

While [21] presents an implementation of the Langevin velocity jump approach on a molecular
dynamics code and numerical experiments, the present work is devoted to its mathematical study.
We prove a second order weak error expansion d la Talay—Tubaro [48] of the discretization bias on
the invariant measure, see Theorem 2.2. The proof is based on classical weak backward error anal-
ysis arguments [27, 30, 34, 48] and, in particular, crucially relies on the ergodicity properties of the
continuous-time process, which is of interest by itself and is in our case the topic of Theorem 2.1.

By comparison with previous works, the main new difficulties arise from the combination of, first, the
degenerate diffusion feature of the kinetic Langevin diffusion, second, the non-local jump operator and,
third, the necessity to get pointwise bounds on derivatives of the semi-group. Indeed, the exponential
L? convergence estimates obtained for kinetic piecewise deterministic Markov processes in recent
works [1, 42] with the Dolbeault—-Mouhot—Schmeiser modified norm [15] are not sufficient to conduct
the rest of the argument, and neither are the results in V-norm based on Harris theorem [7, 11, 13, 17,
36] or in Wasserstein distances using coupling [14]. We thus have to work with modified Sobolev norms
as originally done in [47], then generalized and applied in numerous works [25, 26, 50, 52]. Thus, one
of our main contributions is that we successfully implemented this method in a case with a non-local
operator (i.e. a non-diffusive Markov process), leading to Theorem 3.1 (which is an important step in
the proof of Theorem 2.1). Although the H! modified norm method has mostly been used for diffusion
processes, it has already been successfully applied to non-diffusive dynamics in [14, 20, 35, 38]; however,
let us emphasize that, contrary to our case, in all these works the dynamics is a contraction of the
Wasserstein 2 distance, from which the exponential decay of the H! norm is clear, and in fact the
computations to prove the decay of the Wasserstein distance and of the gradient part of the H' norm
are essentially the same (as discussed in [35, 39, 41]). In particular, in these cases, to get the decay of
the H' norm, the dissipation of the L? part of the norm is not exploited, which in the general case (i.e.
without a Wasserstein 2 contraction) is a crucial feature of Villani’s method (as in Lemma 3.7 below).
Note that this is possible in our case because, although the process undergoes non-local jumps, it also
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has a diffusive part, from which the L? dissipation is bounded below by a first-order term which would
be the dissipation of the usual Langevin diffusion (cf. the carré du champ operator (3.8)).

A second important difficulty is the design of a suitable Lyapunov function for the velocity jump
Langevin diffusion, given its combination of diffusive, non-local and kinetic features (see Proposi-
tions 3.2 for the continuous-time process and Proposition 4.1 for the numerical scheme). The last
important ingredient for establishing our main result is a finite-time numerical analysis of the dis-
cretization bias, Theorem 4.5, whose proof is close to the proof of Theorem 2.6 of the recent [4] (which
is a similar result for piecewise deterministic samplers).

This work is organized as follows. In Section 2, the process and its splitting scheme are defined,
our main results are stated, and some comments on the method from the applicable angle are given.
Section 3 is devoted to the proof of Theorem 2.1 (the long-time convergence of the continuous-time
process). The weak error result, Theorem 2.2, is proven in Section 4.

2. Setting and main results

2.1. Notations

In all the following, | - | denotes the Euclidean norm and - the standard dot product. In the case of
multi-indices a € N?, we also denote |a| = 3"%; ;. The set of smooth functions with compact support

from R?? to R is denoted C°*(R??). For any operators A and B, we denote [A, B] = AB — BA their
commutator. In the remainder of this work, we will denote by C various constants that may change
from line to line.

2.2. Definitions and assumptions

Fix some smooth potential U € C*(X,R) where either X = R? or X = T for some d > 1. In the case
of particle systems, d = 3IN. For simplicity, in the remainder of this work, we fix § =1, M = I and
consider the following decomposition of the forces. Assuming that U = Uy + Uy with Uy, U1 smooth,
let

Fy = VUQ, F; = &-Ulez-, 1€ Hl,d]] R (2.1)
where (e;)1<i<q stands for the canonical basis of R?. In other words, we decompose VU in a similar
fashion as in the Zig-Zag process:

d
VUl(J}) = Z OiUl(:v)ei .
i=1

Fix a friction parameter v > 0, a jump parameter p € [—1,1) and an activation function ¥ €
C>®(R,R,). The velocity jump Langevin process is defined as the Markov process on X x R? with
infinitesimal generator given by

L=Lyg+Lp+Ly, (2.2)
where for any function h € C° (X X Rd>:

Lih(x,v) =v-Vih(z,v) — VUy(x) - Vyh(z,v) (Hamiltonian dynamics)

Lph(z,v) = —yv - Vyh(z,v) + yAyh(z,v) (friction/dissipation)
d
Lih(xz,v) = Z L4h(z,v) (velocity jumps)
i=1

with

(e, 0) = M@, 0) /Rd (h(z,v") — h(z,v)) @i(@, v, dv'),
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where \;, ¢; satisfy

Ai(z,v) /Rd h(z,v")q;(z, v, dv') = 12pE [h (:1:, Vi> U ((91[]21(96) (’Uz‘ - Vj))] , (2.3)

and where

Vi=poi+J1-p%, Vi=v Vij#i
and & ~ N(0,1) is a one-dimensional standard Gaussian variable. In the definition above, ¢;(x,v, ) is
a probability measure for all (z,v) € X x R?, in other words \;, for all i € [1,d], is obtained by taking

h =1 in the formula above.
We will work under the following set of assumptions on U and W.

Assumption 1.
(1) the Gibbs measure is well defined, i.e. [, e V@ dz < co.
(2) The derivatives of Uy of all order are bounded.

(3) V2Uy as well as its derivatives of all order are bounded, and there exist k > 0 and a compact
set K C X such that for all x ¢ K

—x - VUy(z) < —k|z|?
(4) W has all its derivatives bounded, and for all s € R,
U(s) —¥(—s) =s. (2.4)

Under Assumption 1, it is not difficult to see that the process is well-defined, see [42]. Let (X¢, V4)
be a Markov process with generator £, and let (P;);>0 be the associated semi-group,

Ptf(.’E, ’U) = E(w,v) [f(Xta ‘/t)] )
defined for suitable f : X x R? — R. Define as well the set of admissible functions:
A= {feC(X xRLR)[¥a €N, 3C>0,0<c<1, [9°f] < CelT}.

Let us now introduce a splitting scheme for the process. Starting from (2.2), we further split the
Hamiltonian part as Ly = L4+ Lp where L4 = v-V,, stands for the free transport and Lg = —VUy-V,
for the acceleration. Motivated by the Trotter/Strang formula

el = eslBealicslagtlocslagsliesln | too(tg) , (2.5)
—
given a step-size § > 0, we call BJAOAJB the Markov chain (X,,V,) on X x R? with transition

kernel
Sy b, 8 Sp. bp 8
Q = ezFBe2liealaedloeslacsliesln (2.6)

From the definition of L4, L, L and Lo, we have, for t > 0,
el f (z,v) = f(z,v —tVUy(x)),

ethayf (z,v) = f (x4 tv,v),
e“of (z,v) =E [f(:];, e M+ \/1—67—27%)} with & ~ N(0, 1),
e f (x,v) = E[f(z,Wy)],
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where (W;s)s>0 is a continuous-time Markov chain on R? initialized at Wy = v and with jump rate
A(z,-) and jump kernel ¢(z, -,-) given by
d d
Az, w) =Y Ai(z,w), Az, w)g(z,w, dw') = Xi(z,w)g (z,w, dw') .
i=1 =1

Hence, one transition of the chain (X, V) is given by the succession of steps BJAOAJB, where:

2.3. Main results

Our first main result, established in Section 3, gives point-wise estimates for the exponential long-time
convergence of the semi-group, together with all its derivatives.

Theorem 2.1. Under Assumption 1, for all f € A and all multi-index o € N2, there exist C,q > 0,
b e (0,1), such that for all t > 0, (x,v) € R*?,

0%(Bf — p(f))(z,v)| < CemttebH @), (2.7)

Note that although e?”(#?) grows fast as z and v go to infinity, this term is an optimal prefactor
depending on the initial conditions of the process. When ¢ = 0, the inequality reads [0% f (x,v)—pu(f)| <
CebH @) wwhich corresponds to the assumption f € A, i.e. that f and its derivatives grow at most
exponentially. In particular, the case a = 0 in (2.7) corresponds to the weak convergence of the process
for all test functions in A. In addition, since b < 1, a crucial property of the right-hand side of (2.7)
is that it is u-integrable, which will be used to control the remainder terms in the expansion of the
weak error of the numerical scheme. In addition, ergodicity of the continuous-time process is necessary
to deduce the expansion of the invariant measure of the numerical scheme from the finite-time error
estimates, by letting ¢ go to infinity.

Formally, Equation (2.5) yields that this palindromic form gives rise to a second-order scheme. Our
second main result is that, indeed, the discretization bias on the invariant measure is of order 62. Here
the analysis is restricted to the compact torus, since this is the main case of interest in practice in
MD and otherwise the construction of a Lyapunov function is more intricate for the numerical scheme
than the continuous-time process (as in other cases such as [25]).

Theorem 2.2. In the case X = T¢, under Assumption 1, there exists 6y > 0 such that for all
5 € (0,60], the BJAOAJB chain with transition kernel Q) admits a unique invariant measure ;.
Moreover, for all f € A, there exists cy € R such that

uos(f) = u(f) +ep0” + O (5%).

The proof of this theorem is the topic of Section 4. Along the proof of Theorem 2.2, we have to
prove that the Markov chain with transition @ is ergodic. In fact we prove a more precise statement,
namely that the BJAOAJB chain converges to its equilibrium in V-norm exponentially fast with a
rate which, as should be expected, is linear in the step-size, as we state now. Given V : T¢ x R4 —
[1,00), for f: T? x R* = R and a signed measure p over T¢ x R? we write ||f|lv = ||f/V]|s and
lpellv = sup{p(f), I|fllv < 1}. The next statement is established in Section 4.3.
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Theorem 2.3. Let b € (0,1/2) and V(z,v) = e for (z,v) € T x Re. In the case X = T%, under
Assumption 1, there exist 6g, A\, C' > 0 such that for all § € (0,5, (z,v) € T¢ x RY,
1620 Q™ — wsllv < Ce™ ™V (z,v).

Combining Theorems 2.2 and 2.3, classical arguments then allow to bound the quadratic risk of
an MCMC estimator based on the BJAOAJB chain, possibly with a Richardson extrapolation, as
detailed in Section 4.5:

Corollary 2.4. Let b € (0,1/4) and V(z,v) = ' for (z,v) € T? x R%. In the case X = T?, under
Assumption 1, there exist &g > 0 such that for all f € A with || f||v < oo, there exists C > 0 such that
for allm € N and all § € (0,00), given (X, Vi)nen @ BJAOAJB chain,

1 n

2
1 2
E (|- X;) — < C(6* + =E (2l )
(nkzlf( )~ u() )_c( + o ()
Moreover, if Xn, Vi, Jnen s another independent BJAOAJB chain with step-size 6/2,

v 1 ¢ ’ 6, 1 WVol2 | 26| Vh?
(‘zjlf(Xk)—?me::lf(Xk)— f) )§0(5 +n§E<e +e >)

Here we state a simple bound but it is easily checked in the proof that in fact the dependency in
the initial condition disappears exponentially fast with nd, i.e. in the bounds above, E(e%%'z) can be
replaced by 1+ e_C”‘SIE(e%WU‘Q) for some ¢ > 0, and similarly with Vj.

2.4. Discussion and applications

Decomposition of the forces. Following the construction of the jump mechanism presented in [42],

the velocity jump Langevin process could be defined for any decomposition of VU; into arbitrary vector

fields Fj. In the present work, the choice of decomposing VU; along the canonical basis of R? was

made to avoid singular terms of the form VU;/|VUj| in the hypocoercivity computations. However,

each of the Fj in (2.1) could be further decomposed along the vector e;, and all the results presented

in the previous sections would still hold, as the proofs would lead to exactly the same computations.
To give an example, consider for instance the following classical functional form

U=Uy+ Z |:E2—$J|)

1<i<j<d

where Uy gathers short-range, computationally inexpensive terms, to be treated by the Langevin part
of the process, and Uy = U — Uy is a sum of pairwise long-range terms (for instance, in molecular
dynamics, long-range electrostatic and van der Waals interactions), with g : R — R. Here, the term
“long-range” refers to the fact that we suppose that there exists a cutoff radius r. > 0 such that
g(r) = 0 for all » < 7, which implies that there are no singularities when z; = xz; for any 1, j.
Following the decomposition (2.1), for all i € [1,d], Fi(z) = 3", 0ig(|z; — xj|)e;. We can then define
Fij = 0ig(|x; — xj|)e; (namely the force of the particle j acting on the particle ), and associate a jump
mechanism to each Fj;.

This type of decomposition was used in the implementations of the method for MD applications
presented in [21, 43|, except that the splitting was done at the level of the three-dimensional atoms
instead of individual coordinates.
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Conditions on U. In general, when using piecewise deterministic samplers such as BPS or Zig-
Zag, it is not necessary to assume that VU is bounded: jump times can be sampled with thinning
using a time-inhomogeneous bound (for instance, if V2U is bounded, we can bound |VU (x + tv)| <
|VU ()| +t||V2U ||oo|v|). We could do the same here but this is less convenient because, between jumps,
the process follows a random Langevin diffusion and thus we cannot have an almost sure bound on
VU1 (z¢)|. Regardless, this is not our cases of interest, which are the practical settings of [21, 43] in
MD simulations. In this situation, U has some singular parts (short-range forces) and thus, even if it
is possible in principle to use thinning, it is not efficient. The point made in [21, 43] is precisely that
thinning is efficient for bounded forces, so that in these works VU; only gathers long-range interaction
forces, which vanish at infinity. This is why, in Assumption 1, we assume VU; to be bounded. In our
theoretical study, this condition is used in the proof of Lemma 3.9.

Note however that when X = T¢, the condition on U in Assumption 1 is simply that Uy and Uy are
smooth (taking K = T9).

Choice of U. The condition (2.4) on V¥ is here to ensure the invariance of . The usual choice, used
in the Zig-Zag or BPS samplers, and in the practical implementations in [21, 43] is ¥(s) = max(0, s),
which indeed satisfies (2.4). However, the computations in Sobolev spaces in our proofs require that
the generator has smooth coefficients, which prevents such a ¥. An admissible example is given by
U(s) = alog(exp(s/a) + 1) for any a > 0.

Role of p. In the jump mechanism, the case p = —1 corresponds to the Bouncy Particle Sampler,
namely \;(x,v) = V(9;Ur(x)v;), with deterministic jumps: g;(x,v, dv') = (5 _,,). This version, intro-
duced and implemented in [43] is the most natural one and simplest to implement. Moreover it yields
the least amount of jumps (since A; grows with p), and therefore corresponds to the best computational
speedup.

However, as explored in [21], choosing the BPS as a jump mechanism has also several issues. First,
numerical instabilities may arise in MD applications. Then, although the process samples the Gibbs
measure (1.1), dynamical properties such as diffusion constants are not well preserved. Indeed, a speci-
ficity of MD applications, and contrary to other fields such as Bayesian statistics, is that sampling (1.1)
or its position marginal (with density proportional to e#Y) is not the only objective, and dynamical
properties such as transition times or transport coefficients are also quantities of interest. In MD, the
Langevin diffusion is in fact a model for the time evolution of molecular systems, and it is usually not
possible to replace (1.2) by some other Markov sampler of the Gibbs measure, like the overdamped
Langevin diffusion, Hamiltonian Monte Carlo or random walk Metropolis. Additionally, in that case,
in (1.2), the friction parameter +y is fixed instead of chosen by the user.

That being said, the generalized jump mechanism (2.3), first introduced in [42] as a general class
of kinetic jump processes sampling the Gibbs measure (of which the BPS and Zig-Zag process are
particular cases), was integrated to the velocity jump Langevin approach in [21]. An interesting prop-
erty, proved in [42, Theorem 3.6], is that this process can be tuned to be arbitrarily close to the
Langevin diffusion in terms of stochastic trajectories: when p — 1, the distribution of the velocity
jump Langevin process converges to the Langevin diffusion in the space of cadlag trajectories endowed
with the Skorokhod topology. Therefore, the general expression (2.3) can be seen as an interpolation
between the BPS and Hamiltonian dynamics associated to Uy. As shown numerically in [21], a choice
of p not too far from 1 makes the velocity jump Langevin process more suitable to estimate the dy-
namical statistics, and numerically more stable, with, of course, a trade-off between the accuracy of
these dynamical properties and the numerical cost of the simulation, as would be the case with any
numerical approximation of (1.2). Indeed, as p grows, there are more jumps, therefore more pairwise
interactions to compute.
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In addition, note that in the present work, we take p € [—1,1) as a constant for simplicity, but it
could actually be taken as a function of = or depend on i € [1,d].

Simulation of the jumps. As stated in the introduction, when simulating the jump process with
generator L7, jump times can be sampled by using the thinning procedure, provided that a bound on
the jump rates )\; is available. In our case, since ¥’ and VU; are bounded, for each i € [1,d],

M) = e v (25 )|

: 7
< 7= (200) + 1 oo |V ocEfJes ~ VY1)

<1 (2@(0) B0 ((1 ~ Pl + 2“;”)) = (i)

Note that since this bound depends on |v;|, the value of \; changes after each jump, except if p =
—1, where v; becomes —v; after a jump of type 7. In this case, using the properties of exponential
distributions, the simulation of £; during a time ¢ using thinning is simpler: starting from (x,v),

(1) Draw M ~ Poisson(§Y_; A\i(|vi])), the total number of jump proposals.

(2) For each m € [1, M], draw I, € [1,d] such that P(I,,, = i) = \;/ Z?Zl A, and with probability
A1, /A, change the sign of vy, .

If p > —1, when a jump of type @ occurs, v; becomes
pu; + 1- )0257

where E is a random variable with density proportional to

faw(y) =¥ <aiU21 (@) ((1 — p)vi — \/ﬁ@ﬂ)) eV /2,

It is shown in [42, Section 5.3], and implemented in [21] in the context of the velocity jump Langevin
method, that this random variable can be simulated exactly with rejection sampling, by using either
Gamma, exponential, shifted Rayleigh or Gaussian distributions as proposals, depending on the values
of (z,v).

Complexity of the algorithm. Let us discuss the efficiency of the procedure. In a classical dis-
cretization scheme of the Langevin diffusion, all the d derivatives of U; are computed at each time
step, whereas in the BJAOAJB scheme, there are as many computations of terms J;U; as jump pro-
posals. As we saw, when p = —1, there are in average § z?zl Ai(Jv;]) such proposals per time step.
At equilibrium, the velocity v is distributed according to a standard Gaussian, which implies that on
average,

_ 2
B8] = ¥(0) + 219l

Therefore, for p = —1, we expect the simulation of the velocity jump Langevin using thinning to yield

a computational advantage if
2
0 (‘I’(O) + \/WII‘I"HooHVUlHoo> <1. (2.8)
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When p increases, the average number of jumps increases, and goes to infinity when p — 1, therefore
computational advantage is only to be expected if p is not too close to 1. We provide some numerical
values in the next paragraph in the case of MD simulations.

Application to molecular dynamics. In MD simulations, the inequality (2.8) is easily satisfied
since the commonly used time step is extremely small (§ ~ 107! seconds), a choice imposed by the
fastest vibrational modes of molecular systems. In [21, 43], the part of the interaction potential to be
treated by the jump process is constituted of the long-range electrostatic and van der Waals forces,

namely

12 6
Uiw)= > xlry) (e (”) - (") + 2
1<i<j<N T'ij
where N is the number of the atoms in the system, r;; is the distance between atoms 7 and j, ¢; is
the electric charge of the atom ¢, o and ¢ are parameters of the Lennard—Jones potential, and x is a
smooth switching function such that x(r) = 0 if r < r., with 7. a given cutoff radius.

In a box of water molecules with the classical SPC/Fw model, by choosing . = 7 angstroms as a
cutoff, the bound on the derivatives of U, is of the order of 1072 kcal.mol~!.A~1, and if we consider
U(s) = log(exp(s) + 1), ¥(0) = log(2), ¥ < 1, which implies that (2.8) is largely satisfied, with
§ = 1073ps in standard MD units, the left hand side of (2.8) being of order 1073. We refer to [43,
Section 4.C] for further theoretical discussion on the speedup provided by the procedure in the Bouncy
particle sampler case, when simulating boxes of water molecules.

When p > —1, the average number of jumps increases. However, as shown extensively in [21] on
molecular dynamics simulations, a significant speedup is provided, as long as p is not too close to
1, for several reasons. First, thanks to the extremely small time step, the average number of jump
proposals per time step remains significantly smaller than the total number of pairwise interactions.
Second, the jump procedure is easily parallelizable over all atoms, which make it suitable for parallel
architectures such as GPUs. In particular, jumps on pairwise interactions scale better than certain
many-body interactions such as the Ewald sum appearing the reciprocal electrostatic force (classicaly
used to compute long range electrostatic interactions, see for instance [19]), and replacing a part of
this sum by jumps on pairwise direct electrostatic forces yields a better speedup. Finally, by combining
the jump procedure with classical multi-time-step methods, the intrinsically random nature of jumps
allows to mitigate some well-known resonance issues of multi-time-stepping, which allows to choose
a slightly larger time step. In [21], the choice p = 0 seems to provide a good compromise between
speedup and preservation of dynamical properties, leading for instance to a total acceleration of 19.3 %
in simulation speed compared to a state-of-art multi-time-step discretization of Langevin dynamics
for a system of 96000 water molecules.

Numerical illustrations. Let us give a numerical illustration of the algorithm with various param-
eters in the case of two-dimensional Gaussian distributions. We take d = 2,

2 2
e+ 11y
Ul,y) = ——5—
and consider the following splitting
2 2
e ]
UO(.’E,y) = 2 ) Ul(.%,l/) :5y27

which means that the Langevin dynamics L + Lp samples the standard Gaussian distribution, while
the jumps £ bring asymmetry to the process. We fix a time step (0 = 0.01) and a time of simulation
(n = 10* time steps) and show in Figure 2.1 how the jump parameter p and the friction + influence the
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trajectories. When the friction is very small (in Figure 2.1 (a) and (b)), the Langevin part resembles
the Hamiltonian dynamics associated to Uy. In that case, if p is close to 1, the process is close to the
Hamiltonian dynamics sampling U. If p = —1, the jump process corresponds to the BPS, there are
fewer jumps, but there are more visible since they tend to change the direction of the trajectory to bring
asymmetry. When the friction is high (in Figure 2.1 (e) and (f)), as expected, both trajectories (with
either p = 1 or p close to 1) resemble an overdamped Langevin diffusion process. The intermediate
case (in Figure 2.1 (c) and (d)) correspond to a mix between those extreme situations, with noisy but
ballistic dynamics.

For a thorough empirical study of the efficiency of the algorithm on MD applications, we refer to
the previous [43] (restricted to the case p = —1) or the companion paper [21] in the general case.

3. Geometric ergodicity

This section is devoted to the proof of Theorem 2.1, which relies on hypocoercive computations a la
Villani in Sobolev spaces. We only consider the case X = R¢, the proof being easily adapted and
simpler in the compact periodic case.

3.1. Proof of Theorem 2.1

In this section, we give the key steps of the proof, postponing the proofs of the main intermediary
results to the rest of Section 3.

Step 1. Sobolev hypocoercivity. Fix k € N and define the Sobolev space of order k by

H*(u) = {f : R* — R measurable, || f||% := Z / VLV 2 du < oo} ,
z—i—jgk R2d
where we denoted
VivifP= Y lamaiP.
a1 |=i;|az|=j
We will first establish the exponential convergence of P; to p in H*. The velocity jump Langevin
process is hypocoercive, in the sense that the generator of this process does not satisfy

2 k
<f7£f>Hk§_prHHka VfGH ;
for any p > 0, but such that there exists a norm equivalent to || - || = such that the previous inequality

holds. To prove exponential convergence to equilibrium, following [25, 26, 52|, for f € H*(u), we
introduce

k p—1
— 2 .
D)= [ far X ] (;:O: iy

where (wjp)pen,1<i<p are positive numbers, which is equivalent to ”f”qu We refer to N, as the
modified Sobolev norm (although strictly speaking it is the square of a norm). With computations
similar to [47] (although rather presented in terms of Gamma calculus as in [37]), and proceeding by
induction in &, our goal is to design (wjp)pen,1<i<p in such a way that, at least informally,

OeNi (Prf — pu(f)) < —pulNi (Pef — p(f)),

for all f € H* for some p; > 0. To make rigorous this argument, instead of justifying the time
differentiation, we will rely on Lumer—Phillips theorem [51, Chapter IX, p. 250], see in Section 3.5.
This leads to the following:

VeV 1P+ wppl (VE — Vﬁ_lvv)fz) dp, (3.1)
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Theorem 3.1. There exist positive (w;p)peni<i<p and (px)ren+= such that for all k € N*, f € HE ()
and t >0,

Ni(Pof — u(f)) < e P Np(f — u(f)) -

This is proven below (from Section 3.2 to Section 3.5).

Thanks to Sobolev embeddings, this already gives a result similar to Theorem 2.1 except that in
the right-hand-side of (2.7), b = 1. This would not be enough for establishing Theorem 2.2 since e’ is
not integrable with respect to u, from which it cannot be a Lyapunov function for F;, and then neither
for the BJAOAJB chain. Hence, we wouldn’t be able to control the expectation of the discretization
bias in the proof of Theorem 2.2.

Step 2. Lyapunov function and re-weighted Sobolev norms. To solve this issue, we will work
with a particular weighted Sobolev norms. The weight V}, : R?¢ — R is defined, for any a,b > 0, by

2 T-v
Vp(x,v) = exp (b <U0( )+ |2| - a\/W)) . (3.2)

We show in Section 3.6 that it is a Lyapunov function for £*, the adjoint operator of £ in L?(u)
(which is computed in Proposition 3.5):

Proposition 3.2. There exist a > 0,by € (0,1) such that for all b € (0,bg), there exist n > 0,C > 0
such that
LVy < —nVy+ C.

Combining Theorem 3.1 and Proposition 3.2, following computations as in the proof of Theorem 3.1
with a modified norm similar to (3.1) but with the additional weight V},, we end up with the following:

Proposition 3.3. For all « € N?? and all f € A, there exist b€ (0,1),17>0,C > 0 such that for allt >0,
[ 07 (R = )PV < Ce

The proof is postponed to Section 3.6.

Step 3. Conclusion. Using Step 1 and 2, we prove Theorem 2.1:

Proof of Theorem 2.1. Let f € Aand a € N?¢, Without loss of generality we assume that u(f) = 0.
Let b’ € (0,1) such that the result of Proposition 3.3 holds for Vj, i.e.

[0 PPV < Ce,

R

for all v < «, and let b € (0,1) and € > 0 such that b’ > 1 — (1 — £)b. We then have
/ ’aa Pfe bH ’2<CZ/ ‘6”Pf‘ ’8(1 v —bH’2

v<a

<cz/ 16" P, f|2e~ (=90

v<a

:CZ/ |aqu|2 —(1— E)bHd/.L

<CZ/ 0¥ Puf2Viy dp

v<a
<Ce ",
for some p > 0. We conclude with Sobolev embedding. ]
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3.2. Preliminary: Gamma calculus

The proof of Theorem 3.1 relies on an induction argument and Gamma calculus, as presented in [37],
which in our case is simply a convenient way to compute time derivatives of quantities of the form (3.1)
along the semi-group. Fix some smooth ¢ : C°(R?%) — C*(R??) and L € {Ly, Ly, Lp}. Define the

generalized carré du champ for all h € C2°(R??) by
1
Lro(h) = 5 (L(¢(h)) — Dpg(h)Lh), (3.3)

where Dj,¢ denotes the differential operator of ¢. When ¢(h) = h? we retrieve the usual carré du champ,
which is simply denoted by I'y,. Formally, using that [ Lhdu = 0 for any suitable h by invariance of u
(which will be proven in Section 3.3), we have:

k p—1
O Nk(Pof — p(f)) = —/RM L(Pf)dp — Z/de (Z wipLip(PLf) +wp,pr,p(Ptf)> dp,  (3.4)
p=1 =0

where, for i < p,
Lip(h) =) grgrip(h) and Tpp(h) =T ) on grigy2(h).-
If we could show that for all h € C°(R??)

k p—1
/de I'(h)dp + Z /]R?d (Z wiplip(h) + Wp,prp,p(h)) dp > ppNi(h — u(h)),
p=1 =0

for some pg > 0, then Theorem 3.1 would follow, at least informally, in the sense that we haven’t
justified the time derivatives in (3.4). We will actually prove a slightly stronger result (see Proposi-
tion 3.12 below) for the sake of the induction argument. Recall from [37] the proposition that allows
for the computations of this generalized carré du champ (the proof is straightforward).

Proposition 3.4. If there exists A = (Aq,...,Ap) : C® — (C®)P a linear operator such that ¢(h) =
|AR|?, then
I'pg(h) =Tr(Ah) + Ah - [L, Alh,

where T, (Ah) =3P | Tr(Aih) and [L, A] = ([L, A1],...,[L, Ap)).

In the remainder of this work, we will denote I" for I';,. For all ¢, 5,4, j' such that ¢ +j =i’ + 5/, the
scalar product here has to be understood as

ViVih-ViVIh= 3 3 3 (991092 h) (921t 99 h) .
ot [=1 |ova|=5" |v|=1"—i

In order to justify the discussion above, we will start by proving that the Gibbs measure is indeed

invariant for the velocity jump Langevin process in Section 3.3. Section 3.4 will treat the case k =1

which is the initialization of the induction argument. Section 3.5 will present the proof of convergence
in H* space, namely Theorem 3.1. Finally, Propositions 3.2 and 3.3 will be proved in Section 3.6.

3.3. Invariance of u

The use of the velocity jump process for the sampling of u, as well as the use of hypocoercivity method
rely on the fact that p is indeed an invariant measure of velocity jump Langevin process. Let us prove
this property by computing the adjoint of £ in L?(u), denoted as L£*.
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Proposition 3.5. Under Assumption 1, for all h € C°(R??):

2 O : Uy
L'h = =0 Vo VU - Voh =30 Voh+ 1A+ 1= 3 E [(h(., Vi) — h)U (aQUl (Vi — v,-))} |
=1

Proof. Let g,h € C°(R??). By integrating by parts, we get
/ gLphdy = ZM_I/ g(v-Vyh —VUj- Vvh)e_U(f”)e_‘“'2/2 dzdv
R2d R2d
= —2;1 hv - Vm(ge_U(””))e_‘”F/2 dzdv
R2d
+ Z;l/ hV, - (g€_|v|2/QVU0(CL'))6_U($) dzdv
R2d
= —/ hv - Vggdu +/ ghv - VU (x)dp
R2d R2d
+/ hVUy(x) - Vygdp 7/ ghv - VUy(x)dp
R2d R2d

= /2d h(—v Va9 + VUy-Vyg)du + /2d ghv - VU dp .
R R
We also have
/ gLphdy = Z;Zl/ g(=yv - Voh + yAyh)e V@ e 1P/2 4z dy
R2d R2d

= 72;1 </ gvv(e_‘”‘2/2) - Vohe V@) dzdo —i—/ hAU(ge_‘”‘Qm)e_U(x) dxdv)
R2d R2d
= fyZ;l (/ Vv(ge*‘”‘Q/Q) - Vohe V@ dzdo — / Vg - Vvhfo(I)(f'”‘Q/2 dxdy)
R2d R2d
+ 72;1 / hAv(ge_|”|2/2)e_U(x) dzdv
R2d

:_,y/ va-Vvhdu:/ hLpgdu .
R2d R2d

For the jump part, denote ko(x,v,-) the law of the random variable V?. Then kg is reversible with
respect to the standard Gaussian measure, in the sense that for all z € R%,

ko(z, v, dv’)e_|”|2/2 dv = ko(z, v, dv)e_‘”/w2 dv'. (3.5)
Indeed, since V]z = wv; for j # 7 and

Vi = puit /1= 0%,

the coordinates of V? are independent and each transition vj = VJZ is reversible for the standard
one-dimensional Gaussian. Using this reversibility, and the fact that W(s) — ¥(—s) = s, we get that

[T i [y [0t v = naow (2B - v )| an

- ﬁp é /R _hE {(g(x, Vi) —g)w (— aiUé(x) (v - W)ﬂ

i L o () 0 ()
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1 & ;
-1, p;/ﬂw gho;UE [(Ui —V;;)} dp

de:/ WE (g, Vi) — g (=28 — vy —/ - VU d
=T e B 9 5 (i = Vi og 910 VULdp.
Therefore, by summing the three terms, we get the result. [ |

Corollary 3.6. Under Assumption 1, for all h € C°(R??),

o Lhp = 0.

Proof. This is a direct consequence of the fact that £*1 = 0 (although the constant function 1 is not
compactly supported, the computations of Proposition 3.5 clearly works when g = 1). |

3.4. Exponential decay in H!

In this section, we prove convergence of the process in H'(u), which is the initialization step of the
induction argument to prove Theorem 3.1. The modified Sobolev norm here reads

Ni(h) :/ h2du+/ w0t | Voh|? + wia | (Ve — Vo)h[2dp,
R2d R2d

and Equation (3.4) can be written:

ONPS — (1) == [ TN~ [ @oaloa(Pf) +wriT1a(Af)) dp.

The goal of this section is to prove the following which, in view of (3.4), implies an exponential decay
in H' as it bounds the norm N in terms of its dissipation along the semi-group.

Lemma 3.7. Under Assumption 1, there exist wo 1,w1,1,p1 such that for all h € C°(R2%) satisfying
p(h) = 0:

/ F(h)du+/ (wo.1T0.1(h) + wi1T11(R)) du > py <N1(h)+/ ]vavhyzﬂvghﬁdu).
]R2d ]R2d RQd

The terms of order 2 in the right hand side are present to compensate future terms in the induction,
but are not required for the convergence in H'(x). This convergence relies on the so-called Poincare
inequality.

Proposition 3.8. Under Assumption 1, the Gibbs measure (1.1) satisfies a Poincaré inequality: there
exists Cp > 0 such that

/ (h— p(h))? du < Cp / Vh|?dp. (3.6)
de de
for all h € C°(R?%).

Proof. Proof of such inequality can be found in [2]. [ |
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In order to apply Proposition 3.4, we need to express the commutators. For the Hamiltonian part
we get:
[‘CHa V:E] = VQUOVQM [‘CH) VU] = _vx

For the diffusion part we get:
[£p, V] =0,  [Lp,Vy] =7V,.
Regarding the jump part, we have the following.
Lemma 3.9. Under Assumption 1, there exists C > 0 such that for all h € C*(R?%):

Lo WachPans [ 90 cmPap<c ([ wnPanr [ 92Pan).
R2d R2d R2d R2d
To prove Lemma 3.9, we need two intermediate results:

Lemma 3.10. For any function h € C°(R??) and any = € RY,

/ [o]*1? (2, v)e "2 dv < 2d / W2z, v)e P24 + 4 / Voh(z,v)2e P2 dv.
R4 R4 Rd

Proof. This is a particular case of the Lemma A.24 of [50]. Notice that ve[*"/2 = —Ve~*/2_ Hence,
an integration by parts and Young’s inequality yield, for any =,

[ P oe P = = [ 80 Vet 2 ay
R4 Rd
= V. (h2(m,v)v)e_|”‘2/2 dv
Rd

=d h2(x,v)e_|”|2/2 dv +/ 2h(x,v)Vh(z,v) - ve~1P1?/2 qp
R4 Rd

<d | hz,v)e P du+ / 2|Vh(z, v)[e "2 do
R4 Rd

1
+ f/ \v[2h2(x,v)ef|”‘2/2 dv,
2 Jrd
and thus the result. ]

Proposition 3.11 (Poincaré for Gaussians). For any function h € C°(RY),

1 2 2 2 2
- —lyl*/2 —lz]?/2 2= |=?/2
/Rd (h(:v) ) g h(y)e dy) e dz < /]Rd |Vh(x)|e dz. (3.7)
Proof. Proof of such inequality can be found in [2]. n

Proof of Lemma 3.9. We have

d d
Vo Lolh =Y (Vo Lilh = - 3 E [(w — V) (h(x, V) — W)V (3U1

(v; — V;i))] Vo,Uy ,
i=1 L=p i=1 2

and
d
. oU . . oU- .
Vo, Lsh =Y E [&Ul(h(x, Vi) — )W <21(v,- - W)) — 20y, h(z, V)T (21(7% - W))] €.
i=1
Using the fact that U/, VU; and V2U; are bounded, there exists a constant C' > 0 such that

d
[V, L]0 < C Y E[(vi = Vi) (h(x, V*) = h)?],

=1
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and
d
Vo, LsR)> < C Y E[(h(z, V') = h)? + (9, h(z, VH))*(1 + (v; — V)]
=1

Recall from (3.5) that the law of the random variable V' is reversible with respect to the standard
Gaussian measure. Therefore,

/de E {(1 + (v = Vi) (9uh(a, Vi)ﬂ dp = /Rm(avih)? (1+E [0 = V)?]) du
< [ @uh? (24 42) dn

< 4/ (8uh)? + (02.1)?) dp.
where we used Lemma 3.10 with d = 1 in the last inequality. By denoting II,, the projection
_wi2/2 dw’L ’

1
I, h(z,v) = \/%/Rh(x’vl’ e Vi1 Wiy Vi 1y v+, UG)E

we also have
/de E [(1 + (vi = Vi) (h(z, V") — h)ﬂ du

<2 [ B[+ (- V(b V) = TP + (b~ Tk d

<4 (1+E (v = V{)?]) (h = T, h) dp

< 4/ (2 4+ v2)(h — L, h)2dp
R2d

<16 | (h—T,h)*du + 16/ (Dp,h)? dpt,
R2d R2d

where we used again Lemma 3.10 with d = 1 in the last inequality. The Poincaré inequality (3.7) can

be written

/R%(h —1II,,h)%dp < /de |0y, h|% dps
and thus
L B0+ = v v =] du<s [ @.h)2
Therefore, there exists C > 0 such that

d
2 2 2 _ 2 2112
/RM\[V,zJ]hy du < C;:lj /Rw((awh) + |V, h| )dM—C’</RQdWUh] du—i—/R2d IV2h| d,u),

which concludes the proof. |

We now have everything to prove Lemma 3.7.

Proof of Lemma 3.7. Fix wp1 > wi,;1 > 0 that we are going to chose later. Let’s first treat the
derivative of the L2 norm. For all h € C*(R??), (z,v) € R??, we have

d
L'(h)(z,v) = 2v|Voh(z,v)|* + Z iz, v) /Rd(h(a:,v') — h(z,v))q(z,v, dv') . (3.8)
i=1

This already implies that
T'(h) > 29|V,h[*.
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To get a lower bound on I'g 1 (k) and I'y 1 (h), we use Proposition 3.4. Equation (3.8) yields:
L(Voh) > 29|V3h2, T((Va = Vo)h) > 29|(VaVe = V)P,
so that using wp 1 > w11 and Young inequality:
worT(Voh) + wi 1 T((Ve — Vo)) > 2v(wor — wi1)|V2A[? 4+ w11 (fy\V%h\Q + 27/3]vavh]2> .

Let us now look at the commutators. Fix € > 0 and write using Young inequality and Lemma 3.9:

Lo Voh (£ Vuhdn = [ Fuh (=Vah 3V, + [£5,Tuh) di
R2d RQd

1 2, & 2, & 2 2712
> —/RM (5 +1> [Voh[* + 5(Va = Vo) h|* + 2O(|vvh| du + |V2h) ) du,

for some C > 0. Using again Young inequality and Lemma 3.9, we get that there exists C' > 0 such
that:

/ (Ve =Vo)h-[L,V, =V, |hdp
R2d
= /W(Vx —Vy)h- (V2U0Vvh +Voh —AVoh + Ly, Ve — Vv]h) du

1 2 2 2712
> [, 51V = Vo = C (I9uhf + V3R .

Now all is left to do is to choose €, wp 1 and w; ;. We choose them such that

2y — C 2 1 C
w1’1< il ° 5<mim<w1’1 7), Cw1,1+w0,1<6+1+ €>§7

wo1 ~ 2y+C’ 2wp1’ C 2
so that

/ L(h)dp +/ (wo,1T0,1(R) + w111 ,1(R)) dp
R2d R2d
2
= /de NV + 22 (Ve = VB + w11y (Iv3h|2 + 3vavh\2) dp

> [ w0alVohl? + w1al(Va = Vo)hf? + [V Vohl2 + V3R di,
R

for some p; > 0. Since we consider h such that u(h) = 0, the Poincaré inequality (3.6) yields that
there exists p; > 0 such that

p / L w0t [Voh|? +wi1|(Ve = Vo)h[* + [Va Voh|* + [ ViR dp
R

> 1 (M(h) AN |v3h|2du) ,

which concludes the proof. [ |

3.5. Exponential decay in H*

Recall that we defined the modified Sobolev norm as

1=

k p—1
Ni(h) = / Rdp+y / ( wi,prv;vz-lh\%wp,puvz—vgz-lvv)hr?) du.
RQd p:1 R2d 0

In order to control its derivative (3.4), we prove by induction on k the following lemma, generalizing
Lemma 3.7.
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Proposition 3.12. Under Assumption 1, there exist (w;p)i1<i<p such that for all k € N, there exists
pr > 0 such that for all h € C°(R*,R) with u(h) = 0:

k p—1
/R% L'(h) dMWLpZ:I/RQd (Z{:} Wi,pFi,p(h) +Wp,pr‘p,p(h)) dp

k
> Pk (Nk(h) + /de Z ]V;Vﬁ+1_lh|2du> . (3.9)
i=0

To prove this lemma, we will need formulas for partial derivatives of products, provided by the
Leibniz formula

Proposition 3.13. For all g,h € C° and oy, s € N,

831 632 (gh) - Z (Oél) <a2> (851611 8529)(890;171/1 834271/2 h)

r<ai,ra<ag i V2

where for a = (ai,...,0q) and v = (v1,...,Vq),
v _i=l vi )’

v<a <=Vie[l,d,v <.

and

For any o € N¢ we will also denote |a| = Zle ;. Let us look at the commutators. As in the H!
case, we will look separately the parts associated to the Hamiltonian dynamic Ly, the diffusion Lp
and the jump process L.

Lemma 3.14 (Hamiltonian commutators). Let i € [0, k]. There exists C > 0 such that the following
holds. If i < k, we have

i—1
ViVEH T L, ViV T 2 VLV R - O (IVTV&—%F +> lvzgwﬂ‘ihﬁ) |
§=0
In the case i =k, for allm > 0, we have

1 k—1 ‘
VAV b - [Lr, VEV, A > —gw’;ﬂ — VAV B2 - C (1 + n) IVEV h> = C Y |VIVERP.
j=0

Finally, we have

1 k ) k—1 )
(Vi = VeV [La, Vi = VeVilh > S(V5 T = VEVL)AP - C (Z CAAEDY |vzcv;‘ihl2) :

§=0 =0
Proof. For all a1, as € N? with |oy| =4 and |ag| = k + 1 — i, where as = (a2, ..., a2,4), write
J
a2 = (01271, ey Oé27j,1, 0427]' — ]_7 0127j+1, . ,Oég,d),
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and we have
d

01052 Ligh =y 9305 (0300, h — 0;Undu;h)

—

S,

Il
M&

002 (00210, h) — D (D;U0 02Dy, 1)

( aV2( )02 0 h— Y <O‘1>aglaonagl—Vlagmvjh)
V1
1 \e<asg v1<ag

ri<ag

<.
Il
-

I
M&

J

|
M&

<.
I
-

Therefore,

d )
a1 Qo a1 v ] —U1 Qo o feY
[‘CH)axlavz}h = Z ( Z <y1>8$18jU081‘1 16U28”jh - azyjavzaxlaxjh) :

J=1 \v1<ai;v1#0
Using the bound on the derivatives of Up, this yields that there exists a C' > 0 such that

i—1
VEVE i (L VIV > —|VLVET i - o (wzflvﬁ—lhi? +3 rvgvﬁ“—lm?) .
§=0
If ¢ = k, then for any n > 0, using the Young inequality

S (020°2h) (a2 02000, h) = 3 (0210, h) (0% Oy, h)

lot|=kslaa |=1 o | =k
je[1.d] j€[1.d]
= Y (95105,h) (05 0, — 0310y, + 01Oy, )
o [=k
JE[1.d]

2
< (1 + 77) VAV h|% + gw’;ﬂ — ViV, )h2.

which again implies that

1 k—1 )
VAV b - (L, VEV A > —C (1 + n> IVEV,h)? — gy(v’;“ — VEV )R = C Y [VIVER?.

7=0
Similarly, for 8 a multi-index such that |3| = k and i € [1,d],
d
[Lr1,0500, — 050,,)h =000, +> > (5 ) 0”0, jUgd5 " 0y, h
j=1v<p
’ B
+ Z > ( )avaonafvaxiavjh -3 ( )(avaon)(afyawaw h),
J=1uv<pB j=1v<p \Y
v#£0 v#0

and thus, by applying Young inequality,
(Vi = VeV )h - [La, VETT = ViV, IR

1 k—1

5\(v’f“ VEV,)h|? - (Zwﬂv W2+ |wv2h|2)
Jj=0 J=0

which concludes the proof.
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Regarding the diffusion part, we have
Lemma 3.15. Fori € [0, k],
VeVt (Lo, VEVET T h = y(k + 1 —4)| Ve Va2,
and there exists C' > 0 such that
(VETL = VAV ) - [Lp, VE = VEV,h > — é (V2 = VaVu)h|* = CIVa V[,
Proof. We have, for all aq, s 6 N¢,

09t 02 Lph(x,v) = —7280‘2 (v;05" Oy, h) +728"‘18a2 82 h)

j=1 j=1
:—VZUJ(?”B(“@ h — vzagjav 0310y h+728a180‘2 82 h).
Jj=1 Jj=1 j=1
Therefore, if |a1| = ¢ and |ag| = k + 1 — 4, we have
d
(L0, 02 027z, v) = 7> a2 08200 h = (k + 1 — )0 92,
j=1

and
VeV T [Lp, VEVET TR = y(k + 1= 0)|[ VLV R
Similarly, for all 3 € N? and 4 € [1,d],

(820, — 928,,)Lph(x,v) = —'yZUzﬁ axﬁvjh—I—vZ@vl v;020,,h)
7=1 j=1

+ v Z aﬁamlag h—~ Z aﬁavlag

d
= =7 ;05 05,00, + Z 000,050y, h + 7050y, h
j=1 j—l
+v Z 07 0r,O2h — Z 00,0
Therefore,
(LD, 820, — 028,,|h(x,v) = 402y, h,
and finally, by applying Young inequality, we get
(VAT — VAV )L [Lp, VET = VIV Jh =y Y (950,, — 050,,)h050,,h
|8 =k
JElLd]
>~ L(VEF — VAV R — CIVEV, AP,

for some C > 0.

Finally, let us look at the jump part.
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Lemma 3.16. For all k € N, there exists C > 0 such that fori € [0,k] and € > 0,

VLV (L, VEVET T hdp

R2d
1 . . ) ) .
> _7/ yv;v’;“*zm?du—cf;/ S [VIVLAR + [VIVERZi2 | dp.
g JR2d R2d <
l<lg+1 —j
and
/R (VA OV h) - [, VAT - VAV, Jhdp
1 . -
> _ +1 _ ok 2 _ / ix77 712 / kw272
>~ R2d|(vm VhV, )h[2dp - C » ; VViREda+ | VYR d
j<k+1—i

To prove this Lemma, we need a generalization of Proposition 3.10:

Lemma 3.17. Let n € N*. There exists C > 0 such that for any h € C°(R),
/ v2”h2(v)e_”2/2 dv < CZ/(h(k)(v))Qe_”2/2dv.
R P

Proof. We prove the inequality by induction on n. The case n = 1 corresponds to Lemma 3.10.
Suppose that the inequality holds for some n € N*. Then

/v2”+2h2(v)e_”2/2dvz/UQn(vh(U))2e_”2/2dv
R R
<Y [ (wh(o) e 2
k=0"R
= CZ / (kh*=D 4 pp()2e=v*/2 gy

< 022/ D)2 4 p2(hM)2)e /2 4o

<20n22/ e /de+402/ (b (v))2e™*/2 du

n+1

+8C Z / )2e "2 dv
n+1
< CZ/ (hk))2e=* 2 o,
and hence it holds for n + 1. [ |

Proof of Lemma 3.16. For all 4,j € [1,d],
Oy, (, V) = (0,e; + (p— De;lj—i), Oz, (, VY = (e;,0), 0%0%z,V)=0 V |[v|+]|a]>2.
As a consequence, for any v, s € N¢, we have

07 02 (h(w, V")) = p* (9 Oy h) (x, V).
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For all i € [1,d],

a; 12 Z2 (Ui - ‘/7) = T@”&Ul .
This yields that the only non-vanishing derivatives of \I/(%(vi — V%)) are of the type 030F ¥(
V). For k€ Nand o € N?, we have:

. ) ) ) 1— k
0,V (aZQUI(Uz' - Vf)) = o <6Z2U1(Ui - W)) (2'0) (0:Un)",

(i~ Vi) = oo " o,

81‘2[]1 (Ui _

and

orohw (P w =) = (50) X

v<«

(‘j) o™ (B - v o2 @i )

Therefore, using that ¥(s) < ¢+ [s| for some ¢ > 0, and that ¥’ and 9;U; and their derivatives of all
order are bounded, we get that for all £ € N and o € N? there exists C' > 0 such that:

05 0, ¥ (&'Ul (vi — Vf))' <C (1 + v — v;|la\+k) .

Thus, for o € N, we have

- 1fpﬂ«: [(6‘%(35, Vi) — 9%h)W (a"QUl (vi — Vf))]
— 13/} > (S)E[(&”(h(m, V) — 87 h)oY (g, (aiQU (v — Vi)))]
2 [0 V) - oot Ve (B - ) )]

=53 (C)e[(eorneyy - ony o (w (- w) )

2
As a consequence, there exists a C' > 0 such that

0%, £5]h[?
v<ao

<C (E[(@O‘h(x, VIR fos = VI + Y E[(0"h(z, VY) = 0" h)*(1 + [v; — v;|2a—vl)}) .

As in the H'! case, the integrals with respect to u of the previous expectations can be bounded using
the reversibility of the law of V* with respect to the Gaussian measure, as well as Lemma 3.17. For
any n € N*,

Ellv; — Vi [*"] = E[|(1 = p)vi + /1 = p%[*"] < C(1 + |ui*").
Therefore, using (3.5) and Lemma 3.17, for all v € N2 and n € N:

[ Ellvs = VoG, VORI du = [ | (0" h)Eljus = Vi
R2d R2d

2n Yh|2 k qui (2
<0 [, ()i d“gcg‘;/m 100, 0" h" dp
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Putting everything together, we get that for all o € N?¢, there is C' > 0 such that

o]
fe% ) 2 ap\2 k quri\2
/de\[a LHRPdp < C (/Rw(ama B2+ Y S /Rm(avia h) d,u).

v<a k=0
For any ¢ € [0, k] and € > 0, Young inequality yields

ViVEH=ip (£, VEVEH =T hdy

R2d
1 . . . . .
> —— / IVoVe T hPdu - Ce / Yo IVIVLRP + VLI TR | du
€ JRr2d R2d <
I<k+1—j

To treat the term with derivative VAT — V¥V, write for o € N¢
a i _ 2 « v i v a—v 81U1 ) i
8. L=, <V>IE [(&rh(a:,V ) — OLh) 08 (qf ( 5 (vi Vi )))] :

so that no derivatives of order k + 2 appear, nor derivatives of the form V:’fs“, and we have

la—v|

Lo loecopan<c [ S5 @hernia

v<a k=0
Hence, the only derivatives of order k 4 2 that appear in [L, V’;‘H — Vﬁvv]h come from the term
(L, Vﬁvv]h that we treated above. Using Young inequality, we get

/ (VETE = VIV h) - [£5, V5T = ViV hdu
R

1 k+1 k 2 Qi |2 ko2 (2
> =2 [V == | [ AL L IVEnE |
7
j<k+1—i
which concludes the proof. ]

Combining all the commutator terms, we get that for i € [0,k — 1] there exists C' > 0 such that for
all € > 0 small enough,

ViV T 1L, VEVE T T hdp
R2d
C . . . . izl . .
e A TR el Bl sh L TR e) B N A
I R2d R2d j:O R2d

. il 1,12 i gk+2—i7 |2
C’e/RM J; |VIVLR2 + | VEVER2=iR12 | dp,
I<k+1—j
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as well as

VEV b - (£, VEV, hdp

RQd
11 n kol ,
>0 (Z4 ) [ IVEVaP =T [ 95 - ViR - O Y [ VIV du
e n/) Jrd 8 Jr2d = R2d
~Ce [ X (VAVLAE + IVAVERR | du.
R2d i<k
I<k+1—j
and finally
/RMWQ’Z“ — ViVyh) - [£, Vi — ViV, hdp
1 k1 vk 25 i i |2
> 1 [ IVE = VAP du = [ > IV
j<k+1—i

k k
—C/ VIV L2+ S VIv2a? | du.
. (Zor EACTY

Thanks to those expressions, we are now able to prove Proposition 3.12.

Proof of Proposition 3.12.. The fact that inequality (3.9) holds for & = 1 is proven in Lemma 3.7.
Let k € N* and suppose that inequality (3.9) holds for such k£ and some p, > 0 and w;, > 0,
0 <i<p<k Fix some w; 41 > 0,0 <4< k+1, >0 small enough so that the previous formulas
for the commutators hold, and choose 7 = w41 j+1/Wk k+1. By assumption we have

k+1 p—1
L'(h)dp + Z /R?d (Z wiplip(h) + Wp,pr,p(h)) du
p=1

2d
R i=0

k k
> Pk (Nk(h) + /]R?d > |V§:V5+1_Zh|2dﬂ> + /de (Z Wi k105 k41 (h) +wk+1,k+1fk+1,k+1(h)> du.
=0 1=0

By using Proposition 3.4, the bounds on the commutators and the fact that
L(V,Vih) = 29|V, Vi hf?,
L((V5H = VEVo)h) 2 29|(V3 V0 = VEVORI® 2 4|V Voh|? = 29| VEVERP,
the term or order k + 2 are bounded below by

k
2y Y wigett| Ve VE R 4 w1 o [VET VR
=0

k
— (C1 + 2y )wii k1| VEVER? = Cre Y wipn| Vo V2002,
=0

558



THE VELOCITY JUMP LANGEVIN PROCESS

for some constant C; > 0. We may bound from below the terms of order k& + 1 for € small enough by

k k
it 20 k1
pr Y IVEVETTTR? — sup wigp— Y |VEVETITRP
i=0 0<i<k+1 € =0

2
Wk k+1 Wh41,k+1
= Oy [V Vh? 4 SR (V= VRV,
Wkt 1,k+1 8
for some constant Cy > 0. Finally, the term of order at most £ may be bounded from below by
g inf wiip; —3Cs sup  wig Vivin|?,
(p i<k iyi+] O§i§5+1 i +1> Z;;J Vo |
for some constant C3 > 0. Set Cy = max(Cy,Co,C3) (which is independent from e and the weights
wj j). Now, choose € and w; 11 for i € [1,k + 1] such that
Wit kt1 7 — Cae
Wg k1 2 + C47

€<7/C47

) 2 Wk k41
Wikt1 < Epr/4Cs, 1 <i <k =1, wppt < + +> < pr/(2Cy) ,
€ WE41,k+1

and

6Cy sup wipr1 < pr inf wiii;.
0<i<k+1 1+j<k

We get

k+1

p—1
/]RQd L(h)dp + Z /R?d (Z wiplip(h) + Wp,prp,p(h)> dp
p=1 =0

k+1 p—1 . .
> Pk+1 Z /R?d Zw¢7p|VfEV€_lf|2 + wpp
p=1 =0

for any

k
(Vi — VZ_IVu)fIQ) +3 IViV’E“_thQdu) ,
1=0

5001 < min (Pk WhiLh+l o pe >

PEk+1 97 8 ’7i+j§k+1 ii+g | -
As in the H'(u) case, an application of the Poincaré inequality (3.6) yields inequality (3.9), which
concludes the induction. ]

Proof of Theorem 3.1. Our goal is to apply Lumer—Phillips theorem to the operator £ + py /21,
where I denotes the identity operator of H*. This theorem can be stated as follows: an operator A on
a Hilbert space generates a contraction semi-group if and only if it is maximally dissipative, see [51,
Chapter IX, p. 250]. Fix k& € N. The scalar product

(.9 = /R2d fgdp

1=0

k p—1
* /R 2. (Z wipVEVEf VLVl 4wy, (V2= VETIY,) £ (V2 - V219, g) du
p=1
generates a norm equivalent to the usual norm of H*. Proposition 3.12 and a density argument yield

that the operator £ + pi /21, is dissipative:
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where D(L) denote the domain of £ in H* defined by:
feD(L),g=Lf <+ feH" lim =0.
t—0 Hk
We are left to show that £ + pI, for some p < pg/2, is surjective. Fix such a p < pg/2. Thanks to
Proposition 3.12, we have that

Pf—f
t

A:(f,9) — (—(L+pD)f,9),

2
is coercive and continuous from (H k) to R for k£ > 1. Hence, we may apply Lax—Milgram theorem
to get that for all g € H*, there exists f € H* such that for all h € H*  we have:

which implies that f is a solution to the equation

(L+pD)f =y,
and L + pi/2I is maximally dissipative. Lumer—Phillips Theorem then yields that the semi-group
generated by £ + pi./2 is a contraction on H*: for all f € H*

Ni (P2 (Pif = ) < Ni(f = ().

which concludes the proof. [ |

3.6. Lyapunov function and re-weighted Sobolev norm

The goal of this section is to establish Propositions 3.2 and 3.3, thanks to which the previous expo-
nential decay in H* is adapted to a weighted-Sobolev norm.
Recall the definition of V4 in (3.2).

Proof of Proposition 3.2. Let a > 0 and b € (0,1). First, notice that

Vx‘/L:b(VUo—a(

v _ T v - V
VTR @ ppet) )
X
VoV =b(v—a—o |V,
b G %ﬂ+mﬂb
2
AVy=b(dab (o ra2 T g, T V.
w ( (‘“‘ TR T TVIERE) )

Tf = —U- va:f + (VUO - 'YU) : va + ’YA’Ufa

d
£ = 2 S B[ v - feonw (22 )]
Pz
Notice that £7 is the adjoint of the generator of the Langevin diffusion associated to the measure with
density proportional to exp(—(Up(x) + |v]?/2), not u. When we integrate with respect to j, as we saw
in Section 3.3, additional terms appear in (Lp + Ly)* and L% and then cancel out when they are
summed. Therefore, although £} # (Lp + Ly)* and L3 # L%, we indeed have L* = L] + L3.

Let us denote
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Using that —VUy(z) - < —k|z|> + C, and the Young inequality, for all € > 0,

ﬁm:( “ —m_b))wﬁ—a( (@ -v)?

bVy V142 1+ |z[2)3/2
x - VU x-v 5 |z]?
—a—— + ay(1 — 2b)———— + byd® ——— +d
e T T AR P T e T

a avy(1l — 2b) 9
< + -1 =0) ) |v|* + (ev(1 = 2b) — k) ———=
< ( e 2= b+ (1 - 2) - ) A
Then, by taking small enough ¢ and a, the terms in front of |v|? and |z|? are negative. This shows
that there exist constants C1, Cy, C3 such that
LiV, < (C1 = Colv]* — Calz|) V. (3.10)

2
2] + C + dy + bya®.

Now,

d V|2 2 Vi
* ’ . | — |Uz’ ZT; - ( ;= Ui) <8ZU1 : )
L5V, = CV, E b t — L —1|v Vi —w; .
M=h o Kexp< ( 2 TV P y

The term inside the previous exponential can be expressed as:

b

2ax;
3 ((p — 1)o7 + (1= p*)& +2py/1 - p%f—ilﬂ |2((p—1) p2§ )
b ay/1—p a(l—p)
§2((pz_1+m<1_p))v3+(1_p2)g2_( 1+|33|2 2p\/1 - )5 1+|x|> )

For any z € C, if £ ~ N (0, 1),

E[e*] = /2

and for any x €R, Ele 9352] < oo if and only if x < 1/2. Therefore the previous exponential is integrable
if b < 5 =7 which is always the case since b < 1 and p? < 1. We have

exp (b (WN Al 0 —w)))]
2 V1+ [z
exp (L ((p =1+ ca(l — p)) v2 + -2l—r) 42 ay/1— ’
< p (2 ((p ( p)) e(1+]z]?) )) X exp (4 <\/17 _2,0MU¢> )

E

1-b(1-p?) \/1+|I‘|2
b o 2 2 2) b? (a(l —p) 2 2 > a?
< e — 14+ — o)+ - , R S Sl A - .
Cexp (2 (p 1+ea(l—p)+4bp“(1—p )) vi | xexp | 5 - a“(1—p*) 15 2P

By taking small enough a and b, the term in front of v? is negative, and the previous expectation is
bounded. Recall that for all s € R, ¥(s) < C + |s|, therefore

3% = v 3 E [ v - 1w (27 )
i=1

<cvbz [(Vi(z, Vi)V, — 1)2]E [\112 <a;]1(V —vz)ﬂ

<CVy Z VIHE(V] —0)2] < C(L+ o))Vh
i=1

Thus, there exist positive constants C7,Co and C3 such that
LV, < (C1 = Calof? = Cyla])Vi
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which shows that V}, is indeed a Lyapunov function for £*. |

Proof of Proposition 3.3. We define, for all £ € N* and h € CZ°, the function ¢ by
k p-1
Or() = B2+ 33 wip[VEVETRI2 £y | (V= VI, )AP2,
p=11=0
where the w;; are the same as in the norms Nj. In order to prove the result of the lemma, it is
sufficient to show the exponential decay of [ ¢ (fi)Vydu, with fr = P,f — u(f), for a certain b € (0, 1).
Following the notations introduced in equation (3.3), and by denoting Ly = Ly + Lp,

@/ ¢KMWAM=/ Dudi(f)LF Vi dp
]R2d R2d
= /RM Dhcbk(ft)ﬁoftVbdMJr/RQd Dyow(fe)LyfiVdp
=2 [ Teon(Vedit [ Lo@elflVdu+ [ Duon()LafiVidp

=2 [ Tepo(fVodut [ o(LVedut [ Daou(fLsfiVedp.
R2d R2d R2d
The adjoint of Lg in L?(u) is given by

Lih = —v -V h+ (VUy —y) - Vyh + yAyh + ho - VU .

Therefore, using the inequality (3.10) shown in the proof of Proposition 3.2, there exists a b € (0,1)
such that

L5V < b(=er|o]? = ealz| + CYV5 + C'|v|V,
< (colv| = e1fo? = eal| + e3) Vs,
which shows that V}, is a Lyapunov function for £§j. Moreover, since Lemmas 3.14 and 3.15 give bounds
on the commutators associated to Ly and Lp (without having to integrate them with respect to u as
it is the case for the commutators with the jump part), then in the proof of Proposition 3.12, removing

the parts associated with the jumps and the integrals with respect to p shows that I'z) » > 0. As a
consequence, there exist b € (0,1),p > 0,7 > 0 and C' > 0 such that

@/<MM%W§#%‘%mMWHC/<Mm¢W/ D f) L fiVodp
R2d R2d R2d R2d

g—p/ ¢uﬁwwm+cwwﬂy/ Dindw(f) L fiVedp,
de R2d

where the last inequality comes from Theorem 3.1, since Ni(h) = [ ¢x(h)du. Let us now look at the
term [poa Dpdr(fi) Ly fiVidp. The expression Dpoi(fi)Lyfi is a linear combination of terms of the
form 0% f;0°L f;, with o € N??. Notice that if we show that for any a € N?¢, there exists b € (0,1)
such that

/2d 0% fr0“ Ly (fr)Vodp < Ce )
R
then we will have

/de Dyor(fo)LyfiVodu < Ce ",
thus,

3t/ Or(fe)Vpdu < —p/ on(f)Vydp + Ce™™ |
R2d R2d
and finally
L oxfVidn < Ce
RQd
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Let a € N2, Successive integrations by parts yield

/ 6“h8aﬁj(h)\/bdu:(—1)‘°‘|/ L(R)0% (0 hVyeH) dar do
R2d R2d

1)l Z( ) - 7(R)O** VR (Ve M) dp

v<a
Since VU; and V2Uj are bounded (which in particular implies that |VUy(z)| < C(1 + |z])), for any
v € N?¢ there exist p > 0 and C' > 0 such that

10" (Vy(, v)e TN < O+ [P + [o]P) Vi, v)e T
Moreover, since VUy(x) - & > k|z|* outside of a compact set, there exist C' > 0 such that Up(x) >
k/2|z|> — C. This implies that for any b < &’ and any p € N*,

(14 |zP + |v]P)Vi(z,v) < CVy .

Hence,

8ah8a,cj(h)vbd,u < C/]RM |£J(h)| ( Z ‘allh) Vopdp

2d
R a<v<2a

< C\/N2a|(h) /R?d 1L5(h)2Vapdp .

Using the assumptions on the function ¥, we have that

o;U , .
v (i;(vi — W)) <C(l+ v =V).
Recall that we also have shown in the proof of Proposition 3.2 that
E[Vy(z, V)] < CVp,
and that, for any b < ¥/,

[0’V < CViy .

Therefore, using the reversibility of the law of V* with respect to the standard Gaussian measure,

[ 1£5mv, u<CZ/ oV = 2w (P2 = v)) | Vi
<CZ/ (a2 + 1202 (20— v )] Vi
< CZ/hQ( { (z, VU2 (82[]1 % —vz)ﬂ +E [\112 (8;]1( i—W))] Vb) du
< cg @V VI + o= VI + (14 )V d

Finally, notice that

o [ 1ividu=2 [ fiLfvian = -2 [T(rVidu+ [ £U2Vedn
< [ spevidp< =y [ fVidp+© [ g

< -7 / fAVydu + Ce™"t .
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Therefore,
/ffV},du < Ce Pt
Using Theorem 3.1, we then have that for b small enough, there exist C' > 0 and p > 0, such that
0% 50 L f) Vi < c\/ Lo Mol [ f2Vendn
R2d R2d R2d

<Ce ",
which concludes the proof. |

4. Weak error of the numerical scheme

In this section, devoted to the proof of Theorem 2.2, X = T%. The structure of the proof is the following.
First, in Section 4.1, by a Lyapunov argument, we establish uniform-in-time Gaussian moment bounds
for the BJAOAJB chain (this is Proposition 4.1). This is then used in Section 4.2 to provide an upper
bound for the weak error of the scheme in a finite-time horizon, leading to Theorem 4.5, which is of
interest for itself (the proof essentially relies on Taylor expansions of the semi-groups, the expectation
of the local errors being bounded thanks to the Gaussian moments established in Proposition 4.1).
Geometric ergodicity for the BJAOAJB chain is established in Section 4.3 (since a Lyapunov function is
already available, in order to apply Harris’ theorem, it only remains to prove a minorization condition).
It is then possible to let time go to infinity in Theorem 4.5 and, following the classical proof of Talay
and Tubaro, to conclude the proof of Theorem 2.2, as detailed in Section 4.4. For completeness, the
classical proof of Corollary 2.4 is provided in Section 4.5.

4.1. Lyapunov function for the numerical scheme

For all z = (x,v) € T? x R and b > 0, we define the function Vj by

Vi(z) = e

In the following, we will denote by (Z,)nen the discrete-time Markov chain with transition kernel @
defined in (2.6), corresponding to the BJAOAJB splitting scheme with time step §, and by A, B, J and
O the kernels of the different steps of the scheme, namely B = ¢%/2£8 A = ¢0/2£4 ] = ¢0/2£0 O =
e%20 . The goal of this section is to show the following result.

Proposition 4.1. Let b < % There exist 6o, C,C" > 0 such that for all § < &y,
QVi(2) < (1= CO)Vp(2) +C'6.

As a consequence, for all n € N,

/

E.[V(Z0)] = Q'Vi(2) < i) +

In order to prove this proposition, we will need to bound the terms BV}, AV}, OV;, and JV;,. First,
since A only acts on positions, AV, = V.

Lemma 4.2. For all 69, > 0,b € (0,1/2), there exists C. > 0 such that for all 0 < § < dy,

B‘/b < (1 + Cga)eb(1+€§)|v|2.
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Proof. Forall z = (x,v) € T? x R?, using the Young inequality,

2
BVE,(Z) — ebh)*%VUo(x)P _ eb(‘vp_éVUO(x)‘v'i‘%|VU0(CE|2>

< P((1Fed) [0 +8(§+45) IVUol%) <1 +055)6b(1+55)\v|27

the last inequality being satisfied if § is small enough. [ |

Lemma 4.3. There exists 5o > 0 (independent from b) such that for all b € (0,1/2), there exist
C1,C5 > 0 such that for 0 < § < by,

OVi(2) < (1 + Cy8)etl=Crdlvl

Proof. We start by noticing that for all a1, as € R and ¢ ~ N(0, 1), the random variable exp(a;&2 +
as€) is integrable if and only if a; < 1/2. In that case, by recognizing the density of N (as/(1 —
2&2), 1/(1 — 2@1))

Elexp(a1&? + az€)] exp(a12® + agx — x?/2)da

7k
— %2 a 2 CL2
m/eXp <1221) (x_ 122a1> T30 22a1)>

1 2
= ———exp R
V1 —2a, 2(1 — 2ay)

Using this remark,

OVy(2) =E {exp (b\e_wv + mfﬁ)]
= exp (be_275\v] ) [exp (Zbe /1= e 200 £ 4+ b(1 _2V6)|§’2)}

1 202e=270(1 — =276 2
— — exp befZ'yd‘v’Q € ( € — 6)’7)|
(1 —2b(1 — e=219))¥ 1—2b(1 — e=219)

1 blol2 e~ 270
(1= 2b(1 — e~ 26y 2 o\l 2b(1 —e=2°) )
Then, there exist dg > 0 and constants C7,Cy > 0 such that for all 0 < § < dy,
7276

1—2b(1 — e—M)

-9,

and
1

<
(1= 2b(1 — e~210))4/> b G0

Hence
OVi(2) < (1 + Cy6)etI-C1dlP
Notice that dg can in fact be chosen independently from b. On one side,

1 1 2
(121~ i)y = (T —yapr =1 FHITOC)

and on the other side, the Taylor-Lagrange formula shows that there exists 0 < ¢ < 274 such that

e 1201 —2b)5+ (402 — 30+ 1)
1—20(1—e29%) (1= )+( -3 +2>C
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If 1/4 <b<1/2, 46> — 3b+ 1 < 0 so we directly have
o270

1—2b(1 — e=279)

without any condition on . Now, if 0 < b < 1/4, 4b*> — 3b + % < 1/2, and

<1—2v(1—2b)d,

67276 5
<1—790+427%
1 2b(1 —e20) = 0TETO
and Jp can be chosen independently from b. [ |

Lemma 4.4. For all 0 < by < by < 1/2, there exist 69 > 0 and K > 0 such that for all 6 < §y and all
be [bl, 62],
JVi(z) < Vo(2)(1+0K) + 0K .

Proof. Let 0 < by < bg < 1/2 and b € [by, ba]. In the proof of this lemma, constants C' can depend
on by and by, but not on b. We will denote Zj, = (X, Vi) the jump process after k jumps, and Zs the
jump process after a time 6. We start by expanding JV;(z) according to the number of jumps:

[e.@]
EZ[%(Z(s)] = Z EZ[%(Z(;)IL{IQ jumps}] :
k=0
First,
EZ[VE)(Z(S)]]-{O jumps}] = ‘/;)(Z)P(O jumps) < ‘/b(z) :
Then, let us show by induction on k£ that there exists a constant C such that for all £ > 1,
Ez[%(zé)]l{k jumps}] < Ck(sk(l + V;)(Z)) : (41)
In order to prove this inequality, we will use some useful bounds. First, recall that there exist a constant
C such that for all z € T x R¢,
Az) <CA+v]). (4.2)
As we saw in the proof of Lemma 4.3, if a; < 1/2, then the random variable exp(ai€? + axf) is
integrable and

2
Elexp(ai&® + aé)] = \/1i72al oXp (2(1 a22a1)> '

More generally, by recognizing the density of a Gaussian random variable with mean as/(1 — 2a;) and
variance 1/(1 — 2ay),

1 2
E[[§|"exp(a1§2 + a2f)] = =24, exp (2(1?%1)) E[jX"],

where X ~ N (az/(1 —2a1),1/(1 —2aq1)). As a consequence, the random variable V;(Z;) is integrable
if and only if b(1 — p?) < 1/2, which is always true since b € (0,1/2).

= [ecniblon. ~ ey (29 (1~ o -
(2] < DB [expltipn +y/1 = 2620w (P (11— %) )|
d
<O E. |explpui +/1— pP)1+ (1= p)ui-+ /1 - )
=1

d
< C Y exp(bp®|vil*)E[exp(b(1 — p*)&* + 2bpy/1 — p?v;€) (1 + 2|vs| + [€])]
=1
so that
E.[Viy(Z1)] < O(1 + [v]?)eeloF (4.3)
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where we denoted oo = #ﬁpg). Notice that

a<l <= pP<1-2b(1-p?) <= b<1/2,
and that ba = bp?/(1 — 2b(1 — p?)), seen as a function of b, is continuous and strictly positive on
(0,1/2), so is bounded and reaches its extrema on [by,bo]. Since |v[2e?¥* = o(V4) and |v| = o(V})
when v goes to infinity, let
K =max(R%,R) sup ebO‘RQ,
be[bl,bg]
where R > 0 satisfies

lv| > R = max(|v|, |v|?) < inf et
be[by,ba)
so that
w[2e P < Vi(2) + K | (4.4)
and
lv| < Vp(2) + K. (4.5)
Furthermore, we also have that
[ oo = L O cora . ug

We start by showing (4.1) in the case k = 1. We suppose that A(z) > 0 (otherwise there is no jump
and the result is straightforward). By conditioning with respect to the only jump time,

0 .
EVi(Zo) L1 ] = [ A [ (e, am(R)e 0Oy
0 T

d Rd

§
< [2@e@ [ g anvE)dr
0 TdxRd
< EL[V(ZD)]N(2)3.
Then, using (4.3), (4.4) and (4.5), we have
E:[Vo(Z5) 111 jumpy] < COe™F (14 [uf?) < C8 (Vi + K) < C5(1+ V),

which proves the inequality for £ = 1. Now let & > 1 and assume that (4.1) holds for k. By conditioning
with respect to the first jump time,

1)
Ez[%(zé)ﬂ{k—f—l jumps}] = /0 A(Z)e_/\(z)t/’]r Q(za dE)EE[W)(Z(S—t)H{k jumps}]dt

d Rd

< C* /O (6 = A ()N /T a(z, ) (Vy(2) + 1) dt

i
< IO B2 +1) [ (6 - DAE N ar,
Then, using (4.6), ’
B [Vh(Z6) Lt jumpsy] < O F1CHE (2P 1) (14 of2) < SFF1CM (14 1),

which proves the inequality for k& + 1 and ends the induction. By choosing § < 1/C, we can sum the
inequalities (4.1):

k=0 k=1
< Vh(2) + 0 (14 (=),

1-0C9
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so there exist g and K > 0 such that for all § < dy,
JVp < V(14 6K) + K.

We are now able to prove Proposition 4.1.

Proof of Proposition 4.1. Let b € (0,1/2) and € > 0, whose value will be specified later. Thanks
to Lemma 4.2, for all 6; > 0, there exist C. > 0 such that for all 6 < 41,

BV, < (1 + C.8)eb(Fedll®
Now let do > 0 such that by = b(1+ed2) < 1/2. Notice that for all 0 < § < do, b <V := b(1+&d) < bs.
Thanks to Lemma 4.4, there exist 3 > 0 and K > 0 (whose value is uniform over [b, b]) such that
for all 6 < 03,

JViy < Viy(1+0K) + 6K .

Therefore, for all 6 < min(dy, d2, J3),
JBV(2) < (14 C:0)JViy(2) < (14 C0)Vi(2) (1 +0K) +6(1+ Co)K
and
AJBVy(2) < (1 4+ C0)AVy (2)(1+0K) +0(1 4+ COH)K = (1 + C0)Viy(2)(1 +0K) + 6(1 + C0)K .
Lemma 4.3 gives a d4 > 0 (whose value is independent from b or b’) such that for § < dy,
OVy < (1+ Cad) exp (V'(1 = C16)[v]?)

< (14 Cy6) exp (b(l +ed)(1— 015))]v|2)
< (14 Co8)exp (b(1 = (C1 — £)d)|o[?) .

We would like to have £ < C; (In fact, because of the two applications of the kernel B, we will need to
have £ < C1/2). When looking at the proof of the Lemma 4.3, the value of Cy can depend on ' (and

therefore on ¢) if 1/4 < b’ < 1/2, in which case C; = 2v(1 — 2b") = 2y(1 — 2b(1 + €0)). The constant

1-2b
?—5-47&51
depend on b, so we can also choose ¢ < C7/2. We now denote a = Cy —e. For all § < min(dy, d2, d3,d4),

OAJBVy(z) < (1 + C.0)0Viy(2)(1 + 6K) 4+ 6(1 + C.0)K
< (14 C.8)(1 4 C28) exp(b(1 — ad)[v]?)(1 + 0K) + 6(1 + C0) K,

€ can always be chosen smaller than half of this value if ¢ < . In the other cases, C'y does not

and
AOAJTBVy(2) < (1 + C-0)(1 + C26) exp(b(1 — ad)|v]|?)(1 4+ 6K) 4+ 6(1 + C.6) K .

From there, in order to re-apply the bounds on the jump kernel, we can let d5 such that b3 = b(1 —
ads) > 0, which gives a dg > 0 such that for 0 < § < min(dy, d2, d3, 4, d5,0¢), corresponding to a
b3 < b(1 —ad) < b,

J (eb(l—aé)\v|2) < eb(l—a5)|v|2<1 + 5K/) + (SK,,
which yields
JAOAJBVy(2) < (1+ C.6)(1 + Ca8)(1 + 6K)((1+ 6K) exp(b(1 — ad)[v]?) + 6K") + 6(1 + C-0)K .

Finally, for the last application of the kernel B, we need to have
(1+e0)(1—ad)=1—(a—e)d —acd*< 1,
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which is possible because a = C7 — ¢ and that ¢ < C;/2. We then denote ¢ = a — . Finally, let
8o = min (81, d2, 03, d4, 05, 06). There exists C’ > 0 such that for all 0 < § < dp,

BJAOAJBVy(z)
< (14 C6) (14 C20) (1 +6K)((1 4+ 6K")Bexp(b(1 — ad)|v|?) + 0K') + 6(1 4+ C.0) K
< (14 C20)(1+ Co8) (1 + SK) (14 6 K')(1 + C8) exp(b(1 — ¢d)|v]?) + 0K") + §(1 + C6) K
< Vy(2)(1 + C'6)° exp(—bed|v]?) + 6C"
and hence
BJAOAJBVy(2) < Vi(2) exp(5C"8 — bes|v|?) + 6C. (4.7)
Now, writing RZ = 10C"/(be), distinguishing cases, we see that
It < =500y 5T gy < (1 - 5C’e*50’505) Ljyj> Ry + (1 + 5C’e5C'505) Ljoj <Ry
<1-d6+C"01y <R, ,

for some ¢/,C” > 0 independent from §. Plugging this in (4.7) we obtain that there exist K, K’ > 0
independent from § such that for all z,

QVi(2) < (1 — Ko)Vy(z) + K9,
which by induction yields

n—1
Q"Vy(2) < (1 — K§)"Vy(2) + K'6 Z(l — K&)k
k=0
K/
Se (2) + 5
concluding the proof. [

4.2. Finite-time error expansion of the numerical scheme

In this section, Z; = (X¢, V;) denotes the continuous-time process with generator £ and with Markov
semi-group P, (Z,)nen is the discrete-time process corresponding to the BJAOAJB splitting-scheme
with time-step 6. We will denote

t t
P, = e2 e2je2AetOe2Ae2Je2

so that Psf = E[f(Z1)]. The goal of this section is to show that the finite-time weak error of the
numerical scheme is of order 2 in the time-step.

Theorem 4.5. Let 6o > 0 such that Proposition 4.1 holds, f € A, z € T*xR?. There exists a function
t— C(t,z) >0 from Ry to Ry such that for alln € N and § € (0, dg],

E.[f(Zns)] = B[f(Z0)]| < C(nd, 2)6%.

More precisely, by denoting Ss the operator

S5 = 11 (2lLos (Lo, Lall = [, [La, Lol
+2[La+ Lo,[La+ Lo,Lj]] —[Ly,[Ls,La+ Lol

+2[La+Ly+ Lo,[La+ L+ Lo,Lpll — [Lp,[L,La+ Ly+ Lol),
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then
n—1
Ez[f(Zn(S)] - Ez[f(Z)] = 53 Z E[S3P(n—k—1)5f(zik)] + Rn,z 7
k=0
with
n—1 - o
Z E[SSP(n—k—l)éf(Zk)] < 5 (Vb(z)e—qné + 1) :
k=0
and

Rz < O3 (Vi(2)e™ ™ +1).

In order to prove this theorem, we will need the following lemmas. Recall that given V : T¢ x R? —
[1,00), for f: T4 x R — R we write ||f||y = ||f/V |- Let, for all b€ (0,1/2),k € N* and f € A,

£ llog = > 110 Fllvs -
jal<k
When X = T¢, the set A reads
A={fec(T xRLR)|¥a e N*,3C >0,be (0,1/2), [9°f| < CV,}
={fec=(T* xRLR) [V k €N, 3b € (0,1/2), [|f o < o0} -

Lemma 4.6. For allty >0, f € A, k>2,be (0,1/2) such that ||f|pr < co and b’ € (b,1/2), there
exists C > 0 such that for t € [0,to] and T € {La,Lp, Ly, Lo, eFA,etrB eths ethlol

1T flly e < Cllflloe s
with k' =k, k —1 or k —2 (depending on T). In particular, the operator T leaves stable the set A.

In the proof of this lemma, we will need the formula for higher-order derivatives of composite
functions [33]:

Proposition 4.7 (Higher derivatives of composite functions). Let g : R® — R! and f : Rl — R be
smooth functions, and o = (av, ..., ap) € N be a multi-indez. o is said to be decomposed into s € N*
(pairwise distinct) parts py, ..., ps in N with multiplicities mq, ..., ms in N (the p’s and the m’s are
multi-indexes) if

a = |milp1 + ... |ms|ps

holds and all parts are different. We define the total multiplicity by
m=mq+---+ms
and Dy, as the set of all such decompositions of a. Then,
o m o1 1
o (Fog@) =al X @ Na@) ] 2|

mg
] 3’”’69(9«’)}

(s,p,m)eD k=1

@ 1 Mk
7. The term {mapkg(:c)} is thus the short form for

3%
l m i
1 El
[] l,apkgi(x)]

i1 LPeals - pen!

where al =[], aj! and z* =

where g = (g1,...,q1)-

570



THE VELOCITY JUMP LANGEVIN PROCESS

Proof of Lemma 4.6. Let f € A, ke N* be (0,1/2) such that || fljpr < oo and b’ € (b,1/2). As a
first step, we prove the result for ¢y small enough.
First, for all « € N2¢ with |a| <k —1,

d
0°Lpf| =0"(VUs - Vo f)l =D > 187 0:U60* "y, f| < CVu(2) I f lok »

i=1v<a
thus
1B fllok—1 < Cl fllok -
Similarly, for |a| <k —1,

d
0°Laf] =10%(v - 8/ < [0 D] Y 0"0u f < ClolVo()| flloe < CVir (2)lIfllowk

i=1v<a

which yields

ILaflly -1 < ClIfllo -
If o] < k-2,

0°Lo f] = |=70%(v - Vo f) + 70Dy f| < CVi (2)]|f ok

and thus

L0 fler e
Regarding the jump generator, we saw in the proof of Lemma 3.16 that for all vy, vy € N,

OO (f(x, V7)) = p (81 02 f) (2, V),

and that the only non-vanishing derivatives of ¥ (%(vi — Vf)) are of the type

s (%)
with
8;31;?\11 (@'Ul (v; — Vf))‘ <C (1 + |vi — V;;i’|1/|+n) ‘
Therefore, if |a| < k,
et Zm[ £V = s (B - v )]
I LG I ] € STRO)]
< 07 Z Z E [( vavig f(z, Vi) - 8Vf(x,v)) (1+ |v; — Vii’|a—y|)}
i v<o
= CHbeka Z E {(Vb(xa VZ) + %(Z)) (1 + ‘Ui — V;i“o‘_ﬂ)}
i v<a

< Ol llox (Vi (2) + ELL + [o]!* + ¢ *) Vo, VD))

In the proof of Lemma 4.4, we saw that

E.[exp(blpvi + /1 — p2¢]%)] < CVy(2)
and that if a1 < 1/2,

1 2
E[|¢]" exp(a1€® + as€)] = =24, P (M) E[|X|"],
where X ~ N (a2/(1 —2a1),1/(1 — 2a1)) ~ as/(1—2a1)+(1/v/1 = 2a;1)& with & ~ N(0,1). Therefore,
E[l¢]* V(e V1)) < OViy(2),
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and thus
0 f(2) <O flloxVer (2)
which yields

& < Clfllbe -

Let us now look at the semi-groups. The derivatives of U being bounded (recall that the position space
is a torus in this section), we have for all t < 1 and |a| < k,
0P f(2) = 0% f(x,v — tVUy(x))
S 1 mg
= a! Z (O™ f)(x,v —tVUy(x)) H — [ 107 (@, 0 — tVU(z))
(s,p,m)ED k= 1M pk
< Ol lloaVo(z, v = tVUo () < C(1+ Cet)|| fllo,eVi(i+)(2) 5
where the last inequality comes from the result of Lemma 4.2. By choosing € small enough, we have
b(1 + et) < ¥, hence the result:

e £l

Similarly, for ¢ < 1 and |o| < k,
% f(2) = 0% f (x + tv,v)

mg

= al Z (O™ f)(x + tv,v) H 1 [pk 0Pk (z + tv,v)

(s,p,m)€D k=

< Cllfllo,eVa(2)
which yields

e Fllok < ClLf ok -
Again, for ¢t < 1 and |a| <k,
0% f () = E[0°f(,e "0 + V1 — e 2g)]
= q! Z E (0™ f)(x, e v 4+ V1 — e~ 21tE) H { OPF(x, e 7tv+\/1—e—27t§} ]
L !

(s,p,m)€D

< C|| fllosE[Vi(z, e v + V1 — e=298E)] < O o (1 + Cot) 0] Vi1 oy (2) <

where the second to last inequality comes from the result of Lemma 4.3, hence

(2)

le
Finally, by denoting (Z;) the jump process after a time ¢ and Z,, the jump process after n jumps,

o0
8aetJf(z) = Z 8aE[f(Zt)]l{n jumps}] :
n=0
Recall that we showed in the proof of Lemma 4.4 that for any b < 1/2, there exist C' > 0 such that
As we mentioned earlier,
0;Uy
2

0y 0y ¥ ( (vi — VZ))‘ <C (1 + Jvi — W,|v|+n) 7

therefore

9°N(z) < C(1 + |v]lohy.
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As a consequence, for t < 1 and |o| < k,

EL[0%f(Z) 10 jumps}] = 6@(]0(2)6—)\(,2)1:)

_ Z < ) 7)\(,2 )aafuf(z)

v<a

< Ol ol 3 H [ P2 >}m’“

< Cll fllpxt(1 + IUI‘O")Vb(Z)
< C| flloxtVir (2) -
Then, notice that for k > 1,

t
8aEz[f(Zé>]l{n jumps}] = 8a/() /’JdeRd )‘(Z)eiA(Z)SQ(Za z)Eé[f(Zt—s)]l{nfl jumps}] dzds
t
< O|£lo,e /0 /T 1a PO 2DV (Z-) L 1t umpsy| dZ s

t
< CHIf bt W ) [ [ ez, ) dzds.
0 JT4xR?

Let us remind that by denoting z = (z,v) and z = (z,0),

d GU ~ @'— Ui2
g (i )on(- )

U ~ a—v (61 - pvi)Q
(v; — vz)) 0% Vexp (—2(1_/)2)> .

and hence

d 0:
0"(\(2)g(2,2) oy > 90 ( 5
1=1v<a

On one hand,

o' (Wh

=) < CO+ ful + 7).

and on the other hand

~ 2 ~ 2
o exp (—M) < O(fui] + [t exp (—M) ,
hence there exist ni,no € N such that
~ 2
0 (A(2)a(=. %)) < O(1+[o]" + [5") exp (—M) .
Then, since we already showed that
9% N < (1 + []lo,
by combining the obtained bounds we get

fe —A(z)s ~ n1 ~no _(ﬁl — p'l)i)2
I*(A(z)e q(z,2)) < Cs(1 + [v|™ + [0]"?) exp A= )

This last expression is integrable with respect to z with

m pvl) ~ m
/]vz| exp( ( p))d <O +[v[™),

therefore

OB[f(Z5) L jumpsy] < [ flo e C"" Vi (2) -
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If t <1/C, we can sum those inequalities over n to get
9% f(2) < CllfloaVer (2)
thus,
e fler,
This concludes the proof of when tp < 1A 1/C.

To get the result with any to > 0, we simply use that, for an operator £, e!c = (6%5)”, and thus it is
sufficient to iterate the result with n taken such that to/n < 1A 1/C. n

Lemma 4.8. For all f € A, allt > 0 and all s < t, there exist 0 < b < 1/2, C >0 and ¢ > 0 such
that

1S3 Pof (2) + | LUPf (2)| + |05 PsPof (2)] < Ce™ "V (2).
Proof. Let f € Aand ¢t > 0. Theorem 2.1 implies that f; = P;f — uf € A: for all k € N*, there exist
C,q >0 and b € (0,1/2) such that for all ¢t > 0,
[ fellpg < Ce .
On one side, S3 and L4 consist in sums of several successive applications of L, L4, Lg and Lo. Since

they are Markov generators (that leave at zero the constants), S3P;f = Ss3f; and L*P;f = L*f;, and
Lemma 4.6 yields that for b’ € (b,1/2), there exist C' > 0 such that

153 fellor wr < Cll fllok

1L feller e < Ol flloe

hence the result when &' = 0. Regarding the derivatives of P;, we have
_— B t t t t J t t t t i t B t
0Py = 562362‘] cezB 4 2B 2 2/ e2B e3Be37 3461054037 Z 2 2B

then, by iterating,

— Bk oy gk2 AR, Aks ke BT,
15 LB Ly LA ks tO LA Ly LB
8tpt_kzk S R T TR T
1,.--k7
where the sum is over all nonnegative integers k1 ... k7 such that k1 + --- + k7 = 4. Again, the result
follows from Lemma 4.6. ]

Lemma 4.9. For allt >0, all f € A and all z € T? x R?,
Pif(2) = Pof(2) = £*S3f(2) + O(t") .
More explicitly, the term of order 4 is given by

Puf(2) — Puf(z) — 383 f(2) 6/ t— (0P, — L*P,) f(2)ds.

Proof. We use the same method as in [30]. Let f € Aand z € T x R?. An order 3 Taylor expansion
of P,f(z) and P.f(z) at t = 0 gives

2
Ptf<z>:f<z>+th<z>+%L2f<>+ GL@ + 3 / SPLAP () ds

Pif(z) = f(2) + t0:Pif(2)]i= 0+ 6Ptf )\t0+63ptf( 2)|t=0 + = / $)302P, f(z)ds

We proved in Lemma 4.8 that
LB f(2) < Ce™®Vi(2) |03 PsPif(2)] < Cem®Vy(2),
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which shows that the previous integral remainders can be bound by C(z)t*. As we saw in the proof
of Lemma 4.8, for all n € [1, 3],
o) B* g d™ g ARy 10 AR a0 d B g
8tnPt = kzk 2k1 ez 2T2€2 27362 O™e 2k‘ ez 2766 2k7 ez,
1,---k7

where the sum is over all nonnegative integers k1 . .. k7 such that k1 +- - -+k7 = n. In fact, thanks to the
particular palindromic form of Py, those operators can be computed algebraically using the symmetric
Baker—Campbell-Hausdorff (BCH) formula (see for instance [18], Section II1.4.2), that states that for
any A, B elements of a Lie algebra of a Lie group,

exp <;A> exp (;B) exp <;A) = exp(tS1 + t353 + t5S5 +...)

where
S1=A+B
S5 = 2 (218, (B, 4] - [4, (4, B])

Therefore, in our case,

with B; = 51 + t253 + t4S5 + ... with 51 =A+ O and

1
5= 53(200,10, A - [A,[4,0]).
A second application of the formula gives
62J€t31 _ eth ,

wherel5’2:§I+t25’N3+ .withgl:Sl—i—J:A—l—O—i—Jand
1 —
S3 =53 +5,2 [, [S1, 7] = [, [, S1]))

- i@[o, [0, A]] - [4,[4,0]] + 2[4+ O,[A+0,.J]) - [J,[J, A+ O]
A third and final application gives
P, = e5BtB2c5B — B
with Bgz§+t25§+t4§+ . where S =S +B=A+B+J+0 =L and
S5 = S; +t51 ( [S1,[S1, B]] - [B, [B, 51]))

- i(?[a (0,41~ [A,A,O]] +2[A+ 0. [4+ 0, J]] ~ [1,[]. A+ O]

+2[A+J+0,][A+J+0O,B]] - [B,[B,A+J+0O])]).
What we just showed is that
OiPif(2)li=0 = Lf(2),  0Pif(2)li=o = L*f(2), O Pif(2)li=0 = (L’ +755)f(2).
Finally, set S3 = %573 , which yields

Pu() ~ PJ() = P30 + 5 [ (¢ =9 (01P, ~ P 1) ds,
with
t
é / (t— $)3 (4P, — L*P,) f(2)ds| < C(2)t*
0
which concludes the proof. ]
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Proof of Theorem 4.5. We write the Talay—Tubaro expansion of the weak error.

Ez[f(znd)] - Ez[f(zn)] = [ néf( ) - P(]f(in)]

= ZE (n—k)s f (Z1) = Pin—i—1)sf (Z11)] -

By conditioning each term by Z}, we have, since (Z,,) is a Markov chain,
n—1

E.[f(Zns)] = E:[f(Zn)] = Y Elhi(Z)].
k=0
where, by using the semi-group property of (P;)¢>o,

hi(2) = Py f(2) — E[Pn—k-1)s.f(Z1)]
= PsPy_k_1)5f(2) = PsPp__1)sf(2) .

We are now interested in the difference Psp — Psp for ¢ € A. As we saw in Lemma 4.9,

_ 1 [t

Pip() = Pup() = 8p(2) + 5 [ (£ = 9)* (0P = LP) () ds.
Now, Lemma 4.8 implies that there exist b < 1/2 and C' > 0 such that

\hie(2)] = | PsP—k—196.f (2) = PsPry_—1)s.f (2)] < C83e7 110y, (2) |
and then, by using Proposition 4.1,
[E-[hi(Z)]| < Co%e 1 =h=D0R, [V} (Z),)] < CoPemtn=h=13 (=C'ohy(2) 4 1)

By summing those inequalities on k, we have
n—1

E=[f(Z)] = E[f(Z)]] < Y Ellhe(Z)l]

k=0

<053< —qn 1)62 (q— C’)k5+z —qk6>

3 e—qn5 - e—C’mS 1" c2 2 —qnod
which shows the result, with C(nd, z) = C(Vy(2)e™ + 1). More explicitly,

E.[f(Z:)] = E.[f(Zn)]
n—1 n—1
=& (Z E[53P<n_k_1>5f<@>]> FEy / (6= B[0P — L*PgilZo))ds.
k=0 k=070

and the same computations lead to

n—1

> E[S3Pp—k—1)5f (Zk)]

Vi(z)e ™ + 1),

e—and _ e—C’n(S 1 C
=¢ <Vb(z) e~ — =" + 1- 6“16) Y 5t

and

n—1 5
<CY etk [Vy(Z3)] / (6 — 5)%e 9 ds
k=0 0

(5~ P[9Py — L*P)gi(Z0)] ds

—qné —C'né
4 e” I —e 1
=0 <Vb(z) e — =0 + 1—e

< CH3(Vi(2)e ™ 4+ 1),
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4.3. Ergodicity of the numerical scheme

Proof of Theorem 2.3. The result follows from Harris Theorem (see for instance [22, Theorem 1.2];
the constants are made explicit in [17, Theorem 24]). More precisely, we will prove that, for § small
enough, QU1/%) satisfy the conditions of Harris theorem with constants which are independent from 4.
Namely, we need to check, first, a Lyapunov condition

QU <V +C, (4.8)
where v € (0,1) and C > 0 are independent from §, and, second, a local coupling condition: for

any compact set K of T x R?, there exists a > 0 (again, independent from §) such that for all
(x,v), (2, V) € K,

Hé(ax,v)Ql'l/(SJ - 6($’,1}’)QL1/5J ||TV < 2(1 - Oé) : (49)

When we will have proven these two conditions, we will get by [22, Theorem 1.2] that there exists
C”, X > 0 (which are independent from § € (0, d| since they can be expressed in terms of b,~y, C' and
a where « is given by the coupling condition on the compact set K = {V, < 4C/(1 — ~v)}) such that
for all n € N and all probability measures v, v over T¢ x R¢,
”VlQnLl/éj . VQQnLl/(Sj HV < Cvllef)\nHV1 o VQHV ]
Besides, [22, Theorem 1.2] also gives the existence and uniqueness of an invariant measure ps for
QU/9] (which by standard semi-group argument is thus the unique invariant measure for ). Before
proceeding with the proofs of (4.8) and (4.9), let us first explain the conclusion of the proof of
Theorem 2.3 from this. Thanks to Proposition 4.1, for all k£ > 1,
1—(1-Co)* c’

@< -+t =02 < (1 Dy,

since Vj, > 1. As noticed in [17, Equation (86)], this implies that for all v, v,

!/

C
@ =@l < (145 ) I =l

Decomposing any n > 1 as n=m|1/6| + k with k € [0, [1/d| — 1], using the invariance of us by @,
62,0 Q" — psllv = 10(2,0)Q" — 1sQ"[lv

'
< (1 + C) ”(S(x,v)QmU/lsJ - NéQle/éJ HV

<C"emMM (14 ¢ 1620y — 26|
> C (zv) — H§IIV
!

C
< (M3 (1 n C) (Vi(z,v) + s(V3)) -

Thanks to Proposition 4.1 and the invariance of us,

Cl
pa(Ve) < (1= Co)s(Vi) + €6 = us(Vh) < &
Using again that V}, > 1, we end up with

!/

C 2
1560 @" = sl < €000 (14 ) Vige, 0,

with C, A\, C', C" which are independent from § € (0, dy). This will conclude the proof of Theorem 2.3.
It remains to check (4.8) and (4.9). The Lyapunov condition (4.8) straightforwardly follows from
Proposition 4.1, using that (1 — C9)1/%) goes to e=¢ < 1 as § — 0. The rest of the proof is dedicated
to establishing the coupling condition (4.9). This result has been established for the BAOAB chain
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in [16]. More precisely, given a compact set K of T? x R?, [16, Theorem 3] shows that there exists
86,€ > 0 such that for all § € (0,4;) and (z,v), (2/,0") € K,

H(S(ac,v)éju/(sJ - 5(x’,v’)©L1/6J HTV < 2(1 _ 6) ,

with @ the transition operator of the BAOAB chain with potential Uy (i.e. the BJAOAJB chain
with U; = 0). By the coupling characterisation of the total variation norm, it means that, for any
(x,v),(a/,v") € K, it is possible to define two BAOAB chains (X,,, V;,)nen and (X, V}) ) en initialized
respectively at these points which are equal at time [1/d| with probability lager than ¢ > 0 (to see
that we can define such a trajectory, see e.g. the proof of [40, Lemma 3.2]). Denote A; the event
where these two BAOAB chains have merged before |1/§| transitions. In particular, for all § € (0, &),
P(A;) > e.

Next, let us prove that there exists a compact set K’ of T¢ x R?, independent from ¢ small enough
and from (z,v) € K, such that the probability that the BAOAB chain (X, V;)nen initialized at
(z,v) exits K’ before [1/d] transitions is smaller than /4. This classically follows from the fact Vj,
is a Lyapunov function for the BAOAB chain. Indeed, notice that Assumption 1 implies that the
same assumptions are satisfied when replacing U; by 0, which means that Proposition 4.1 applies
to BAOAB. Using that V, > 1, this implies that QV, < 1+ 0OV, < eV, e e=C'oneblVal® iy
supermartingale. For R > 0, consider the stopping time 7 = inf{n, |V},| > R}. Then, letting n — oo
in E(e=C0mAT)eblVane|?y < eblol? e get E(e=C"%7) < De R with D = sup{e®l"®, (20, v0) € K}. In
particular, P(7 < [1/§]) < ¥ DebF?. Taking R large enough (depending on K, b, C’ and e, but not
on § € (0,8)), conclusion follows with K’ = T9 x [0, R].

Considering the two coupled BAOAB chains (X, V;,)nen and (X, V) )nen as before, denote by Ay the
event where both chains remain in K’ up to time [1/§]. The choice of K’ ensures that P(As) > 1—¢/2,
from which P (A4; N Ag) > ¢/2.

Now, we define two BJAOAJB chains by following the two previous BAOAB chains and adding random
jumps. More precisely, let E' be a standard exponential variable independent from the BAOAB chains
and let S = inf{k > 0, F < %Z?:o )\()N(j, 173)}, where ()?j, ‘7j)jeN are the intermediary of the chain
(Xn, Vo)nen (after the first B step of transition, and then after the BAOA steps; which are the two
places where the jumps are performed in BJAOAJB, hence the jump rate \ is evaluated). We define a
BJAOAJB chain (Y;,, W,,) which follows (X,,,V},) up to half-step S (i.e. up to the intermediary half-
step J where a jump occurs), at which point a velocity jump is performed, and after that (Y,,, W,,) is
evolved independently from the BAOAB chain. Similarly we define a BJAOAJB chain (Y,), W) )nen
initialized at (2/,v") from the BAOAB trajectory (X/,, V. )nen (with the same variable E to define the
first jump time). Let A\, = supgs A and A3z = {E > \.}, which is independent from the two BAOAB
chains and in particular from A; and As. Under A; N Ay N A3, the jump rate is bounded by A, > 0
along the two coupled BAOAB trajectories and thus S > 2|1/§], which means there is no jump up to
time |1/d]. Hence, under this event, the two BJAOAJB trajectories coincide with the BAOAB ones
and thus have merged at time |1/§]. As a conclusion,

180,00 Q%) = 80 ) QU2 Iy < 2(1 =P (A1 N A2 N A3)) < 2(1 — e e/2).
This concludes the proof of (4.9), hence of Theorem 2.3. |

4.4. Expansion of the invariant measure of the numerical scheme

Proof of Theorem 2.2. Let f € A,y > 0 such that the result of Theorem 2.3 holds and ¢ € (0, dp].
The ergodicity of the continuous time process (Z;);>0 (Theorem 2.1) and the BJAOAJB chain (Z,,)n>0
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(Theorem 2.3) imply, since | f|y, < oo for some b € (0,1/2), that
,uf:hmfZE (Zks)] usf = hmfZE

n—oo n n—oo N,

Thanks to Theorem 4.5, for any n > 1,

— Cs? &
ZE (Zks) = F(Z0)]| < = > (Vi(z)e ™™ + 1)
k=1

Vh(2) >

<O ———+1).
- (n(l — e 99) +
Thus, by taking the limit as n — oo in the previous inequality, we get that
nf - usf| < Co°. (4.10)

Let us now look at the error term of order §2. Again, we saw in Theorem 4.5 that for all k € N*,

k—1
E-[f(Z1s) = [(Z1)] = 6" 3 Ba[SsPl—p1)sf (Zp)]] < CO°(Vi(2)e™ ™ +1),

p=0
thus
1 g L - 5 Va(2)
LS B/ (Zis) = 1) - 8 EalSsPay s f(Z)] || < C6 (_q6+1>. (4.11)
ni= o n(l —e=99)
Then,
n k-1 1 n k-1
*ZZE (93 Pgep-1)s.f (Zp)] = = D> " Ee[S3Pps f(Zk—p—1)]
M= 1p=0 nk lp 0
1 n
*Z > E.[S3Ppsf(Zr—p-1)]
np 0 k=p+1
1 n—1n—p—1
==Y > E.[SsPyf(Z)]
020 k=0
n—1 n 1n—1 n o
*ZZEZ [S3Pos f(Z1)] — =D Y, E.[S3Ppsf(Z1)].
n
p=0 k=0 p=0 k=n—p

By ergodicity of the numerical scheme for all p € N,
— ZE [S3Pps f(Z)] =2 93 Ppsf
and thanks to Lemma 4.8 and Proposmon 4.1, there exist b € (0,1/2),q > 0 and C' > 0 such that

LIS B SsBy (0] < iie%iﬁzwm

k=0 k=0
n
!
2:6 Cék )

k=

. W)
< Qe [ 22 .
< Ce <n<1 = 0/5)"'1)

< Ce—il’q5 (
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Since the right term of the last inequality is summable in p, Lebesgue convergence theorem implies
that

n—1 n o)

_ » .
Z ZE SgP 5f Zk njo ZM5S3Pp6f
" =0 k=0 p=0

Similarly, there exist b € (0,1/2),¢ > 0 and C > 0 such that

fZ S ELlISyPf(Z0)] Ze a (Vb > ec"”wp)

p=0 k=n—p
cn Vi(2)
el —qpd b
Snpgoe <1_6015+p) njooa
which shows that
n k—1

*ZZE [S3Pe—p-1)5f(Zp —>ZM553 o f -

klpO

We may then let n — oo in (4.11) to obtain

wf —psf— 6> 1sSsPpsf| < C5*.

p=0

We have shown that

\uf — psf — 0%psgs| < C8°  with g5 =6 SsPpsf
p=0
Thanks to Theorem 2.1 and Lemma 4.8, for all £ > 0,
|0:S3P; f(2)] = |S3LPif(2)] < CTTV4(2),
for a certain b < 1/2. Therefore, for any n € N*,

n—l .(p+1)s
< Z/ |S3Ps f — S3Ppsf|ds
p=0"P%

néd n—1
SsPyfds =8> S3Ppsf
p=0

n—1

(p+1)8
< Z sup [0 S3P,f] / (s —pd)ds
=0 PS<t<(p+1)6 pd

1
< C%( )52 nz: e—pq(S
2 =0
< 0%2(2)5 ’
which implies, by taking the limit n — oo, that

o0
llgs — gllv, < C6  with g:/o SsPsfds,

and thus
lsgs — pog) < C9.

Again, g € A. Indeed, if f € A, thanks to Lemma 4.6, we know that all spatial derivatives of S3P;f
are bounded by a term of the form Ce 9V} (z) for a certain b < 1/2, which is integrable in ¢ on R.
Therefore, the theorem of differentiation under the integral sign yields that for all & € N¢,

0°g(2) < CV(2) [ e ds < CVi(2).
0
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This allows to apply (4.10) to the function g, that is

lnsg — pgl < C6°.
Finally,

uf = s f = 87ug| < |pnf — psf — 5 psgsl + 6% |usgs — psgl + 6%\ usg — pgl
<Cs.
We have therefore explicited the first term in the expansion of the invariant measure:

nsf = pf + 2 /0 §SsPufds + O(6%),

which concludes the proof of the theorem. |

4.5. Quadratic risk

Proof of Corollary 2.4. Denoting g = f — u(f) and v the distribution of Zj,
n

n 2 n
E ( %Zf(zk) — u(f) ) % > E(9(Zr)g(Zy))
k=1 j=1k=1

1 & A n . .
= Q' (6° Z > w@ (9Q"g).
j j=1k=j+1
Bounding ¢? < 4||f||V V2 and using Proposmon 4.1 (applied to V;2 = Vy, since b < 1/4), we treat the
first term as

LS, 0 AL & 4|1 £1I3, & o
M;VOQJ(QQ)S nQVJZ:lVoQ](VbQ) V; 60]

For the second term, thanks to Theorem 2.3, we bound [|Q¥glly, < 2Ce™*?||f|ly;, hence |gQFg| <
4Ce —W”WV V2, and then

8C 8C "
> Z Z VOQ]( Qk j ) < HfHV,, Z Z Ak—3)3 , Q](%) ”f!v;(s Z QJ V2

j=1k=j+1 j=1k=j+1
and we bound >7_; Q7 (V) as before.
For the Richardson extrapolation, we simply bound

E (‘3‘; S (2~ - 3 £ - () )
k=1 k=1

<3E (‘3 Z F(Zy) - *M&/z(f)

(1—C8)wo(Vy) +

)
+3E(3Zf —*Maf)

The two first terms are bounded by 5 for some C' > 0 as before, and conclusion follows from Theo-

) +3 (;luam(f) - %Mé(f) - M(f)) :

rem 2.2 (the leading terms of order 52 in the asymptotic bias cancelling out). [
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