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Abstract. In this paper we design, analyze and simulate a finite volume scheme for a cross-diffusion system which
models chemotaxis with local sensing. This system has the same Lyapunov function (or entropy) as the celebrated
minimal Keller–Segel system, but unlike the latter, its solutions are known to exist globally in 2D. The long-time
behavior of solutions is only partially understood which motivates numerical exploration with a reliable numerical
method. We propose a linearly implicit, two-point flux finite volume approximation of the system. We show that
the scheme preserves, at the discrete level, the main features of the continuous system, namely mass conservation,
non-negativity of solution, entropy dissipation, and duality estimates. These properties allow us to prove the well-
posedness, unconditional stability and convergence of the scheme. We also show rigorously that the scheme possesses
an asymptotic preserving (AP) property in the quasi-stationary limit. We complement our analysis with thorough
numerical experiments investigating convergence and AP properties of the scheme as well as its reliability with
respect to stability properties of steady solutions.
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1. Introduction

1.1. Presentation of the system

In some bounded domain Ω ⊂ Rd (d ≥ 1) and for some time interval (0, T ) we consider the following
system

∂tu = ∆(γ(v)u), in QT = Ω × (0, T ), (1.1)
ε∂tv = δ∆v − βv + u, in QT = Ω × (0, T ), (1.2)

with ε a nonnegative constant, β and δ some positive constants and where the function γ is given by

γ(s) = e−s, ∀ s ≥ 0. (1.3)
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The system is complemented by the following boundary and initial conditions

∇[γ(v)u] · ν = ∇v · ν = 0, on ∂Ω × (0, T ), (1.4)
u(0) = u0, εv(0) = εv0, in Ω, (1.5)

where ν is the exterior unit normal vector to ∂Ω, and where u0 and v0 are nonnegative functions.
The system (1.1)–(1.2) is a subclass of the class of systems introduced by Keller and Segel in their

seminal papers [41, 42] in order to model chemotactic aggregation in cell colonies. This particular
subclass corresponds to local sensing, that is, the cell is not able to perceive a gradient in the con-
centration of chemoattractant by comparing the concentrations at two different locations (gradient
sensing) and instead relies only on the concentration at the point it is located to direct itself: for a
modelling discussion on the subject see [20, 42, 55]. The nonnegative quantities u and v correspond
respectively to the cell density and the chemical concentration, the parameter δ is the diffusivity of
the chemical, the parameter β is its degradation rate, and the parameter ε indicates a typical relative
order of magnitude of the time evolution of the source terms in (1.2) over the time evolution of v:
when ε vanishes, the system is called quasi-stationary (or sometimes parabolic-elliptic). Finally, the
nonnegative function γ represents the cell motility.

The present paper concerns the numerical resolution and analysis of the system (1.1)–(1.5). In
the last two decades a literature has emerged on the design and analysis of numerical schemes for
Keller–Segel-type systems, including the celebrated minimal Keller–Segel system [4]. The focus has
been put on many aspects including preservation of the conservative and entropy diminishing nature of
the system, stability analysis, the possibility of handling non-structured meshes as well as high-order
discretizations. Finite difference schemes have been investigated in [50, 61, 63]. Finite volume schemes
have been proposed starting with the seminal contribution [28], followed by many authors [2, 3, 6,
18, 72]. Finite element method [14, 51, 60, 62, 66, 70], discontinuous Galerkin [24, 25, 36, 48, 71] and
alternative numerical strategies [8, 13, 17, 23, 26] have been analysed as well. However, the previous
numerical schemes do not concern chemotactic systems with local sensing as the one considered in the
present manuscript.

Some methods have been proposed very recently in order to study the system (1.1)–(1.2) and its
variant with logistic-type growth, that is, when (1.1) is replaced with

∂tu = ∆(γ(v)u) + r u(1 − u), in QT = Ω × (0, T ), (1.6)

with r ≥ 0. In [37], a meshless method based on Generalized Finite Difference is developed to ap-
proximate the quasi-stationary case (ε = 0) for a quite broad range of motilities gamma, including
in particular (1.3). It is shown that this method is convergent when the growth parameter r is large
enough, a condition under which the solutions are known to relax towards the homogeneous steady
state. We also mention the work [12] where computer-assisted proofs are developed to study the steady
states of the system (1.2) and (1.6) for one dimensional domains and with r ≥ 0 (for quite arbitrary
motilities γ): with this method the authors obtain at once the existence of non-homogeneous steady
states and the validation of their numerical approximation, and provide bifurcation diagrams.

Our goal here is to propose a numerical scheme for the evolutionary system (1.1)–(1.3) providing
a faithful approximation of the solutions in various regimes, including away from the homogeneous
stabilization regime and including both the full system (ε > 0) and the quasi-stationary asymptotic.
To achieve this goal we aim for a scheme that preserves the main structural features of the equation
(mass conservation, entropy dissipation, non-negativity of solutions), in order to ensure good stability
properties, with a computational cost that is as low as possible.
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1.2. Description and novelty of our main results

In this work, we introduce a two-point flux approximation (TPFA) finite volume scheme in space
together with a one step implicit/explicit (IMEX) Euler scheme in time for the system (1.1)–(1.2).
This IMEX strategy, which was already used in [50] for the minimal Keller–Segel system, allows us to
decouple at the discrete level the equations (1.1) and (1.2) and yields an efficient, w.r.t. computational
cost, numerical scheme. This efficiency is particularly important in order to numerically explore the
infinite-time blow-up phenomenon satisfied by the solutions to the system (1.1)–(1.5).

Let us now introduce the main hypothesis and results of our study. In all this paper, we will work
under the following hypothesis:

(H1) Domain: Ω ⊂ Rd is a bounded and polyhedral domain (d = 1, 2, or 3).

(H2) Parameters: ε is a nonnegative constant and β and δ are positive constants.

(H3) Cell motility: The function γ is defined by (1.3).

(H4) Initial data: The functions u0 and εv0 are nonnegative and belong respectively to L2(Ω) and
H1(Ω).

Remark 1.1. Let us precise that the scheme that we propose can be used for other cell motilities
than (1.3) (see the numerical illustrations in Section 8.5 for an example), but the numerical analysis
is limited to the exponential motility prescribed in (H3). Indeed, the core of our analysis relies on the
entropy dissipation of the system (1.1)–(1.3) exposed (at the continuous level) in Section 2.3, which
holds for the specific motility prescribed in (1.3). Adapting the analysis - and possibly the numerical
scheme - to other motilities will be the subject of a future work.

Under these hypothesis, we first prove in Theorem 3.1 that the scheme admits a unique positive
solution at each time step. We also show that the solutions of the scheme satisfy a discrete counterpart
of the entropy estimate (see (2.7) below) established in [15, 33, 40]. The proof of Theorem 3.1 strongly
relies on the linearly implicit structure of our scheme. More precisely, this structure allows us to rewrite
the scheme as linear systems of equations. Then, we prove that the associated matrices are invertible
and admit some monotonicity properties ensuring the nonnegativity of the solutions. The fact that
the scheme is entropy diminishing is proved by adapting at the discrete level the computations done
in [15, 33, 40].

Our second main result, exposed in Theorem 3.3, is the (subsequential) convergence of the scheme
when ε > 0. As often with finite volume methods [27] for nonlinear PDEs, the convergence proof is
done through a compactness argument which relies on some uniform estimates with respect to the
size of the meshes in space and time. If our strategy is quite classical we need to establish an unusual
(to our best knowledge) discrete duality estimate. In order to establish such estimate we introduce
a convenient discrete H1 dual norm and we adapt at the discrete level the computations of [15], see
Section 2.3 and Proposition 5.2 for more details. Then, thanks to this uniform estimate adequately
combined with the entropy and mass estimates, we are able to prove the (subsequential) convergence
of the scheme towards weak solutions to (1.1)–(1.5) in the sense of Definition 2.1 below.

Our third main result, Theorem 3.5, concerns the asymptotic preserving (AP) property of our
scheme in the quasi-stationary limit ε → 0. For this purpose, we consider a family of initial data
(u0, v0) indexed in ε ≥ 0 and we introduce an additional hypothesis:

(H5) Well-prepared initial data: The ε-family of functions (u0, v0) is uniformly bounded in L2(Ω) ×
H1(Ω), it is such that u0 converges a.e. as ε → 0 towards a limit still denoted u0, and it
satisfies the condition

⟨u0⟩ − β⟨v0⟩ = O(
√
ε). (1.7)
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The latter hypothesis is intimately connected to the initial layer in the limit ε → 0. More precisely, one
can easily show that (1.7) is equivalent to ∥⟨∂tv⟩∥L2(0,T ) = O(1), where ⟨·⟩ denotes the space average.
We refer to Section 2 for details, and to Section 8.3 for numerical illustrations of the initial layer.

Then, under assumption (H5), we show in Theorem 3.5 that when both the size of the meshes
and the parameter ε in (1.2) go to zero the solutions of the scheme converge up to a subsequence
towards the weak solutions of the quasi-stationary system in the sense of Definition 2.1. A by-product
of Theorem 3.5 is the (subsequential) convergence of the scheme when ε = 0 (without the additional
assumption (H5) which becomes irrelevant in the quasi-stationary case, see Remark 3.6).

Finally, for space dimensions one and two, and under further regularity assumptions for the initial
data, Corollary 3.7 states a stronger AP property in the sense that the whole sequence of numerical
approximations converges (and not only a subsequence).

We have implemented the scheme in one and two space dimensions on unstructured meshes (see
Section 8.1 for details) and performed thorough numerical experiments to illustrate and complement
our theoretical results, through four testcases. In the first testcase we illustrate the second order
convergence in space of the scheme, for the error between the discrete solution and a projection
of the continuous solution on the mesh. This super-convergence property of a TPFA finite volume
scheme is expected, see for instance [22]. In the second testcase, we are interested in the asymptotic
preserving property and we show the effect of the well-preparedness of the initial data in the sense
of (H5) and in a stronger sense. In the third testcase, we investigate stability properties of stationary
solutions. We show that linear stability properties of homogeneous equilibrium are preserved by the
scheme. Finally we demonstrate the applicability of our scheme for motilities which do not enter our
theoretical framework.

1.3. Outline of the paper

The paper is organized as follows. Section 2 focuses on the continuous system: after a brief literature
review, we recall and develop some key notions and estimates in the continuous setting. We introduce
the numerical scheme and present the main results in Section 3. We prove that the scheme is well-
defined and satisfy some first properties (mass conservation, entropy dissipation) in Section 4, while
in Section 5 we establish some uniform estimates. Then, we show the convergence of the scheme in
Section 6. Section 7 is dedicated to the AP property of the scheme. Finally, in Section 8 we present
the aforementioned numerical experiments.

2. Insight from the continuous level

2.1. Literature review

On the theoretical side, the system (1.1)–(1.2) has been the subject of a wide recent literature treating
questions such as global existence of solutions and their long-time behaviour.

The problem of existence of global solutions to the system (1.1)–(1.2) with (1.4)–(1.5) has attracted
much attention over the past decade, with the exciting outcome that solutions do exist globally for
rather generic relevant motilities γ in any dimension, see for example [32, 38] when ε = 0 and [21, 31,
33, 39] when ε > 0. In particular, for γ given by (1.3), existence of global solutions is known in any
dimension: see [32, 38] when ε = 0 and [31, 33, 39] when ε > 0 for a theory of classical solutions and
see [15] for a theory of weak solutions.

In fact, the choice (1.3) is motivated by the studies [15, 32, 33, 40] where it is shown that in
bi-dimensional domains for this specific choice of γ the system (1.1)–(1.5) exhibits a critical mass
phenomenon somewhat reminiscent of the behavior of the minimal Keller–Segel system. For subcritical
initial cell masses, solutions exist globally and remain bounded uniformly in time, and for supercritical
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initial cell masses, solutions exist globally and may blow up at infinite time. While the behavioral
change happens at the exact same critical mass for the system (1.1)–(1.5) as for the minimal Keller–
Segel system, one noteworthy difference with the latter is that here the blow-up is delayed to infinity.
We also note that in bi-dimensional domains the decaying exponential motility (1.3) seems critical, in
the sense that for a positive-valued motility function γ nonincreasing and decaying to zero at infinity
with

lim
s→∞

eαsγ(s) = ∞, ∀ α > 0,

the global solutions of (1.1)–(1.2) are uniformly bounded and the blow-up is therefore ruled out [30, 39].
This similarity with the minimal Keller–Segel system in dimension two is not a mere coincidence

and reflects a structural similarity (in any space dimension), that translates at the minimum into a
common entropy functional for the two systems [15, 33, 40]. This entropy functional will be used in
the present analysis. Another similitude is that both systems share the same set of steady states. For
this reason, the existence of non-homogeneous steady states as well as their qualitative and asymptotic
behaviour have been extensively studied for about forty years, see for example [64] in one-dimensional
domains, [11, 56, 57, 65, 67] in bi-dimensional domains, [1, 7, 9, 10, 58] in higher-dimensional domains,
and references therein.

Beyond well-posedness and boundedness results, and the construction of special blowing- up solu-
tions in the supercritical regime, little is known about the qualitative behavior of the evolutionary
system. We are aware of two qualitative studies, both in the case ε > 0. In dimension one, the existence
and stability of monotone steady states with boundary spike has been explored in [69] using bifurca-
tion theory and numerical simulations. The formation of patterns has been studied numerically and
theoretically in [19] for a porous-medium type generalization of the system (1.1)–(1.2) with ε > 0. In
particular for the exponential motility (1.3), a linear stability analysis around the homogeneous steady
state

(
µ, µ

β

)
for a given µ > 0 (see also [20, proof of Theorem 3.1]) suggests that pattern formation

has to be expected under the condition

µ > β + δλ1(Ω), (2.1)

where λ1(Ω) is the principal eigenvalue of the Laplace operator −∆ on Ω with homogeneous Neumann
boundary conditions. Furthermore, bi-dimensional numerical experiments, supplemented by heuristic
arguments based on the study of the excitable density set, might suggest that under this condition we
can expect formation of peaks.

As one can see from the short review above, the analysis for the system (1.1)–(1.2) for the cases
ε > 0 or ε = 0 is mostly done separately. In fact, when a similar result exists for both cases, especially
about existence or boundedness/blow-up, the result for the quasi-stationary case is in general more
accessible than (and precedes in the literature) the one for the full parabolic case ε > 0. That is to say,
the quasi-parabolic system appears to be a good approximation of the full system ε > 0, both seemingly
reproducing its qualitative behaviour and more accessible analytically. This naturally motivates the
study of the limit ε → 0. Many studies indeed tackle the analytical proof of a similar limit for related
systems, mainly focusing on the minimal Keller–Segel system (see [43, 44, 45, 46, 49, 52, 53, 54, 59, 68];
see as well [47, 50] for numerical experiments and methods in the quasi-stationary asymptotics for the
minimal Keller–Segel system). However, as far as we are aware of, this limit has not been studied for
the continuous system (1.1)–(1.2).

In the present study, we recall some tools initially developed for showing the existence of solutions
for the system (1.1)–(1.5), in particular entropy and duality estimates, and adapt them in a discrete
setting. This is key to establish the well-posedness and the convergence of our scheme. We furthermore
develop new estimates to prove analytically the quasi-stationary limit for the system (1.1)–(1.5) that
we also adapt to the discrete setting. This is used to prove that our scheme is AP in the quasi-stationary
limit. Our final aim with this scheme is to test and observe the long-time behaviour partially described
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in the literature on the continuous system: the section 8, dedicated to numerical experiments, explores
in particular the pattern formation under (a discrete counterpart of) the condition (2.1) and questions
the uniform boundedness of the solutions (as opposed to blow-up) in 2D.

2.2. Notions of solution

The notion of weak solutions for the system (1.1)–(1.5) is defined as follows:

Definition 2.1 (Weak solutions to (1.1)–(1.5)). Assume (H1)–(H4). Let T > 0 and let (u, v) nonneg-
ative with

u ∈ L∞(0, T ;L1(Ω)), v ∈ L∞(0, T ;H1(Ω)), εv ∈ H1(0, T ;L2(Ω)), u γ(v) ∈ L2(QT ).

We call (u, v) a weak solution of (1.1)–(1.5) on (0, T ) if for all φ ∈ C∞
c (Ω× [0, T )) satisfying ∇φ ·ν = 0

on ∂Ω × [0, T ), we have∫
QT

u ∂tφ dxdt+
∫

Ω
u0(x)φ(x, 0) dx+

∫
QT

uγ(v) ∆φdxdt = 0, (2.2)

and

ε

∫
QT

v∂tφ dxdt+ ε

∫
Ω
v0(x)φ(x, 0) dx = δ

∫
QT

∇v · ∇φ dxdt+
∫

QT

(β v − u)φ dxdt. (2.3)

In particular when ε = 0, (u, v) is called a weak solution of the quasi-stationary system.

Remark 2.2. Under the regularity assumptions of the above definition, the distributional formu-
lation (2.2)–(2.3) is equivalent to the formulation (1.4)–(1.6) given in [15, Definition 1.1]. Indeed,
starting from (2.2) and first testing with φ homogeneous in space, we obtain that ⟨u(·, t)⟩ = ⟨u0⟩ for
a.e. t ∈ [0, T ). Then for ψ in C∞

c (Ω × [0, T )) we use (2.2) with φ = (−∆)−1 (ψ − ⟨ψ⟩), where (−∆)−1

has to be understood with homogeneous Neumann boundary conditions, and we get

−
∫

QT

(uγ(v) − ⟨uγ(v)⟩) ψ dxdt

=
∫

QT

u ∂t(−∆)−1 (ψ − ⟨ψ⟩) dxdt+
∫

Ω
u0 (−∆)−1 (ψ(·, 0) − ⟨ψ(·, 0)⟩) dx

=
∫

QT

(u− ⟨u⟩) (−∆)−1∂t (ψ − ⟨ψ⟩) dxdt+
∫

Ω

(
u0 − ⟨u0⟩

)
(−∆)−1 (ψ(·, 0) − ⟨ψ(·, 0)⟩) dx

=
∫

QT

(−∆)−1 (u− ⟨u⟩) ∂tψ dxdt+
∫

Ω
(−∆)−1

(
u0 − ⟨u0⟩

)
ψ(x, 0) dx.

A density argument together with the regularity of uγ(v) and u0 allow to conclude that (1.4) and the
first equality of (1.6) in [15, Definition 1.1] hold. The reverse direction of the equivalence follows from
the same computations, and the treatment of the equation for the evolution of v is standard. Here,
we chose to use the distributional formulation (2.2)–(2.3) which appears naturally in the asymptotics
of the numerical scheme.

The proof of the AP property of the scheme relies on some uniform estimates with respect to the
size of the meshes and the parameter ε. While some of these estimates are a direct by-product of the
estimates established for the convergence proof, an extra uniform estimate has to be obtained on the
L2 norm of ∂tv. We first present this estimate in Section 2.3 where for pedagogical purpose we establish
it formally at the continuous level, highlighting the role of (H5). We then adapt it at the discrete level
in Proposition 7.1. Finally, the proof of the AP property relies on a compactness approach. However,
the compactness properties of the solutions do not ensure that the whole sequence of solutions to the
scheme converges toward the weak solutions of the quasi-stationary system. Therefore, we propose
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to consider a more restrictive class of solutions for the quasi-stationary system in which uniqueness
can be proven. Following [15], we then consider a slightly stronger notion of solution, namely the
weak-strong solution:

Definition 2.3 (Weak-strong solution for the quasi-stationary system). Assume (H1)–(H4) and ε = 0.
Let T > 0, and let (u, v) nonnegative. Then, (u, v) is called a weak-strong solution of the quasi-
stationary system on (0, T ) if (u, v) is a weak solution of the quasi-stationary system in the sense of
Definition 2.1 which additionally satisfies

δ∆v − βv + u = 0, in L2(QT ).

Of course, one needs to derive sufficient conditions ensuring the existence of such weak-strong
solutions. The answer is (partially) given in [15]. Indeed, we have the following result:

Proposition 2.4 (Uniqueness of weak-strong solutions). Assume (H1)–(H4) with d = 1 or 2 and
ε = 0. Assume furthermore that u0 ∈ L∞(Ω). Then there exists at most one weak-strong solution of
the quasi-stationary system in the sense of Definition 2.3 such that

u ∈ L∞(0, T ;Lq(Ω)), for q > 2. (2.4)

Remark 2.5. In [15], the existence and uniqueness of the weak-strong solution is obtained for the
system (1.1)–(1.5) for ε > 0 and not for the quasi-stationary system. Besides, this property is only
proved for a smooth bounded domain Ω in Rd while in this work we consider only polygonal (or
polyhedron) domains. We therefore explain here how to adapt the arguments of [15] in our framework.
First, under the regularity assumption (2.4) one can readily adapt the proof of uniqueness for the
quasi-stationary system, see the proof of [15, Theorem 1.6]. Besides, in order to construct a weak-
strong solution it is sufficient to improve the regularity of the weak solutions. The arguments given in
the proof of [15, Proposition 1.7] to improve the regularity of the weak solution of (1.1)–(1.5) for one
dimensional domains can be easily adapted for the quasi-stationary system in order to obtain that u
and v belong to L∞(QT ). However, in bi-dimensional domains, due to the regularity of ∂Ω, we need
to modify more deeply the arguments of [15, Section 4.3]. For this purpose, noting that u belongs to
L∞(0, T ;L logL) (this is a consequence of the entropy inequality (2.7) with ε = 0), we apply the result
in [35] which ensures that v ∈ L∞(QT ). Then, using the duality estimate we deduce that u ∈ L2(QT )
and we conclude thanks to [34, Theorem 4.3.1.4] that v ∈ L2(0, T ;H2(Ω)). Then, by a slight adaption
of the proof of [15, Lemma 4.2] we conclude that u ∈ L∞(0, T ;Lq(Ω)) for any q ≥ 2.

2.3. Key estimates at the continuous level

As previously exposed, the proofs of our main theorems rely on the adaptation at the discrete level
of some uniform estimates that are for most of them rigorously established for the continuous system
in [15], namely mass conservation, entropy dissipation, and duality estimates. The study of the limit
ε → 0 with the proof of the AP property also requires additional estimates that are uniform in ε.
Therefore we establish some ε-uniform estimates for the time derivative of v, that are apparently
new, though inspired by the treatment of the quasi-stationary system in [15]. To give a flavor of our
proofs, we use this section to present these estimates formally at the continuous level. Let us then
consider (u, v) nonnegative such that (u, v) is a strong solution of (1.1)–(1.5) and assume that (u, v)
is as smooth as needed for the computations performed in this section. For the sake of simplicity we
assume in this section ε > 0, though the case ε = 0 can be treated similarly with minor adaptations.
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Mass and entropy

Let us first state the mass estimates. For this purpose, we recall that ⟨w⟩ denotes the mean value of
w on Ω:

⟨w⟩ := 1
m(Ω)

∫
Ω
w(x) dx, ∀ w ∈ L1(Ω),

where m denotes the Lebesgue measure (in any space dimension). Then, the system preserves the
nonnegativity of u and by integrating (1.1) over the domain Qt for t > 0 we get the preservation of
its mean value along time, i.e.,

⟨u(t)⟩ = 1
m(Ω) ∥u(t)∥L1(Ω) = ⟨u0⟩, for t > 0. (2.5)

Besides, v is also a nonnegative function and by integrating (1.2) over the domain Ω we have

d
dt

(
⟨v(t)⟩ − ⟨u0⟩

β

)
= −β

ε

(
⟨v(t)⟩ − ⟨u0⟩

β

)
,

so that its mean value verifies

⟨v(t)⟩ = ⟨u0⟩
β

+ e−βt/ε

(
⟨v0⟩ − ⟨u0⟩

β

)
, for t > 0. (2.6)

Now, as for the minimal Keller–Segel model, one can notice [15] that (1.1)–(1.3) admits a Lyapunov
functional:

H(u, v) =
∫

Ω

[
u log u− u+ 1 + β

2 |v|2 − uv + δ

2 |∇v|2
]

dx.

Indeed, computing
d
dtH(u, v) =

∫
Ω

log
(
ue−v) ∂tudx+

∫
Ω

[βv − u− δ∆v] ∂tv dx

= −
∫

Ω

1
ue−v

∣∣∇ (
ue−v)∣∣2 dx− ε

∫
Ω

|∂tv|2 dx ≤ 0,

we obtain that H(u, v) is nonincreasing. Note that this computation crucially relies on the specific
choice of γ in (1.3). Furthermore, we get the following dissipation equality

H(u(t), v(t)) + 4
∫ t

0

∫
Ω

∣∣∣∇√
ue−v

∣∣∣2 dxds+ ε

∫ t

0

∫
Ω

|∂tv|2 dxds = H(u0, v0), for t > 0. (2.7)

However, let us emphasize that by itself this dissipation equality is of limited use, for example it does
not directly give a priori estimates of v in L∞((0, T );H1(Ω)). This is due to the nonpositive quadratic
term −uv in the definition of H. In order to circumvent this issue the main idea is to make use of a
duality estimate, in a strategy that we now describe.

Combination of duality and entropy

As explained above, our objective here is to find a lower bound for the nonpositive quadratic term
−uv in the definition of H. Noting that in the definition of H there also appears a (nonnegative) term
equivalent to the H1 norm of v, our strategy will be to find an estimate for u− ⟨u⟩ in (H1)′, the dual
space of H1. Indeed, provided we have such estimates, we can control,

uv = (u− ⟨u⟩)︸ ︷︷ ︸
∈(H1)′

v︸︷︷︸
∈H1

+ ⟨u0⟩ v︸︷︷︸
∈H1

∈ L1.
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Roughly speaking, the main argument to obtain this (H1)′ estimate of u− ⟨u⟩ is a combination of the
equation for u and the relation

∥f∥(H1)′(Ω) = ∥∇(−∆)−1f∥L2(Ω), (2.8)

valid for any f with
∫

Ω f(x) dx = 0. To be more precise, let us first introduce some notations here:
let (H1)′(Ω) denote the dual space of H1(Ω), let H1

♢(Ω) denote the set of all functions in H1(Ω)
with mean value zero, let (H1

♢)′(Ω) denote its dual space, and finally let us introduce the operator
K = (−∆)−1 : (H1

♢)′(Ω) → H1
♢(Ω) which inverses the Laplace operator with homogeneous Neumann

boundary conditions.
Following [15] by applying K to (1.1) and testing the result with u − ⟨u0⟩ (which is of zero mean

thanks to the mass conservation (2.5)) we obtain,

1
2 sup

[0,T ]
∥u− ⟨u0⟩∥2

(H1)′(Ω) +
∫ T

0

∫
Ω
γ(v)u2 dxdt ≤ 1

2∥u0 − ⟨u0⟩∥2
(H1)′(Ω) + m(Ω)⟨u0⟩2 T. (2.9)

Then, denoting by CT > 0 the constant such that

∥u(t) − ⟨u0⟩∥(H1)′(Ω) ≤ CT , for t ∈ (0, T ),

we have, for t ∈ (0, T ),

−
∫

Ω
u v dx = −

∫
Ω

(u− ⟨u0⟩) v dx−
∫

Ω
⟨u0⟩ v dx

=
∫

Ω
v∆K(u− ⟨u0⟩) dx−

∫
Ω

⟨u0⟩ v dx

= −
∫

Ω
∇K(u− ⟨u0⟩) · ∇v dx−

∫
Ω

⟨u0⟩ v dx

≥ −C2
T

δ
− δ

4

∫
Ω

|∇v|2 dx− m2

β
− β

4

∫
Ω

|v|2 dx.

This yields, for t ∈ (0, T ),

H(u, v) ≥ −C2
T

δ2 − ⟨u0⟩2

β
+
∫

Ω

[
u log u− u+ 1 + β

4 |v|2 + δ

4 |∇v|2
]

dx. (2.10)

Thus combining (2.7) and (2.10) one can deduce an upper bound on the H1(Ω) norm of v and on
the logarithmic entropy of u, which is uniform over any finite time interval (0, T ). These estimates (in
their discretized versions, and established rigorously), will be at the cornerstone of our convergence
proof, see Theorem 3.3. Besides, contrary to the minimal Keller–Segel model, these estimates also
imply that if a blow-up phenomenon occurs it has to be postponed to the infinite time limit.

Estimate in the quasi-stationary relaxation

As already exposed, we intend in our final main result, see Theorem 3.5, to consider the limit ε → 0.
For this purpose we need to establish some estimates that are uniform with respect to ε. However, we
notice that the entropy dissipation equality (2.7) (combined with (2.10)) yields a L2(QT ) estimate on√
ε∂tv only. In order to derive an estimate on ∂tv uniform in ε, we first differentiate (1.2) w.r.t. time

and get
ε∂ttv + β∂tv = ∂tu+ δ∆∂tv.

Note that the right-hand-side having zero-mean (thanks to the mass conservation (2.5)) we can apply
the operator K = (−∆)−1 to the equality above so that, after testing the result with (∂tv − ⟨∂tv⟩) we
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obtain∫
Ω

(∂tv − ⟨∂tv⟩) K
[
ε∂ttv + β∂tv

]
dx

=
∫

Ω
(∂tv − ⟨∂tv⟩) K [∂tu] dx+ δ

∫
Ω

(∂tv − ⟨∂tv⟩) K [∆∂tv] dx

= −
∫

Ω
(∂tv − ⟨∂tv⟩) (uγ(v) − ⟨uγ(v)⟩) dx− δ

∫
Ω

(∂tv − ⟨∂tv⟩)2 dx

≤ −δ

2

∫
Ω

(∂tv − ⟨∂tv⟩)2 dx+ 1
2δ

∫
Ω

(uγ(v) − ⟨uγ(v)⟩)2 dx,

where we have used the equation (1.1) for the second equality, and Young’s inequality for the last
inequality. We furthermore compute the left-hand-side as∫

Ω
(∂tv − ⟨∂tv⟩) K [ε∂ttv + β∂tv] dx

= ε

∫
Ω

(∂tv − ⟨∂tv⟩) K [∂ttv − ⟨∂ttv⟩] dx+ β

∫
Ω

(∂tv − ⟨∂tv⟩) K [∂tv − ⟨∂tv⟩] dx

= ε

∫
Ω

∇K [∂tv − ⟨∂tv⟩] · ∇K [∂ttv − ⟨∂ttv⟩] dx+ β

∫
Ω

|∇K [∂tv − ⟨∂tv⟩]|2 dx

= ε

2
d
dt

∫
Ω

|∇K [∂tv − ⟨∂tv⟩]|2 dx+ β

∫
Ω

|∇K [∂tv − ⟨∂tv⟩]|2 dx,

where we have used the definition of K (including the associated boundary conditions). Summing up,
we have that
δ

2

∫
Ω

(∂tv − ⟨∂tv⟩)2 dx+ ε

2
d
dt

∫
Ω

|∇K [∂tv − ⟨∂tv⟩]|2 dx+ β

∫
Ω

|∇K [∂tv − ⟨∂tv⟩]|2 dx

≤ 1
2δ

∫
Ω

(uγ(v) − ⟨uγ(v)⟩)2 dx. (2.11)

Using that uγ(v) is bounded in L2(QT ) thanks to the duality estimate (2.9) and the fact that γ in (1.3)
is uniformly bounded, we finally get that, for any T > 0,∫ T

0

∫
Ω

(∂tv − ⟨∂tv⟩)2 dxdt ≤ C ′
T .

In order to estimate the L2 norm of ⟨∂tv⟩, we differentiate (2.6) with respect to time to get,

⟨∂tv⟩ = ⟨u0⟩ − β⟨v0⟩
ε

e− β
ε

t, (2.12)

so that ∫ T

0

∫
Ω

⟨∂tv⟩2 dxdt = m(Ω)
2β

(
⟨u0⟩ − β ⟨v0⟩√

ε

)2 (
1 − e− 2β

ε
T
)
.

Therefore we conclude that ∂tv is bounded in L2(QT ) uniformly in ε exactly under the assump-
tion (H5).

3. Numerical scheme and main results

3.1. Meshes and discrete functional framework

From now on d = 1, 2 or 3. For presentation purposes we present the discretization of the domain QT =
Ω× (0, T ) and our results for bi-dimensional domains only. Unless stated otherwise, the generalization
to other space dimensions is straightforward.
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Let then Ω ⊂ R2 be a bounded, polygonal domain. An admissible mesh of Ω is given by (i) a
family T of open polygonal control volumes (or cells), (ii) a family E of edges, and (iii) a family P of
points (xK)K∈T associated to the control volumes and satisfying Definition 9.1 in [27]. This definition
implies that the straight line xKxL between two centers of neighboring cells is orthogonal to the edge
σ = K|L between two cells. For instance, Voronoï meshes satisfy this condition [27, Example 9.2]. The
size of the mesh is denoted by ∆x = maxK∈T diam(K). The family of edges E is assumed to consist
of interior edges Eint satisfying σ ∈ Ω and boundary edges σ ∈ Eext satisfying σ ⊂ ∂Ω. For a given
K ∈ T , EK is the set of edges of K, and it splits into EK = Eint,K ∪ Eext,K and N (K) the set of its
neighbouring control volumes (i.e. the cell L such that L∩K is an edge of the discretization). For any
σ ∈ E , there exists at least one cell K ∈ T such that σ ∈ EK . Moreover, for σ ∈ E , we introduce the
distance

dσ =
{

dist(xK , xL) if σ = K|L ∈ Eint,K ,

dist(xK , σ) if σ ∈ Eext,K ,

where dist is the Euclidean distance in R2, and the transmissibility coefficient

τσ = m(σ)
dσ

. (3.1)

The mesh is assumed to satisfy the following regularity assumption: There exists ζ > 0 such that for
all K ∈ T and σ ∈ EK ,

dist(xK , σ) ≥ ζdσ. (3.2)
We also introduce suitable function spaces for the numerical scheme. The space of piecewise constant

functions is defined by

HT =
{
w : Ω −→ R : ∃ (wK)K∈T ⊂ R, w(x) =

∑
K∈T

wK1K(x)
}
, (3.3)

where 1K is the characteristic function on K. In the sequel, we will identify each w ∈ HT with its
associated sequence (wK)K∈T and for any element w ∈ HT , we will write (as at the continuous level)

⟨w⟩ = 1
m(Ω)

∑
K∈T

m(K)wK .

Besides, in order to define a norm on the space HT , we first introduce the notation

wK,σ =
{
wL if σ = K|L ∈ Eint,

wK if σ ∈ Eext,K ,

for K ∈ T , σ ∈ EK and the discrete operators

DK,σw := wK,σ − wK , Dσw := |DK,σw|.

Let q ∈ [1,∞) and w ∈ HT . The discrete W 1,q seminorm and discrete W 1,q norm on HT are given by

|w|q1,q,T =
∑
σ∈E

m(σ) dσ

∣∣∣∣Dσw

dσ

∣∣∣∣q, ∥w∥q
1,q,T = |w|q1,q,T + ∥w∥q

Lq(Ω),

respectively, and ∥w∥Lq(Ω) denotes the Lq norm i.e. ∥w∥Lq(Ω) = (
∑

K∈T m(K)|wK |q)1/q.
We finally define the space-time discrete framework. Let T > 0, let NT ∈ N be the number of time

steps. We introduce the step size ∆t = T/NT as well as the time steps tn = n∆t for n = 0, . . . , NT . We
denote by D the admissible space-time discretization of QT composed of an admissible mesh T and
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the values (∆t,NT ). We introduce the space HD of piecewise constant in time functions with values
in HT ,

HD =

w : Ω × [0, T ] −→ R : ∃ (wn)n=1,...,NT
⊂ HT , w(x, t) =

NT∑
n=1

wn(x)1(tn−1,tn](t)

 ,
equipped, for 1 ≤ p, q < ∞, with the discrete Lp(0, T ;W 1,q(Ω)) normNT∑

n=1
∆t∥wn∥p

1,q,T

1/p

.

3.2. Numerical scheme

We first discretize the initial conditions as

u0
K = 1

m(K)

∫
K
u0(x) dx, v0

K = 1
m(K)

∫
K
v0(x) dx, ∀ K ∈ T . (3.4)

Now for a given n ≥ 1 and a given (un−1, vn−1) ∈ R2 Card(T ), the numerical scheme is defined as

m(K)u
n
K − un−1

K

∆t =
∑

σ∈EK

τσ DK,σ(unγ(vn)), ∀ K ∈ T , (3.5)

εm(K)v
n
K − vn−1

K

∆t = δ
∑

σ∈EK

τσ DK,σv
n + m(K) (un−1

K − βvn
K), ∀ K ∈ T . (3.6)

We notice that the scheme (3.5)–(3.6) is linear and it can be rewritten as

Mv v
n = bn−1

v , Mn
u u

n = bn−1
u , (3.7)

where bn−1
v = (m(K)(ε vn−1 + ∆tun−1))K∈T , bn−1

u = (m(K)un−1
K )K∈T and Mv and Mn

u are squared
matrices of size Card(T ) × Card(T ) with entries

(Mv)K,K = m(K)(ε+ ∆tβ) + δ∆t
∑

σ∈Eint,K
τσ, ∀ K ∈ T ,

(Mv)K,L = −δ∆t τσ, ∀ K ∈ T , ∀ L ∈ N (K), σ = K|L,
(Mv)K,L = 0, ∀ K ∈ T , ∀ L /∈ N (K),

(3.8)

and 
(Mn

u)K,K = m(K) + ∆t
∑

σ∈Eint,K
τσγ(vn

K), ∀ K ∈ T ,
(Mn

u)K,L = −∆t τσγ(vn
L), ∀ K ∈ T , ∀ L ∈ N (K), σ = K|L,

(Mn
u)K,L = 0, ∀ K ∈ T , ∀ L /∈ N (K).

(3.9)

3.3. Main results

Our first main result deals with the existence of a unique solution to the scheme (3.4)–(3.6) at each
time step. But first let us introduce the definition of the discrete entropy functional

H(un, vn) =
∑

K∈T
m(K)

(
h(un

K) + β

2 |vn
K |2 − un

Kv
n
K

)
+ δ

2
∑
σ∈E

τσ (Dσv
n)2 , (3.10)
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where h(x) = x(log(x) − 1) + 1. We also introduce the corresponding discrete entropy dissipation
functional as follows

D(un, vn, vn−1) = 4
∑
σ∈E

τσ

(
Dσ

√
unγ(vn)

)2
+ ε

∑
K∈T

m(K)
∣∣∣∣∣vn

K − vn−1
K

∆t

∣∣∣∣∣
2

. (3.11)

Theorem 3.1 (Well-posedness of the scheme). Assume (H1)–(H4). Then, for any 1 ≤ n ≤ NT , there
exists a unique positive solution (un, vn) to the scheme (3.4)–(3.6). Moreover this solution satisfies the
following properties:

• Mass estimates: for all n ∈ {1, . . . , NT } we have

⟨un⟩ = ⟨u0⟩ = 1
m(Ω)

∫
Ω
u0(x) dx, (3.12)

and

⟨vn⟩ = ⟨u0⟩
β

+
(

ε

ε+ β∆t

)n
(

⟨v0⟩ − ⟨u0⟩
β

)
. (3.13)

• Entropy dissipation inequality: for all n ∈ {1, . . . , NT } it holds

H(un, vn) + ∆tD(un, vn, vn−1) ≤ H(un−1, vn−1), (3.14)

where H and D are defined in (3.10) and (3.11).

Remark 3.2. Let us emphasize that the statement of Theorem 3.1 also holds in the quasi-stationary
regime ε = 0. It actually also holds in the asymptotic regime δ = 0. Let us precise nonetheless that
the regime δ = 0 is very degenerate and the convergence of the scheme as well as the well-posedness
of the continuous system are far from being guaranteed in this case.

The next main result deals with the convergence of the scheme. We first need to introduce some
notation. For K ∈ T and σ ∈ EK , we define the cell TK,σ of the dual mesh:

• If σ = K|L ∈ Eint,K , then TK,σ is that cell (“diamond”) whose vertices are given by xK , xL,
and the end points of the edge σ.

• If σ ∈ Eext,K , then TK,σ is that cell (“triangle”) whose vertices are given by xK and the end
points of the edge σ.

The cells TK,σ define a partition of Ω. Then, the approximate gradient of w ∈ HD is defined by

∇Dw(x, t) = m(σ)
m(TK,σ)(DK,σw

k) νK,σ for x ∈ TK,σ, t ∈ (tk−1, tk], (3.15)

where νK,σ is the unit vector that is normal to σ and points outwards of K.
Finally, we introduce a family (Dm)m∈N of admissible space-time discretizations of QT indexed by

the size ηm = max{∆xm,∆tm} of the mesh, satisfying ηm → 0 as m → ∞. We denote by Tm the
corresponding meshes of Ω and by ∆tm the corresponding time step sizes. Finally, we set ∇m := ∇Dm .

Theorem 3.3 (Convergence of the scheme). Assume (H1)–(H4) and ε > 0. Let (Dm)m∈N be a family
of admissible meshes satisfying (3.2) uniformly in m ∈ N and such that ηm → 0 as m → ∞. Let
(um, vm)m∈N be a family of finite volume solutions to (3.4)–(3.5) obtained in Theorem 3.1. Then, there
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exists two nonnegative functions u ∈ L∞(0, T ;L1(Ω)) and v ∈ L∞(0, T ;H1(Ω))∩H1(0, T ;L2(Ω)) such
that, up to a subsequence, as m → ∞ we have

um ⇀ u weakly in L1(QT ),
vm → v strongly in L2(QT ),

∇mvm ⇀ ∇v weakly in L2(QT ).
Moreover, (u, v) is a weak solution of (1.1)–(1.5) in the sense of Definition 2.1.

Remark 3.4. When comparing this result with the existence result from [15], we observe that in (H4)
the condition u0 ∈ L2(Ω) is slightly stronger than the ones imposed in [15]. This stronger assumption
arises when establishing a discretized version of (2.9), see Remark 5.3 for more details.

Eventually, we will prove that the scheme (3.4)–(3.6) is uniformly, w.r.t. ε and the size of the meshes,
asymptotic preserving.

Theorem 3.5 (AP property). Assume (H1)–(H5), and let (Dm)m∈N be a family of admissible meshes
satisfying (3.2) uniformly in m ∈ N and such that ηm → 0 as m → ∞. Consider a sequence (εm)m∈N ⊂
[0,∞) such that εm → 0 as m → ∞ and an associated sequence (um, vm)m∈N of finite volume solutions
to (3.4)–(3.6) obtained in Theorem 3.1. Then, there exists (u, v) such that, as (εm, ηm)m∈N converges
to (0, 0), we have, up to a subsequence,

um ⇀ u weakly in L1(QT ),
vm → v strongly in L2(QT ),

∇mvm ⇀ ∇v weakly in L2(QT ),
ε∂tvm ⇀ 0 weakly in L2(QT ).

Furthermore, (u, v) is a weak solution to the quasi-stationary system in the sense of Definition 2.1.

Remark 3.6. Note that a by-product of Theorem 3.5 is the convergence (up to a subsequence) of
the numerical scheme for ε = 0 under assumptions (H1)–(H4). Indeed, taking (εm)m∈N = 0 and some
initial data u0 in L2(Ω), and defining v0 as the solution of (1.2) with ε = 0 and u replaced by u0, we
have that assumption (H5) is automatically verified. In fact, noting that when ε = 0 no initial data
for v is needed, see (1.5), assumption (H5) becomes irrelevant.

As a direct consequence of Theorem 3.5 and Proposition 2.4 with Remark 2.5 we obtain the

Corollary 3.7. Let the assumptions of Theorem 3.5 hold, with d = 1 or 2. Furthermore, assume that
u0 belongs to L∞(Ω). Then, there exists (u, v) such that the convergences in Theorem 3.5 hold for
the whole sequence (um, vm)m∈N (and not only subsequences), and such that (u, v) is a weak-strong
solution of the quasi-stationary system in the sense of Definition 2.3.

4. Existence proof and entropy diminishing property of the scheme

This section is devoted to the proof of Theorem 3.1. Our strategy is the following. For ω ∈ (0, 1) given,
let us first define the regularized initial data

u0,ω
K := u0

K + ω, ∀ K ∈ T . (4.1)

Then, starting from (u0,ω, v0) we establish the existence of a (unique) positive solution (un,ω, vn,ω)
to the scheme (3.5)–(3.6), for which we can show mass and entropy estimates. In order to conclude
the proof, it will remain to prove some uniform w.r.t. ω estimates and to pass to the limit ω → 0
both in the scheme and in the entropy estimate. Finally, we will use this later inequality to prove that
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the solutions to the scheme (3.4)–(3.6) are positive. First, our results on the scheme with regularized
initial data are presented in the following lemma.

Lemma 4.1. Assume (H1)–(H4), and for ω ∈ (0, 1) let u0,ω
K be defined by (4.1). Then, for any 1 ≤

n ≤ NT , there exists a unique positive solution (un,ω, vn,ω) to the scheme (3.5)–(3.6) with initialization
(u0,ω

K , v0
K). Moreover it satisfies the following properties:

• Mass estimates: for all n ∈ {1, . . . , NT } we have
⟨un,ω⟩ = ⟨u0,ω⟩ = ⟨u0⟩ + ω, (4.2)

and

⟨vn,ω⟩ = ⟨u0⟩ + ω

β
+
(

ε

ε+ β∆t

)n
(

⟨v0⟩ − ⟨u0⟩ + ω

β

)
. (4.3)

• Entropy dissipation inequality: for all n ∈ {1, . . . , NT } it holds

H(un,ω, vn,ω) + ∆t
∑

σ∈Eint
σ=K|L

τσ DK,σ(un,ωγ(vn,ω)) DK,σ log(un,ωγ(vn,ω))

+ ε∆t
∑

K∈T
m(K)

∣∣∣∣∣v
n,ω
K − vn−1,ω

K

∆t

∣∣∣∣∣
2

≤ H(un−1,ω, vn−1,ω), (4.4)

where H is defined in (3.10).

Proof. We divide the proof into three steps.

Step 1. Well-posedness of the scheme. In the following we argue by induction. If n = 1, we notice
that all the diagonal entries of Mv are strictly positive, whereas the extra-diagonal coefficients are
nonpositive. Besides, for a given K ∈ T it holds∑

L∈T
(Mv)K,L = m(K)(ε+ ∆tβ) > 0.

Therefore the matrix Mv is strictly diagonally dominant with respect to its rows and we conclude that
Mv is a M-matrix. In particular Mv is invertible and, since all the components of the vectors b0

v are
positive, we deduce that there exists a unique vector v1,ω with positive components satisfying (3.6).
Similarly, one can show that M1

u is strictly diagonally dominant with respect to its columns. Since in
M1

u all the diagonal entries are strictly positive, whereas the extra-diagonal coefficients are nonpositive,
we conclude that M1

u is also a M-matrix. This implies the existence of a unique positive vector u1,ω

solution to (3.5). Finally, arguing recursively we obtain the existence of a unique positive solution
(un,ω, vn,ω) to the scheme (3.5)–(3.6) for all 1 ≤ n ≤ NT .

Step 2. Mass estimates. Now, we observe that by summing (3.5) over K ∈ T we have by construction∑
K∈T

m(K)un,ω
K =

∑
K∈T

m(K)un−1,ω
K ,

such that (4.2) holds. Similarly, we sum the equation (3.6) over K ∈ T and we obtain

εm(Ω)⟨vn,ω⟩ − εm(Ω)⟨u0⟩ + ω

β

= εm(Ω) ⟨vn−1,ω⟩ − εm(Ω)⟨u0⟩ + ω

β
+ ∆t β

(
m(Ω)⟨u0⟩ + ω

β
− m(Ω) ⟨vn,ω⟩

)
,
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so that

(ε+ ∆t β)
(

⟨vn,ω⟩ − ⟨u0⟩ + ω

β

)
= ε⟨vn−1,ω⟩ − ε

⟨u0⟩ + ω

β
.

Hence

⟨vn,ω⟩ − ⟨u0⟩ + ω

β
= ε

ε+ β∆t

(
⟨vn−1,ω⟩ − ⟨u0⟩ + ω

β

)
,

and we conclude (4.3) by a direct induction.

Step 3. Entropy dissipation inequality. Let 1 ≤ n ≤ NT be fixed, we multiply (3.5) by
∆t log(un,ω

K γ(vn,ω
K )) = ∆t(log(un,ω

K ) − vn,ω
K ), we sum over K ∈ T and we use a discrete integration

by parts to obtain∑
K∈T

m(K)(un,ω − un−1,ω) (log(un,ω
K ) − vn,ω

K )

+ ∆t
∑

σ∈Eint
σ=K|L

τσ DK,σ(un,ωγ(vn,ω)) DK,σ log(un,ωγ(vn,ω)) = 0.

Using the convexity of the function h(x) = x(log(x) − 1) + 1 we get∑
K∈T

m(K)
(
h(un,ω

K ) − h(un−1,ω
K )

)
−
∑

K∈T
m(K)(un,ω

K − un−1,ω
K )vn,ω

K

+ ∆t
∑

σ∈Eint
σ=K|L

τσ DK,σ(un,ωγ(vn,ω)) DK,σ log(un,ωγ(vn,ω)) ≤ 0. (4.5)

Now, we multiply the equation (3.6) by (vn,ω
K − vn−1,ω

K ), we sum over K ∈ T and we use a discrete
integration by parts to get

ε
∑

K∈T
m(K)(vn,ω

K − vn−1,ω
K )2

∆t + δ
∑

σ∈Eint
σ=K|L

τσDK,σv
n,ω DK,σ(vn,ω − vn−1,ω)

+ β
∑

K∈T
m(K)vn,ω

K (vn,ω
K − vn−1,ω

K ) −
∑

K∈T
m(K)un−1,ω

K (vn,ω
K − vn−1,ω

K ) = 0.

Applying the classical inequality a2 − b2 ≤ 2a(a− b) for all a and b ∈ R to the second and third terms
of the l.h.s. yields

ε
∑

K∈T
m(K)(vn,ω

K − vn−1,ω
K )2

∆t + δ

2
∑

σ∈Eint
σ=K|L

τσ

(
(Dσv

n,ω)2 − (Dσv
n−1,ω)2

)

+ β

2
∑

K∈T
m(K)

(
|vn,ω

K |2 − |vn−1,ω
K |2

)
−
∑

K∈T
m(K)un−1,ω

K (vn,ω
K − vn−1,ω

K ) ≤ 0. (4.6)

It remains to sum (4.5) and (4.6) and we end up with (4.4).

It now remains to pass to the limit ω → 0 and to show the positivity of the limit in order to prove
Theorem 3.1.
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Proof of Theorem 3.1. For ω ∈ (0, 1), we consider the regularized solution (un,ω, vn,ω) built in
Lemma 4.1. Since ω ∈ (0, 1), we deduce thanks to (4.2) and (4.3), that there exists a constant C > 0
independent of ω (but which depends on T ) such that

0 < un,ω
K , vn,ω

K ≤ C, ∀ K ∈ T , n = 1, . . . , NT . (4.7)
Thereby, for any 1 ≤ n ≤ NT , there exists (un, vn) such that, up to a subsequence, as ω → 0 we have

un,ω
K , vn,ω

K −→ un
K , v

n
K ≥ 0, ∀ K ∈ T .

We conclude that (un, vn) is a solution to the scheme (3.5)–(3.6). Besides, the linear structure of the
scheme allows us to deduce that (un, vn) is the unique solution to the scheme and that in fact, as
ω → 0, the whole sequence (un,ω, vn,ω) converges toward (un, vn). We now pass to the limit in (4.2)
and (4.3) in order to obtain the mass estimates (3.12) and (3.13). Moreover, a first consequence of (4.4)
and the uniform, with respect to ω, bound (4.7), is that for all σ ∈ Eint with σ = K|L, we have

lim sup
ω→0

{
(un,ω

K γ(vn,ω
K ) − un,ω

L γ(vn,ω
L )) (log(un,ω

K γ(vn,ω
K )) − log(un,ω

L γ(vn,ω
L )))

}
≤ H(un−1, vn−1) + C2 m(Ω).

This implies that un is positive. Indeed, by contradiction let us assume that there exists K ∈ T with
un

K = 0. Then, the previous inequality implies that any cell L ∈ N (K) should satisfy un
L = 0. Then,

repeating this argument over all K ∈ T we conclude that un
K = 0 for all K ∈ T . This contradicts the

mass estimate (3.12). Hence, un is a positive vector for all 1 ≤ n ≤ NT and since Mv is a M-matrix
we deduce that vn is also a positive vector for all 1 ≤ n ≤ NT .
We can finally pass to the limit ω → 0 in (4.4) and obtain

H(un, vn) + ∆t
∑

σ∈Eint
σ=K|L

τσ DK,σ(unγ(vn)) DK,σ log(unγ(vn))

+ ε∆t
∑

K∈T
m(K)

∣∣∣∣∣vn
K − vn−1

K

∆t

∣∣∣∣∣
2

≤ H(un−1, vn−1).

We then apply the elementary inequality 4(
√
a−

√
b) ≤ (a− b)(log(a) − log(b)) for all a, b > 0 and we

obtain the desired entropy inequality (3.14).

5. Uniform estimates

In this section we establish some uniform estimates on the solutions to the scheme (3.5)–(3.6). The
main idea, as exposed formally in Section 2.3, is to combine the entropy inequality (3.14) together
with a duality estimate. Following [15, Section 2.1], we first bound from below the term −uv appearing
in the definition of the entropy functional. Roughly speaking, this is done by estimating the (H1)′(Ω)
norm of u− ⟨u⟩ thanks to the relation (2.8). Thereby, we need to adapt this approach at the discrete
level. For this purpose, we introduce some discrete counterpart N of the norm ∥ · ∥(H1)′(Ω). We first
define the subset H̃T of HT as

H̃T = {w ∈ HT : ⟨w⟩ = 0} .

We then define the map N : H̃T → R+ by

N(w) =
(∑

σ∈E
τσ(Dσz)2

)1/2

= |z|1,2,T ,
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where the vector z is the unique solution in H̃T to

−
∑

σ∈EK

τσDK,σz = m(K)wK , ∀ K ∈ T . (5.1)

The existence and uniqueness of such z are guaranteed by [16, Theorem 2.5]. One can easily check
that N is a norm on H̃T . More precisely, we have the

Lemma 5.1. Let T be an admissible mesh of Ω. Then, for all w ∈ H̃T , we have

N(w) = sup
{∫

Ω
wθ dx : θ ∈ H̃T , |θ|1,2,T = 1

}
.

Proof. Let w ∈ H̃T and θ ∈ H̃T . We multiply the equation (5.1) by θK , we sum over K ∈ T , we
apply a discrete integration by parts and Cauchy–Schwarz inequality to obtain∫

Ω
wθ dx =

∑
K∈T

m(K)wK θK =
∑

σ∈Eint
σ=K|L

τσDK,σzDK,σθ ≤ N(w) |θ|1,2,T .

Then, picking θK = zK/N(w) for all K ∈ T , we have that θ ∈ H̃T , |θ|1,2,T = 1 and∫
Ω
wθ dx = 1

N(w)
∑
σ∈E

τσ(Dσz)2 = N(w).

This concludes the proof of Lemma 5.1.

Equipped with this norm, we now prove the following estimate, which can be seen as the discrete
counterpart of (2.9).

Proposition 5.2 (Duality estimate). Assume (H1)–(H4) and let D be an admissible mesh satisfy-
ing (3.2). Then, there exists a constant C > 0 only depending on Ω and ζ such that

max
1≤n≤NT

N(un − ⟨u0⟩)2 + 2
NT∑
n=1

∆t ∥un
√
γ(vn)∥2

L2(Ω) ≤ C∥u0 − ⟨u0⟩∥2
L2(Ω) + 2T m(Ω) ⟨u0⟩2. (5.2)

Proof. We consider the term
I = 1

2
∑

K∈T
m(K)

(
(un

K − ⟨u0⟩)zn
k − (un−1

K − ⟨u0⟩)zn−1
K

)
,

where the vectors zn and zn−1 are the unique solutions to (5.1) associated to un −⟨u0⟩ and un−1 −⟨u0⟩
respectively. Thanks to (5.1) and a summation by parts, we first observe that we can rewrite I as

I = 1
2
∑

σ∈Eint
σ=K|L

τσ

(
(Dσz

n)2 − (Dσz
n−1)2

)
= 1

2
[
N(un − ⟨u0⟩)2 −N(un−1 − ⟨u0⟩)2

]
. (5.3)

On the other hand, applying the inequality (a2 − b2) ≤ 2a(a− b) for a, b ∈ R, we obtain

I = 1
2
∑

σ∈Eint
σ=K|L

τσ

(
(Dσz

n)2 − (Dσz
n−1)2

)
≤

∑
σ∈Eint
σ=K|L

τσ(DK,σz
n − DK,σz

n−1) DK,σz
n

= −
∑

K∈T

∑
σ∈EK

τσ (DK,σz
n − DK,σz

n−1) zn
K .
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Using the equations (5.1) and (3.5) and some discrete integration by parts we get
I ≤

∑
K∈T

m(K)
(
(un

K − ⟨u0⟩) − (un−1
K − ⟨u0⟩)

)
zn

K = −∆t
∑

σ∈Eint
σ=K|L

τσ DK,σ (unγ(vn)) DK,σz
n

= ∆t
∑

K∈T

∑
σ∈EK

τσ DK,σz
n un

Kγ(vn
K).

It remains to apply once more (5.1) and the inequality γ(vn
K) ≤ 1 for all K ∈ T together with (3.12)

and we end up with
I ≤ −∆t

∑
K∈T

m(K)
(
un

K − ⟨u0⟩
)
un

Kγ(vn
K) = − ∆t ∥un

√
γ(vn)∥2

L2(Ω) + ∆t ⟨u0⟩∥unγ(vn)∥L1(Ω)

≤ − ∆t ∥un
√
γ(vn)∥2

L2(Ω) + ∆tm(Ω)⟨u0⟩2. (5.4)
Gathering (5.3) and (5.4) we obtain

N(un − ⟨u0⟩)2 + 2∆t ∥un
√
γ(vn)∥2

L2(Ω) ≤ N(un−1 − ⟨u0⟩)2 + 2∆tm(Ω)⟨u0⟩2.

We sum over n the above inequality, such that, it holds:

max
1≤n≤NT

N(un − ⟨u0⟩)2 + 2
NT∑
n=1

∆t ∥un
√
γ(vn)∥2

L2(Ω) ≤ N(u0 − ⟨u0⟩)2 + 2T m(Ω) ⟨u0⟩2.

We now apply the Cauchy–Schwarz inequality, Lemma A.1 in Appendix A and the discrete Poincaré–
Wirtinger inequality (see [5, Proposition 1]) and we have

N(u0 − ⟨u0⟩)2 = |z0|21,2,T =
∑

K∈T
m(K)(u0

K − ⟨u0⟩) z0
K

≤
(∑

K∈T
m(K)

∣∣∣u0
K − ⟨u0⟩

∣∣∣2)1/2

∥z0∥L2(Ω) ≤ C∥u0 − ⟨u0⟩∥L2(Ω) |z0|1,2,T , (5.5)

for some C depending only on Ω and ζ. Thereby, combining (5.5) with the previous inequality we
deduce (5.2).

Remark 5.3. The counterpart of Proposition 5.2 in a continuous setting, given by the equation (2.9),
only requires the (H1)′ norm of the initial data (minus its mean) while here the obtained inequality
depends on its L2 norm. To discuss this divergence, let us first introduce the zero-mean L2 set

L2
♢(Ω) :=

{
w ∈ L2(Ω) : ⟨w⟩ = 0

}
.

In the proof of Proposition 5.2, the L2 norm of the initial data arises in (5.5), where we obtain the
continuity of the discrete projection given by (3.4) and (3.3),

πT : w ∈ L2
♢(Ω) 7−→

∑
K∈T

1K
1

m(K)

∫
K
w dx ∈ H̃T , (5.6)

when H̃T is endowed with the norm N , and L2
♢(Ω) is naturally endowed with the L2 norm. However,

one cannot hope in general to obtain the continuity of the discrete projection πT when extended and
seen as an operator from ((H1)′(Ω), ∥ · ∥(H1)′(Ω)) to (H̃T , N), as showed in the counter-example given
in Appendix B. Actually, while N seen as a dual norm (see Lemma 5.1) and the norm ∥ · ∥(H1)′(Ω)
share formal similarities, they are quite delicate to compare. One reason is that the intersection of the
dual sets H̃T and H1(Ω) is trivial.
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We could however slightly weaken the assumption u0 ∈ L2(Ω) by u0 ∈ Lp(Ω) for some convenient
p < 2. Indeed, it is sufficient in the estimate (5.5) to apply Hölder’s inequality as follows∑

K∈T
m(K) (u0

K − ⟨u0⟩) z0
K ≤ ∥u0 − ⟨u0⟩∥Lp(Ω) ∥z0∥Lq(Ω),

with 1/p+ 1/q = 1. Then, depending on the space dimension d = 1, 2 or 3, one can readily obtain the
convenient exponent p < 2.

Corollary 5.4. Assume (H1)–(H4) and let D be an admissible mesh satisfying (3.2). Then, there
exists a constant C > 0 which depends on u0, v0, β, δ, T , Ω and ζ such that

max
1≤n≤NT

∑
K∈T

m(K)h(un
K) + 4

NT∑
n=1

∆t |
√
un γ(vn)|21,2,T

+ max
1≤n≤NT

∥vn∥1,2,T + ε
NT∑
n=1

∆t
∥∥∥∥∥vn − vn−1

∆t

∥∥∥∥∥
2

L2(Ω)
≤ C. (5.7)

Proof. As already mentioned, in order to establish (5.7), the main idea is to use the entropy in-
equality (3.14). For this purpose we need to bound from below the term −un

Kv
n
K appearing in the

definition (3.10) of the functional H. In the sequel we denote by zn the unique solution to (5.1)
associated to un − ⟨u0⟩. We have the following relations∑

K∈T
m(K)un

Kv
n
K =

∑
K∈T

m(K)(un
K − ⟨u0⟩)vn

K +
∑

K∈T
m(K) ⟨u0⟩vn

K

= −
∑

K∈T

∑
σ∈EK

τσ DK,σz
n vn

K + ⟨u0⟩
∑

K∈T
m(K) vn

K

=
∑

σ∈Eint
σ=K|L

τσ DK,σz
n DK,σv

n + ⟨u0⟩
∑

K∈T
m(K) vn

K .

Applying Young’s inequality we obtain

−
∑

K∈T
m(K)un

Kv
n
K ≥ −N(un − ⟨u0⟩)2

δ
− δ

4 |vn|21,2,T − ⟨u0⟩2

β
− β

4 ∥vn∥2
L2(Ω).

Therefore, thanks to Proposition 5.2 we deduce that there exists a constant C > 0 only depending on
u0, T , Ω and ζ such that

H(un, vn) ≥ −C

δ
− ⟨u0⟩2

β
+
∑

K∈T
m(K)

(
h(un

K) + β

4 |vn
K |2

)
+ δ

4
∑
σ∈E

τσ (Dσv
n)2.

Hence, the inequality (5.7) is a simple consequence of the above estimate, the entropy production
inequality (3.14), Lemma A.1 and Lemma A.2.

Proposition 5.5. Assume (H1)–(H4) with ε > 0 and let D be an admissible mesh satisfying (3.2).
Then there exists a constant C > 0 only depending on u0, v0, β, ε, δ, T , Ω and ζ, which blows-up as
ε → 0, such that

∥v(·, · + τ) − v(·, ·)∥2
L2(Ω×(0,T −τ) ≤ C τ, τ ∈ (0,∆t), (5.8)

where v ∈ HD denotes the piecewise constant in time function associated to the solutions vn of (3.6)
for 1 ≤ n ≤ NT .
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Proof. Following, for instance [27], we first notice that it holds∫ T −τ

0

∫
Ω

(v(x, t+ τ) − v(x, t))2 dxdt ≤
NT∑
n=1

∫ T −τ

0
χn(t, t+ τ) dt

∑
K∈T

m(K) (vn
K − vn−1

K )2,

where

χn(t, t+ τ) =
{

1 if n∆t ∈ (t, t+ τ ],
0 if n∆t /∈ (t, t+ τ ].

Let us observe that by construction we have∫ T −τ

0
χn(t, t+ τ) dt ≤ τ.

Thus ∫ T −τ

0

∫
Ω

(v(x, t+ τ) − v(x, t))2 dxdt ≤ τ
NT∑
n=1

∑
K∈T

m(K) (vn
K − vn−1

K )2.

Thanks to Corollary 5.4 we deduce that there exists a constant C > 0 only depending on u0, v0, β, ε,
δ, T , Ω and ζ such that (5.8) holds.

6. Proof of convergence of the scheme

6.1. Compactness properties

Let the discrete time derivative of a function w ∈ HDm be given by

∂m
t w(x, t) = wn(x) − wn−1(x)

∆tm
for (x, t) ∈ Ω × (tn−1, tn].

Proposition 6.1. Assume (H1)–(H4) and ε > 0. Let (Dm)m∈N be a family of admissible meshes
satisfying (3.2) uniformly in m ∈ N. Let (um, vm)m∈N be a family of finite volume solutions to (3.4)–
(3.5) obtained in Theorem 3.1. Then, there exists u ∈ L∞(0, T ;L1(Ω)) and v ∈ L∞(0, T ;H1(Ω)) ∩
H1(0, T ;L2(Ω)) two nonnegative functions such that, up to a subsequence, as m → ∞ we have

um ⇀ u weakly in L1(QT ), (6.1)
vm → v strongly in L2(QT ), (6.2)

∇mvm ⇀ ∇v weakly in L2(QT ), (6.3)
∂m

t vm ⇀ ∂tv weakly in L2(QT ), (6.4)
um γ(vm) ⇀ uγ(v) weakly in L2(QT ). (6.5)

Proof. All the convergence properties stated below occur up to the extraction of a subsequence when
m → ∞. The existence of a non-negative function u ∈ L1(QT ) such that the convergence result (6.1)
holds, is a direct consequence of (5.7) and the Dunford–Pettis theorem. The weak L1(QT ) conver-
gence and the mass estimate (3.12) show that u ∈ L∞(0, T ;L1(Ω)) and that mass is conserved at the
limit. Now, the existence of a function v ∈ L2(QT ) satisfying (6.2) is a consequence of Corollary 5.4
and Proposition 5.5 in conjunction with a Kolmogorov compactness theorem in L2, see [27, Theo-
rem 3.9, Theorem 4.2]. This convergence implies that vm → v a.e. in QT , so that v is a nonnegative
function. Moreover, Corollary 5.4 yields the existence of a function w such that ∇mvm ⇀ w weakly
in L2(QT ). Then, we readily show that in the sense of distribution it holds w = ∇v. The fact that
v ∈ L∞(0, T ;H1(Ω)) is a consequence of the entropy inequality (3.14) and the l.s.c. of the L2 norm.
Applying once more Corollary 5.4 allows us to observe that the sequence (∂m

t vm)m∈N is uniformly
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bounded in L2(QT ), which yields the convergence result (6.4). Finally, for (6.5), we first notice that
um ⇀ u weakly in L1(QT ). Besides, since the sequence of nonnegative functions (vm)m∈N converge
a.e. in QT and since the function γ is continuous then

γ(vm) −→ γ(v) a.e. in QT and sup
m∈N

∥γ(vm)∥L∞(QT ) ≤ 1.

Hence, thanks to Lemma A.3 we conclude that umγ(vm) ⇀ uγ(v) weakly in L1(QT ). Finally, using
again the uniform bound on γ(vm) we deduce from Proposition 5.2 that the sequence (umγ(vm))m∈N
is uniformly bounded in L2(QT ). We can then improve its weak convergence and obtain (6.5).

6.2. Identification of the limit

We can finally prove the convergence of the scheme.

Proof of Theorem 3.3. It remains to show that the functions u and v obtained in Proposition 6.1
are weak solutions to (1.1)–(1.5) in the sense of Definition 2.1. In order to prove that v satisfies (2.3)
we refer for instance to [27, Theorem 4.2]. Now, let φ ∈ C∞

c (Ω× [0, T )) with ∇φ ·ν = 0 on ∂Ω× [0, T ),
we multiply (3.5) by ∆tmφn−1

K where φn−1
K = φ(xK , tn−1), we sum over K ∈ Tm and 1 ≤ n ≤ NT , and

we obtain Fm
1 + Fm

2 = 0 where

Fm
1 =

NT∑
n=1

∑
K∈Tm

m(K)(un
K − un−1

K )φn−1
K =

NT∑
n=1

∑
K∈Tm

m(K)un
K(φn−1

K − φn
K) −

∑
K∈Tm

m(K)u0
Kφ

0
K ,

and

Fm
2 = −

NT∑
n=1

∆tm
∑

K∈Tm

∑
σ∈EK

τσ (DK,σu
nγ(vn))φn−1

K .

Let ψm(x, t) = (φn
K − φn−1

K )/∆tm for all x ∈ K, K ∈ Tm and t ∈ (tn−1, tn] and φ0
m(x) = φ0

K for all
x ∈ K. Then, since ψm → ∂tφ in L∞(QT ) and φ0

m → φ(·, 0) in L∞(Ω), using the convergence results
of Proposition 6.1 one obtains that, up to a subsequence,

Fm
1 +

∫
QT

u∂tφdxdt+
∫

Ω
u0(x)φ(x, 0) dx

=
∫

QT

(u∂tφ− umψm) dxdt+
∫

Ω
(u0(x)φ(x, 0) − u0

m(x)φ0
m(x)) dx −→ 0 as m → ∞.

Now, we rewrite Fm
2 as

Fm
2 = −1

2

NT∑
n=1

∆tm
∑
σ∈E

m(σ)
(
un

K,σγ(vn
K,σ) − un

Kγ(vn
K)
) φn−1

K − φn−1
K,σ

dσ
.

Let us now introduce the following quantity

Fm
21 =

NT∑
n=1

∆tm
∫

Ω
umγ(vm) ∆φ(x, tn−1) dx

=
NT∑
n=1

∆tm
∑

K∈Tm

un
Kγ(vn

K)
∫

K
∆φ(x, tn−1) dx

= 1
2

NT∑
n=1

∆tm
∑
σ∈E

(
un

Kγ(vn
K) − un

K,σγ(vn
K,σ)

) ∫
σ

∇φ(s, tn−1) · νK,σ ds.
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Thanks to the weak convergence, up to a subsequence, in L2(QT ) of (um γ(vm))m∈N towards uγ(v) we
obtain

Fm
21 −→

∫
QT

uγ(v) ∆φdxdt as m → ∞.

Besides, we notice that the term Fm
2 + Fm

21 can be rewritten as

Fm
2 + Fm

21 = 1
2

NT∑
n=1

∆tm
∑
σ∈E

m(σ)
(
un

Kγ(vn
K) − un

K,σγ(vn
K,σ)

)
Rn−1

σ ,

where

Rn−1
σ := 1

m(σ)

∫
σ

∇φ(s, tn−1) · νK,σ ds−
φn−1

K,σ − φn−1
K

dσ
.

Using the regularity of φ we deduce that there exists a constant C > 0 only depending on φ such that∣∣∣Rn−1
σ

∣∣∣ ≤ C ηm.

This yields

|Fm
2 + Fm

21 | ≤ Cηm

NT∑
n=1

∆tm
∑

σ∈Eint
σ=K|L

m(σ)
∣∣∣∣∣
(√

un
Kγ(vn

K) +
√
un

Lγ(vn
L)
)(√

un
Kγ(vn

K) −
√
un

Lγ(vn
L)
)∣∣∣∣∣.

Now, thanks to Cauchy–Schwarz inequality and the discrete entropy estimate (3.14) we obtain the
existence of a constant, still denoted C, independent of ηm such that

|Fm
2 + Fm

21 | ≤ Cηm

NT∑
n=1

∆tm
∑

σ∈Eint
σ=K|L

m(σ)dσ

(√
un

Kγ(vn
K) +

√
un

Lγ(vn
L)
)2


1/2

.

We estimate the remaining term as follows
NT∑
n=1

∆tm
∑

σ∈Eint
σ=K|L

m(σ)dσ

(√
un

Kγ(vn
K) +

√
un

Lγ(vn
L)
)2

≤ 2
NT∑
n=1

∆tm
∑

σ∈Eint
σ=K|L

m(σ)d(xK , xL) (un
Kγ(vn

K) + un
Lγ(vn

L))

≤ 2
NT∑
n=1

∆tm
∑

K∈Tm

un
Kγ(vn

K)
∑

σ∈Eint,K

m(σ) d(xK , xL),

where, using furthermore the regularity assumption (3.2), we observe that in two space dimensions we
have ∑

σ∈Eint,K

m(σ) d(xK , xL) ≤ 1
ζ

∑
σ∈Eint,K

m(σ) d(xK , σ) ≤ 2
ζ

m(K),

so that
NT∑
n=1

∆tm
∑

σ∈Eint
σ=K|L

m(σ)dσ

(√
un

Kγ(vn
K)+

√
un

Lγ(vn
L)
)2

≤ 4
ζ

NT∑
n=1

∆tm
∑

K∈Tm

m(K)un
Kγ(vn

K).
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Applying once more the Cauchy–Schwarz inequality and the estimate γ(vn
K) ≤ 1 for all K ∈ Tm, we

obtain
NT∑
n=1

∆tm
∑

σ∈Eint
σ=K|L

m(σ)dσ

(√
un

Kγ(vn
K) +

√
un

Lγ(vn
L)
)2

≤ 4
√
T m(Ω)
ζ

NT∑
n=1

∆tm∥um

√
γ(vm)∥2

L2(Ω)

1/2

.

We end up with the following estimate

|Fm
2 + Fm

21 | ≤ 2C(Tm(Ω))1/4

ζ1/2

NT∑
n=1

∆tm∥um

√
γ(vm)∥2

L2(Ω)

1/4

ηm.

Finally, the discrete duality estimate (5.2) allows us to conclude that
Fm

2 + Fm
21 −→ 0 as m −→ ∞.

This finishes the proof of Theorem 3.3.

7. Asymptotic preserving property of the scheme

This section is dedicated to the proof of Theorem 3.5. For this purpose we will first adapt at the
discrete level the estimate (2.11). We define for every 0 ≤ n ≤ NT − 1,

wn
K = vn+1

K − vn
K

∆t , ∀ K ∈ T . (7.1)

Then, using the equation (3.6), we deduce that wn
K satisfies for all 1 ≤ n ≤ NT − 1,

εm(K)w
n
K − wn−1

K

∆t + βm(K)wn
K = δ

∑
K∈EK

τσDK,σw
n + m(K)u

n
K − un−1

K

∆t , ∀ K ∈ T . (7.2)

Throughout this section, for each 0 ≤ n ≤ NT − 1, we introduce the unique element zn ∈ H̃T such
that

−
∑

σ∈EK

τσ DK,σz
n = m(K)(wn

K − ⟨wn⟩), ∀ K ∈ T .

Proposition 7.1 (Discrete counterpart of (2.11)). Assume (H1)–(H4). Then, for each 1 ≤ n ≤ NT −1,
the following estimate hold

δ

2
∑

K∈T
m(K) (wn

K − ⟨wn⟩)2 + ε

2
∑
σ∈E

τσ
(Dσz

n)2 −
(
Dσz

n−1)2
∆t + β

∑
σ∈E

τσ (Dσz
n)2

≤ 1
2δ

∑
K∈T

m(K) (un
Kγ(vn

K) − ⟨unγ(vn)⟩)2 . (7.3)

Proof. First, we rewrite for every K ∈ T the equation (7.2) as

εm(K)w
n
K − wn−1

K

∆t + βm(K)wn
K

= δ
∑

σ∈EK

τσDK,σ(wn − ⟨wn⟩) +
∑

σ∈EK

τσDK,σ(unγ(vn) − ⟨unγ(vn)⟩),
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multiplying this relation by zn
K and summing over K ∈ T we obtain the equation I1 = I2 where

I1 = ε
∑

K∈T
m(K)w

n
K − wn−1

K

∆t zn
K + β

∑
K∈T

m(K)wn
K zn

K ,

I2 = δ
∑

K∈T

∑
σ∈EK

τσDK,σ(wn − ⟨wn⟩) zn
K +

∑
K∈T

∑
σ∈EK

τσDK,σ(unγ(vn) − ⟨unγvn⟩)zn
K .

For I1, since ⟨zn⟩ = 0 we have

I1 = ε
∑

K∈T
m(K)(wn

K − ⟨wn⟩) − (wn−1
K − ⟨wn−1⟩)

∆t zn
K + β

∑
K∈T

m(K)(wn
K − ⟨wn⟩) zn

K

= − ε

∆t
∑

K∈T

 ∑
σ∈EK

τσ

(
DK,σz

n − DK,σz
n−1

) zn
K − β

∑
K∈T

 ∑
σ∈EK

τσDK,σz
n

 zn
K .

Therefore, thanks to a summation by parts we have
I1 = ε

∆t
∑

σ∈Eint
σ=K|L

τσ

(
DK,σz

n − DK,σz
n−1

)
DK,σz

n + β
∑

σ∈Eint
σ=K|L

τσ (Dσz
n)2 .

It remains to apply the elementary inequality 2a(a− b) ≥ a2 − b2 for every a and b ∈ R and we get

I1 ≥ ε

2
∑
σ∈E

τσ
(Dσz

n)2 −
(
Dσz

n−1)2
∆t + β

∑
σ∈E

τσ (Dσz
n)2 . (7.4)

Now, for I2 we use two discrete integration by parts to obtain
I2 = δ

∑
K∈T

(wn
K − ⟨wn⟩)

∑
σ∈EK

τσDK,σz
n +

∑
K∈T

(un
Kγ(vn

K) − ⟨unγ(vn)⟩)
∑

σ∈EK

τσDK,σz
n

= −δ
∑

K∈T
m(K) (wn

K − ⟨wn⟩)2 −
∑

K∈T
m(K) (un

Kγ(vn
K) − ⟨unγ(vn)⟩) (wn

K − ⟨wn⟩).

Hence, thanks to Young’s inequality we end up with

I2 ≤ −δ

2
∑

K∈T
m(K) (wn

K − ⟨wn⟩)2 + 1
2δ

∑
K∈T

m(K) (un
Kγ(vn

K) − ⟨unγ(vn)⟩)2 . (7.5)

Thus, combining (7.4) and (7.5) yields (7.3).

Proposition 7.2. Assume (H1)–(H4). Then, the following estimates hold: when ε > 0,

NT −1∑
n=0

∆t
∑

K∈T
m(K) |wn

K |2 ≤ m(Ω)
β

(
⟨u0⟩ − β⟨v0⟩√

ε

)2
1 −

(
1

1 + β∆t
ε

)2NT


+ 2
δ2

NT∑
n=0

∆t∥unγ(vn) − ⟨unγ(vn)⟩∥2
L2(Ω), (7.6)

and when ε = 0,
NT −1∑
n=0

∆t
∑

K∈T
m(K) |wn

K |2 ≤ 2
δ2

NT∑
n=0

∆t∥unγ(vn) − ⟨unγ(vn)⟩∥2
L2(Ω). (7.7)

Proof. Thanks to the estimate (7.3) and Young’s inequality we have for each 0 ≤ n ≤ NT − 1
δ

4
∑

K∈T
m(K) |wn

K |2 ≤ δ

2 m(Ω) ⟨wn⟩2 + 1
2δ

∑
K∈T

m(K) (un
Kγ(vn

K) − ⟨unγ(vn)⟩)2 ,
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so that
NT −1∑
n=0

∆t
∑

K∈T
m(K) |wn

K |2 ≤ 2m(Ω)
NT −1∑
n=0

∆t ⟨wn⟩2 + 2
δ2

NT∑
n=0

∆t∥unγ(vn) − ⟨unγ(vn)⟩∥2
L2(Ω). (7.8)

Let us now estimate the first term in the right hand side of (7.8). For this purpose, we use (7.2) and
the mass conservation (3.12) to compute for any 1 ≤ n ≤ NT − 1,

(ε+ β∆t) ⟨wn⟩ = ε⟨wn−1⟩.
When ε = 0 we get that ⟨wn⟩ = 0 for any 1 ≤ n ≤ NT − 1, so that (7.7) is a straightforward
consequence of (7.8). Now when ε > 0, a direct induction leads to, for 1 ≤ n ≤ NT − 1,

⟨wn⟩ = ⟨w0⟩
(1 + ξ)n

,

where ξ := β∆t
ε . Besides, by definition of w and using (3.13) at n = 1 we have

⟨w0⟩ = 1
∆t

(
⟨u0⟩
β

+ 1
1 + ξ

(
⟨v0⟩ − ⟨u0⟩

β

)
− ⟨v0⟩

)
= ⟨u0⟩ − β⟨v0⟩

ε

1
1 + ξ

.

Thus, we can compute
NT −1∑
n=0

∆t ⟨wn⟩2 = (⟨u0⟩ − β⟨v0⟩)2

ε2 ∆t
NT −1∑
n=0

1
(1 + ξ)2n+2 ,

where

∆t
NT −1∑
n=0

1
(1 + ξ)2n+2 = ∆t

(1 + ξ)2

1 − 1
(1+ξ)2NT

1 − 1
(1+ξ)2

= ∆t
2ξ

1 − 1
(1+ξ)2NT

1 + ξ
2

= ε

2β
1 − 1

(1+ξ)2NT

1 + ξ
2

.

Hence, it holds

2m(Ω)
NT −1∑
n=0

∆t ⟨wn⟩2 ≤ m(Ω)
β

(
⟨u0⟩ − β⟨v0⟩√

ε

)2
1 −

(
1

1 + β∆t
ε

)2NT
 . (7.9)

Now, we combine the estimates (7.8) and (7.9) and we obtain (7.6).

Corollary 7.3. Assume (H1)–(H5) and let D be an admissible mesh satisfying (3.2). Then, there
exists a constant C > 0 only depending on δ, β, T , Ω and ζ such that

NT −1∑
n=0

∆t
∑

K∈T
m(K)

∣∣∣∣∣vn+1
K − vn

K

∆t

∣∣∣∣∣
2

≤ C (O(1) + 1) . (7.10)

Proof. The result is a direct consequence of Proposition 7.2, the definition (7.1), the duality esti-
mate (5.2) and assumption (H5).

We can now make use of these uniform estimates to show the AP property of the scheme.

Proof of Theorem 3.5. The result is a direct consequence of the previous uniform estimates and
a slight adaptation of the computations done in Section 6.2 in order to identify the limit functions as
weak solutions to the quasi-stationary system in the sense of Definition 2.1.
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8. Numerical experiments

8.1. Implementation

The scheme was implemented in dimension d = 1 and d = 2 using Matlab. The code is available at
https://gitlab.inria.fr/herda/fvlocsens. For bi-dimensional simulations, we use unstructured
triangular meshes generated by Gmsh with a Delaunay algorithm, interfaced with Matlab through the
code available at https://gitlab.inria.fr/herda/fvmeshes. As the scheme is linearly implicit it
involves one resolution of linear system per species per time step. The matrix for the equation on u
depends on the second species and must be reassembled at each time step. In order to optimize the
computational cost, the mass and the stiffness matrices should be preassembled outside of the time
loop.

8.2. Testcase 1. Convergence and entropy decay

In this first testcase we illustrate and complement our theoretical convergence result with an exper-
imental convergence test in dimension d = 1. The domain is taken to be the segment Ω = [0, 1], on
which we consider the system (1.1)–(1.5) endowed with the parameters

ε = 10−3, δ = 10−3, β = 0.1,

and the initial conditions
u0(x) = 15x2(1 − x)2, v0(x) = 0.

We solve the scheme (3.5)–(3.6) to compute an approximate solution of the initial system at final time
T = 20. We run the scheme for a sequence of decreasing space steps. More precisely the number of
points is Nk = 50 · 2k for k = 0, . . . , 6. The time step ∆t = 10−4 has been experimentally chosen small
enough so that spatial errors dominate. As we do not know the analytical solution for this system, we
take as reference solution the computed solution on the finest mesh (3200 cells). Then the error for the
k-th mesh is taken to be the L2 or L∞ distance between the k-th solution and the reference solution
projected on the k-th mesh. The results are reported in Table 8.1. Convergence in the space variable is
experimentally observed. This illustrates the result of Theorem 3.3 and suggests, as expected (see [22]),
a second order accuracy in space. In fact, while Theorem 3.3 predicts a weak convergence in L1 (for
a subsequence), the experimental observations suggest a strong convergence in stronger norms. Here
we present only one experiment, but these results were tested on multiple configurations and appear
to be robust.

Table 8.1. Testcase 1. Estimated errors and orders of convergence in space at final
time T = 20. Reference solution is for 3200 cells and ∆t = 10−4.

k Nk L2 error order L∞ error order
0 50 6.4 · 10−2 1.0 · 10−1

1 100 1.5 · 10−2 2.1 2.3 · 10−2 2.2
2 200 3.7 · 10−3 2.0 6.7 · 10−3 1.8
3 400 9.1 · 10−4 2.0 1.7 · 10−3 2.0
4 800 2.2 · 10−4 2.1 4.0 · 10−4 2.1

On the same testcase, for the finest mesh, we report on Figure 8.1 the time evolution of the entropy
and each term in the sum composing it. This illustrates in particular the decay of the entropy as
predicted in Theorem 3.1. It also highlights that the decay of the entropy does not imply a decay
for the sum of the Boltzmann entropy for u and the H1 norm of v, but is instead associated with a
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large compensation between that sum and the negative term −
∫

Ω uv dx. Finally it illustrates that the
problem of establishing a lower bound for the entropy is far from artificial.

Figure 8.1. Testcase 1. Time evolution of the entropy and related quantities. The
mesh is taken as N = 3200 and ∆t = 10−2.

8.3. Testcase 2. AP property in the quasi-stationary limit

In this testcase, we investigate the limit ε → 0. We start again from the domain Ω = [0, 1] and the
parameters are taken as δ = 10−3 and β = 0.1. We consider three different initial conditions which
are more or less well-prepared with respect to the limit equation. The first initial condition, which we
refer to as the strongly well-prepared (SWP) initial condition, is given by

u0(x) = 15x2(1 − x)2, −δ∆v0(x) + βv0(x) = u0, β⟨v0⟩ = ⟨u0⟩. (8.1)
It satisfies assumption (H5) and moreover v0 and u0 satisfy the limit Poisson equation. The second
initial condition, which we shall refer to as the well-prepared (WP) initial condition is

u0(x) = 15x2(1 − x)2, βv0(x) = ⟨u0⟩. (8.2)
Once again assumption (H5) is satisfied, however −δ∆v0(x)+βv0(x) ̸= u0. The third initial condition is
referred to as the ill-prepared (IP) initial condition and coincides with that of the previous convergence
test case, namely

u0(x) = 15x2(1 − x)2, v0(x) = 0. (8.3)
In this case assumption (H5) is not satisfied. We simulate the equation on a uniform one dimensional
mesh composed of 3200 cells with final time T = 100. As we want to emphasize the initial layer at
t = 0 which may arise depending on the compatibility of u0 and v0 with the limit equation, the time
step is taken of the order of 10−8 until time 10−2. Then, on the time interval [10−2, T ] the time step
is taken to be ∆t = 10−2.

On Figure 8.2, we show the evolution of the approximate solution at different times, in the cases
ε = 10−1 and ε = 0, for the ill-prepared initial condition (8.3).

On Figure 8.3, we show ∥⟨∂tv⟩∥L2(0,T ) with respect to ε for the different initial data. This is an
illustration of (2.12) and its discrete counterpart (7.9). Whenever the well-preparedness assumption
(H5) is not satisfied then ∥⟨∂tv⟩∥L2(0,T ) tends to +∞ as ε → 0.

On Figure 8.4 we plot the evolution of the error between the solution to the scheme and the solution
of the limit (ε = 0) scheme as ε → 0 with respect to time for different values of ε and different initial
data. Even if this does not per se illustrate the conclusion Theorem 3.5 (as the time and step size are
fixed here), the interesting point is that convergence in L2(QT ) norm is satisfied under (H5). However
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Figure 8.2. Testcase 2. Snapshots of the chemoattractant v (red), and the density u
(dashed blue), at time t ∈ {0, 10, 20, 100} for ε = 10−1 (top line) and ε = 0 (bottom
line). The initial condition is u0(x) = 15x2(1 − x)2, v0(x) = 0.

Figure 8.3. Testcase 2. Time derivative of the chemoattractant concentration in the
quasi-stationary limit for ill-prepared (8.3), well-prepared (8.2), and strongly well-
prepared (8.1) initial conditions.
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it is not necessarily satisfied in L∞(0, T ;L2(Ω)) norm under the same hypothesis. It holds only for the
strongly well-posed initial data (8.1) where the limit equation is enforced on the initial data which
prevents an initial boundary layer. A more surprising observation is that the L2(QT ) convergence is
also satisfied for the ill-prepared initial condition. This suggests that our assumption (H5) might be
weakened.

Figure 8.4. Testcase 2. Time evolution of the error (in log-log scale) between the
chemoattractant density v for a given ε and the quasi-stationary case ε = 0. (Top left)
L2(Ω) distance vs time for the strongly well-prepared (SWP) initial data (8.1), (top
right) L2(Ω) distance vs time for the well-prepared (WP) initial data (8.2) and (bottom
left) L2(Ω) distance vs time for the ill-prepared (IP) initial data (8.3). On the bottom
right plot we show the corresponding L2(QT ) and L∞(0, T ;L2(Ω)) errors with respect
to ε for the three initial data.

8.4. Testcase 3. Instabilities in 2D

In this testcase, we investigate numerically the linear stability of homogeneous steady states in a
bi-dimensional domain. Given µ > 0, consider the homogeneous steady state

(u∗, v∗) = (µ, µ/β). (8.4)
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A straightforward adaptation of the linear stability analysis performed in [20, proof of Theorem 3.1]
and [19, Theorem 3.2] yields that (8.4) is asymptotically linearly stable if and only if

µ < µs
c with µs

c = β + λ1(Ω)δ, (8.5)

where λ1(Ω) > 0 is the first non-zero eigenvalue of the Laplacian (−∆) in Ω with homogeneous
Neumann boundary conditions. This linear stability analysis can be transposed in the fully discrete
setting. This yields, independently of ∆t > 0, the same stability condition as (8.5) where λ1(Ω) is
replaced with the first non-zero eigenvalue of the finite volume Laplacian L associated with the mesh,
defined by 

LK,K =
∑

σ∈Eint,K

τσ

m(K) , ∀ K ∈ T ,

LK,L = − τσ

m(K) , ∀ K ∈ T , ∀ L ∈ N (K), σ = K|L,

LK,L = 0, ∀ K ∈ T , ∀ L /∈ N (K).

(8.6)

The space domain Ω is taken as a (polygonal approximation of) a circle of radius R = 1 centered at
the origin. In a disk domain of radius R the principal eigenvalue of the Laplacian is λ1(Ω) =

(
j′

1,1/R
)2

with j′
1,1 ≈ 1.8412 the first non-zero root of J ′

1, with J1 the first Bessel function. The parameters are
taken to be R = δ = ε = 1 and β = λ1(Ω)/R2 ≈ 3.39. This yields µs

c = 2β ≈ 6.78.
The initial data is taken to be a perturbation of (u∗, v∗). In polar coordinates with origin at the center

of the disk, we set either a perturbation with the first non-trivial mode of the Neumann Laplacian

u0(r, θ) = µ, v0(r, θ) = µ

(
1 + cos(θ)

10 J1

(√
λ1(Ω) r

R

))
, (8.7)

or the third non-trivial mode of the Neumann Laplacian (which is a radially symmetric function)

u0(r, θ) = µ, v0(r, θ) = µ

(
1 + 1

10J0

(√
λ3(Ω) r

R

))
. (8.8)

We test several values of µ that are

(a) µ = 0.9µs
c, (b) µ = 1.1µs

c, (c) µ = 4µs
c.

For the initial data (8.7), linear instability is expected in cases (b) and (c) since µ > µs
c. For the second

initial data (8.8), linear instability of the corresponding third eigenmode of the Neumann Laplacian is
expected only in case (c) where one has 4µs

c > β+λ3(Ω)δ with our parameters. Here λ3(Ω) =
(
j′

0,1/R
)2

with j′
0,1 ≈ 3.8317 the first non-zero root of J ′

0.
The domain is meshed with 11790 triangles, the time step is taken to be ∆t = 0.1 and the final

time of simulation is T = 50000. Let us precise that the mesh does not preserve any sort of radial
symmetry of the domain.

On Figure 8.5 and Figure 8.6, we report snapshots of the solution at different times for the initial
data (8.7) and (8.8) in the case (c) µ = 4µs

c, so that both cases are linearly unstable with a different
perturbation. As expected, the solution deviates largely from the homogeneous equilibrium and tends
to localize in parts of the domain.

On Figure 8.7 we show the evolution of global quantities. In the stable case (8.7) (a), we plot the
time evolution of the (discrete counterpart of the) relative entropy with respect to the homogeneous
steady state

H((u, v); (u∗, v∗)) =
∫

Ω

[
(u− u∗) log

(
u

u∗

)
+ β

2 |v − v∗|2 − (u− u∗)(v − v∗) + δ

2 |∇v|2
]

dx.

We observe exponential decay of this quantity which illustrates the exponential asymptotic stability
of the homogeneous steady state for this set of parameters. In the unstable cases, namely (8.7) (b),
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Figure 8.5. Testcase 3. Snapshots of the solution density u (left) and chemoattractant
v (right) at different times t = 2000, 5000, 50000 (top to bottom). Initial data is (8.7)
with (c) µ = 4µs

c.

(8.7) (c) and (8.8) (c), we show the time evolution of the L∞ norms with respect to time. The L∞

norm of u is monotonically increasing for all three simulations.
In fact, we recall that the literature [15, 32, 33, 40] predicts a dichotomy between uniformly bounded

solutions and possible infinite-time blow-up. However, from our observations it is challenging in practice
to judge whether a blow-up phenomenon is actually detected for a given set of parameters. Indeed,
in regimes where the homogeneous steady state is unstable, both below and above the critical mass
threshold, we observe aggregation patterns that appear qualitatively similar. At the discrete level,
we emphasize that the growth of ∥u∥L∞ is constrained by positivity and mass conservation, and on
coarse meshes this quantity may saturate. Moreover, even in parameter regimes where blow-up is
theoretically expected, the growth of ∥u∥L∞ is extremely slow, in line with the infinite-time blow-up
scenario, and hence difficult to distinguish from a merely bounded but increasing solution. A thorough
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Figure 8.6. Testcase 3. Snapshots of the solution density u (left) and chemoattractant
v (right) at different times t = 2000, 5000, 50000 (top to bottom). Initial data is (8.8)
with (c) µ = 4µs

c.

numerical investigation of this phenomenon, including refined meshes and adaptive strategies, will be
the subject of forthcoming work.

8.5. Testcase 4. Aggregation in large domain

We reproduce here the testcase of [20, Section 4.2.2] in order to illustrate the use of the scheme for a
non-exponential cell motility. The latter is taken to be

γ(v) = 1
c+ vk

,

with c = 1 and k = 2. The space domain Ω is taken as a square with edge of length R = 10. The
parameters are taken to be ε = β = 1 and δ = 3/(5 × 14.6819) The initial data is taken to be a
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Figure 8.7. Testcase 3.(Left) In the stable case (8.7) (a): time evolution of the relative
entropy between the solution and the homogeneous steady state. (Right) In the unstable
cases (8.7) (b), (8.7) (c) and (8.8) (c): L∞ norm of u versus time.

perturbation of the homogeneous steady state (u∗, v∗) defined in (8.4) with µ = 4

u0(x, y) = µ, v0(x, y) = µ (0.5 +X(x, y)) ,
where 0 < X(x, y) < 1 is the realisation of a random variable with uniform distribution. The value
of the parameter δ has been chosen in order for the homogeneous steady state to be linearly unstable
as in the previous section. The domain is meshed with 14788 triangles, the time step is taken to be
∆t = 0.1 and the final time of simulation is T = 20000. Let us point out that compared to [20,
Section 4.2.2], we can handle a non-uniform mesh and a coarser time step. For the latter point, we
recall that our semi-implicit scheme is unconditionally stable, unlike the explicit scheme used in [20,
Section 4.2.2]. On Figure 8.8, we show the evolution of the density with respect to time. As pointed
out in [20, Section 4.2.2], we observe aggregation in spots which tend to merge in time.

Appendix A. Auxiliary results

Lemma A.1. Let T be an admissible mesh of Ω satisfying (3.2) and w ∈ H1(Ω). Then, the vector
(wK)K∈T ∈ HT with wK = m(K)−1 ∫

K w(x) dx satisfies∑
K∈T

m(K)|wK |2 ≤
∫

Ω
|w(x)|2 dx.

Proof. Thanks to Jensen’s inequality we have∑
K∈T

m(K)|wK |2 −
∫

Ω
|w(x)|2 dx =

∑
K∈T

(
1

m(K)

(∫
K
w(x) dx

)2
−
∫

K
|w(x)|2 dx

)

=
∑

K∈T

(
m(K)

(∫
K
w(x) dx

m(K)

)2
−
∫

K
|w(x)|2 dx

)

≤
∑

K∈T

(
m(K)

∫
K

|w(x)|2 dx
m(K) −

∫
K

|w(x)|2 dx
)

= 0.

This finishes the proof of Lemma A.1.
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Figure 8.8. Testcase 4. Snapshots of the density at times (left to right, top to bottom)
t = 25, 50, 75, 100, 200, 300, 500, 1000, 2000, 4000, 8000, 20000. The color scale varies
between each subfigure.

Lemma A.2 (see [27, Lemma 3.4]). Let T be an admissible mesh of Ω satisfying (3.2) and w ∈ H1(Ω).
Then, there exists a constant C > 0 only depending on Ω and ζ such that the vector (wK)K∈T ∈ HT
with wK = m(K)−1 ∫

K w(x) dx satisfies

∑
σ∈E

τσ(Dσw)2 ≤ C∥w∥2
H1(Ω).

Lemma A.3 (see [29, Proposition 2.61]). Let (X,M, µ) be a measurable space with µ finite. If un ⇀ u
weakly in L1(X), vn → v pointwise for µ a.e. x ∈ X, and supn ∥vn∥L∞(X) < ∞, then unvn ⇀ uv

weakly in L1(X).
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Appendix B. On the continuity of the discrete projection

Proposition B.1 (Continuity of the projection, counter-example). Let Ω = (−1, 1) and, for m ≥ 2,
let T be given by the regular grid, T =

{(
k
m ,

k+1
m

)
, −m ≤ k ≤ m− 1

}
. Then,

sup
u∈(H1)′(Ω)

N(πT u)
∥u∥(H1)′(Ω)

= ∞. (B.1)

Proof. Let r ≥ m and u = δ 1
r

− δ− 1
r
. Clearly ⟨u⟩ = 0 and for any φ ∈ H1(Ω), we have

⟨u, φ⟩ = φ

(1
r

)
− φ

(
−1
r

)
=
∫ 1

r

− 1
r

φ′ ≤
√

2√
r

∥φ′∥2,

so that u ∈ (H1)′(Ω) with ∥u∥(H1)′(Ω) ≤
√

2√
r
.

On the other hand, when projecting u on the grid T , using that r ≥ m we get that πT u = m1(0, 1
m

) −

m1( −1
m

,0). We then pick the test function θ = 1
2
√

m

(
1(0,1) − 1(−1,0)

)
and verify that θ ∈ H̃T with

|θ|1,2,T = 1, so that, using Lemma 5.1, we get

N(πT u) ≥
∣∣∣∣∫ 1

−1
πT u θ dx

∣∣∣∣ = 1√
m
.

Taking r = Am2 with A > 1, we obtain
N(πT u)
∥u∥(H1)′

≥

√
Am

2 ,

and we conclude by letting A tend to infinity.
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