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Abstract. Kirigami are part of the larger class of mechanical metamaterials, which exhibit exotic properties. This
article focuses on rhombi-slits, which is a specific type of kirigami. A nonlinear kinematic model was previously
proposed as a second order divergence-form PDE with a possibly degenerate, and sign-changing coefficient matrix.
We first propose to study the existence of solutions to a regularization of this equation by using the limiting
absorption principle. Then, we propose a finite element method to approximate the solutions to the regularized
equation. Finally, simulations are compared with experimental results.
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1. Introduction

Kirigami is a variation of origami, the Japanese art of paper folding. In kirigami, the paper is cut
as well as being folded. Origami and kirigami have been studied as concrete examples of mechanical
metamaterials [1, 28, 30, 33]. Mechanical metamaterials are solids with unusual mechanical properties
that are generated by inner mechanisms of the system. These materials have found applications for
generating soft robots [27] or in aerospace engineering [22, 26]. The mechanisms giving metamaterials
their unusual properties are discrete by nature, and have been modeled as such [16, 31]. Recently,
important efforts have been devoted to proposing a continuous description of origami and kirigami-
based metamaterials [19, 23, 24, 32]. The modeling process results in homogenized PDEs where the
characteristic size of the mechanism is considered negligible with respects to the size of the whole
structure. Some first results regarding the existence of solutions to these nonlinear PDEs and their
numerical approximation have been achieved in [20, 21, 32].

This paper focuses on kirigami patterns with parallelogram panels and rhombi slits as presented
in [32]. Figure 1.1 shows one such kirigami pattern. In this entire article, deformations remain planar.
ξin is defined as the slit opening in the undeformed configuration. Let Ω ⊂ R2 be an open bounded
set. ξ : Ω → R is the opening of the slit, and γ : Ω → R is the local rotation of a panel, as represented
in Figure 1.1.

yeff : Ω → R2 is the effective deformation, which tracks the cell-averaged panel motions. Using a
coarse-graining technique, [32] has proposed that

∇yeff = R(γ)Aeff(ξ), (1.1)
where R(γ) is the canonical 2 × 2 rotation matrix parametrized by the angle γ, and Aeff(ξ) ∈ R2×2

is called the shape tensor. Note that the full gradient of yeff appears in (1.1) instead of only the
symmetrized gradient as in small strain elasticity. This can be concisely explained by the fact that the
framework at play, in this paper, is that of finite strains and not of small strain elasticity. See [32] for
more details.
This work is supported by the US National Science Foundation under grant number OIA-1946231 and the Louisiana
Board of Regents for the Louisiana Materials Design Alliance (LAMDA).
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2ξin

Figure 1.1. Notations.

As the left-hand side of (1.1) is a gradient, a necessary condition to have solutions of (1.1) is that the
curl of the right-hand side be zero. In [32] it is shown that this necessary condition can be written as

∇γ = Γ(ξ)∇ξ, (1.2)
where Γ(ξ) is a 2 × 2 matrix, which depends on Aeff(ξ). Similarly, a necessary condition for (1.2) to
be verified is

− div
(

R

(
π

2

)
Γ(ξ)∇ξ

)
= 0. (1.3)

The main goal of this paper is to compute approximate solutions to (1.3) supplemented with appro-
priate Dirichlet and Neumann boundary conditions. In [32], the authors propose methods to compute
solutions of (1.3) only for two specific patterns, see Section 4.1 and Section 4.2 of this paper. In the
follow-up work [33], the authors give an energy and compute its minimizers but they do not concur-
rently solve the kinematic constraint. The present work proposes a way to approximate the solutions
of (1.3) in a more general case.

Let B(ξ) := R
(

π
2
)

Γ(ξ). Studying the existence of solutions to (1.3) presents two main difficulties.
The first is that B(ξ) can degenerate for certain values of ξ. The second is that the sign of det(B(ξ))
can change, thus locally changing the type of (1.3) from an elliptic to a hyperbolic PDE. A similar
problem is encountered with Tricomi and Keldysh equations, see [6] for instance. Regarding the issue of
degeneracy, Muckenhopt weights [29] have been used to study the existence of solutions to degenerate
elliptic equations, see [12], for instance. Muckenhopt weights can be used, for instance, to handle
degeneracies localized at a point. However, as in [25], the degeneracy we encounter is localized on a
curve, and thus Muckenhopt weights cannot be used. Regarding the issue of sign-change, the concept
of T-coercivity [2] has been used to study the existence of solutions for some linear equations [2, 7].
Unfortunately, this concept does not seem to be applicable here as the equation can be hyperbolic in
a part of the domain. Instead, we follow [8, 25] and use a limiting absorption principle to approximate
solutions of (1.3).

Several numerical methods have been proposed to approximate solutions of sign-changing problems.
In [5, 7], methods based on first-order Lagrange polynomials and Th-coercive meshes are devised. In [9],
a method using ideas from optimal control was proposed. However, these methods require the curve
where (1.3) changes type to be meshed exactly, which is not possible in our problem since the position
of the interface is a priori unknown. Therefore, we compute solutions of a problem regularized by
adding a complex dissipation, as already performed in [7], which allows us to handle a non-scalar
matrix B(ξ) and to not have a priori knowledge of the interface.

The present article is structured as follows. Section 2 focuses on proving the existence of solutions
for a regularization of (1.3) by using the limiting absorption principle. Section 3 proposes a numerical
method to approximate the solutions of the regularization of (1.3), supplemented by a convergence

678



Computation of rhombi-slit kirigami

(a) Auxetic kirigami. (b) Non-auxetic kirigami.

Figure 2.1. Unit cells [32].

proof. Finally, Section 4 compares a few numerical tests to experimental results. Note that the limiting
case when the dissipation parameter goes to zero is only studied from the numerical perspective.

2. Approximate continuous problem

Let Ω ⊂ R2 be an open bounded polygonal domain, that can be perfectly fitted by triangular meshes,
with a Lipschitz boundary ∂Ω. The boundary is partitioned as ∂Ω = ∂ΩD ∪ ∂ΩN , where ∂ΩD is
relatively closed in ∂Ω. The exterior normal to ∂Ω is written as n. A Dirichlet boundary condition
ξD ∈ H

1
2 (∂ΩD;R) is imposed strongly on ∂ΩD and a Neumann boundary condition g ∈ L2(∂ΩN ;R)

is imposed weakly on ∂ΩN . Let V := H1(Ω;C) be a complex Sobolev space equipped with the usual
Sobolev norm written as ∥ · ∥V . We define the solution set as VD := {ζ ∈ V | ζ = ξD on ∂ΩD}, and
V0 := {ζ ∈ V | ζ = 0 on ∂ΩD} as the associated homogeneous space.

2.1. Rhombi-slits

Following [32], we focus in this paper on the specific case of rhombi slits. Two geometric parameters
α ≤ 0, and β ≥ 0 are used to describe the geometry of a given unit cell. Figure 2.1 shows two different
unit cells.

Using the notations of Figure 2.1, the geometric parameters are computed as

α = ar(λ4 − λ2) and β = λ1 − λ3
ar

.

Let ξ ∈ L2(Ω;R). We define

µ1(ξ) = cos(ξ) − α sin(ξ), µ2(ξ) = cos(ξ) + β sin(ξ),

and
Aeff(ξ) = µ1(ξ)e1 ⊗ e1 + µ2(ξ)e2 ⊗ e2.

Let Γ(ξ) = Γ12(ξ)e1 ⊗ e2 + Γ12(ξ)e1 ⊗ e2, where (e1, e2) is the canonical basis of R2, and

Γ12(ξ) = −µ′
1(ξ)

µ2(ξ) , Γ21(ξ) = µ′
2(ξ)

µ1(ξ) .

Finally, one has

B(ξ) =
(

−Γ21(ξ) 0
0 Γ12(ξ)

)
.
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(a) Auxetic kirigami. (b) Non-auxetic kirigami.

Figure 2.2. Eigenvalues of B(ξ).

The strong formulation consists in searching for ξ such that
− div(B(ξ)∇ξ) = 0 a.e. in Ω,

B(ξ)∇ξ · n = g on ∂ΩN ,

ξ = ξD on ∂ΩD,

(2.1)

Let us show in practical cases the issues regarding sign-change and degeneracy mentioned above.
Figure 2.2 reports the values of the eigenvalues of B(ξ) for the patterns in Figure 2.1. Figure 2.2a
shows that B(ξ) degenerates when ξ ≃ 0.75. However, since −Γ21 = Γ12 in the auxetic case, the
pattern remains elliptic above or below that critical value. The situation is different for Figure 2.2b.
B(ξ) is elliptic for ξ < 0, degenerate at ξ = 0, hyperbolic for ξ ≲ 0.75, degenerate again for ξ ≃ 0.75
and elliptic for ξ ≳ 0.75.

Also, note that for the pattern in Figure 2.1b, when ξ = π
2 , µ2(ξ) = 0 and thus Γ12 = +∞. This

type of issue happens typically when a pattern is fully open or fully closed, in which case the modeling
performed in [32] does not apply any longer. To prevent this type of issue, we let ξ− ∈ (−π

2 , 0), and
ξ+ ∈ (0, π

2 ) and define the cut-off coefficients

Γ̂21(ξ) =


Γ21(ξ+) if ξ ≥ ξ+,

Γ21(ξ−) if ξ ≤ ξ−,

Γ21(ξ) otherwise,

Γ̂12(ξ) =


Γ12(ξ+) if ξ ≥ ξ+,

Γ12(ξ−) if ξ ≤ ξ−,

Γ12(ξ) otherwise,

and

B̂(ξ) =
(

−Γ̂21(ξ) 0
0 Γ̂12(ξ)

)
.

Therefore, B̂ : L2(Ω) → L∞(Ω) and B̂ is K-Lipschitz, where K > 0, in the sense that B̂ ∈ W 1,∞(R).
We choose ξ− and ξ+ such that there exists M > 0, independent of ξ,

∥B̂(ξ)∥L∞(Ω;R) ≤ M. (2.2)

Of course, B̂(ξ) is consistent with B(ξ) only as long as ξ− ≤ ξ ≤ ξ+ a.e. in Ω. Let us now write a
weak formulation of (2.1). The bilinear form a(ξ) is defined for ζ ∈ V and ζ̃ ∈ V0 by

a(ξ; ζ, ζ̃) :=
∫

Ω
B̂(ξ)∇ζ · ∇ζ̃.
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Let l be the linear form defined for ζ̃ ∈ V0 by

l(ζ̃) :=
∫

∂ΩN

g · ζ̃.

2.2. Linear problem

Let ξ ∈ L2(Ω;R) be fixed. Because det(B̂(ξ)) can change sign, a(ξ) is not coercive over V0 × V0.
Therefore, one cannot apply the Lax–Milgram Lemma directly. Instead, we follow [7, 8] and use a
limiting absorption principle. It consists in adding some dissipation to a(ξ) through a purely imaginary
term. Let ε > 0 be a regularization parameter. For ζ ∈ V and ζ̃ ∈ V0, we define

aε(ξ; ζ, ζ̃) :=
∫

Ω
(B̂(ξ) + iεI)∇ζ · ∇ζ̃,

where i2 = −1.

Lemma 2.1. For all ε > 0, there exists a unique solution ζε ∈ VD to

aε(ξ; ζε, ζ̃) = l(ζ̃), ∀ ζ̃ ∈ V0. (2.3)

One has
∥ζε∥V ≤

(
M

α
+ 1

)
Ctr∥ξD∥

H
1
2 (∂ΩD;R)

+ Ctr

α
∥g∥L2(∂ΩN ;R), (2.4)

where Ctr > 0 is the constant from the trace theorem and α > 0 is a coercivity constant described in
the proof. Note that both constants are independent of ξ.

Proof. As ξD ∈ H
1
2 (∂ΩD;R), there exists ζD ∈ H1(Ω;R), ζD = ξD on ∂ΩD and one has

∥ζD∥V ≤ Ctr∥ξD∥
H

1
2 (∂ΩD;R)

,

where Ctr > 0 is the trace constant, see [13, Theorem B.52]. We define the linear form L(ξ) for
ζ̃ ∈ V0 by

L(ξ; ζ̃) = l(ζ̃) −
∫

Ω
B̂(ξ)∇ζD · ∇ζ̃.

Let ζ̂, ζ̃ ∈ V0. One has
aε(ξ; ζ̂ + ζD, ζ̃) − l(ζ̃) = aε(ξ; ζ̂, ζ̃) − L(ξ; ζ̃).

Therefore, we want to apply the Lax–Milgram lemma to find ζ̂ε ∈ V0 such that
aε(ξ; ζ̂ε, ζ̃) = L(ξ; ζ̃), ∀ ζ̃ ∈ V0.

aε(ξ) is sesquilinear and continuous over V0 × V0. Let ζ ∈ V0, one has
ℑ(aε(ξ; ζ, ζ)) ≥ ε∥∇ζ∥2

L2(Ω;C).

One also has
ℜ(aε(ξ; ζ, ζ)) ≥ −M∥∇ζ∥2

L2(Ω;C).

Let C > M
ε , one has

ℜ((1 − iC)aε(ξ; ζ, ζ)) ≥ (Cε − M)∥∇ζ∥2
L2(Ω;C).

Let CΩ > 0 be the Poincaré constant [13, Lemma B.66] so that, for any ζ ∈ V0,
∥ζ∥L2(Ω) ≤ CΩ∥∇ζ∥L2(Ω).

Letting γ := 1−iC√
1+C2 , |γ| = 1, one has

ℜ(γaε(ξ; ζ, ζ)) ≥ Cε − M√
1 + C2

1
1 + C2

Ω
∥ζ∥2

V =: α∥ζ∥2
V ,
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which we use as a definition for α. Therefore, aε(ξ) is coercive over V0 × V0. As L(ξ) is continuous
over V0, we apply the Lax–Milgram lemma [15, Lemma 25.2] and get the existence of a unique ζ̂ε ∈ V0
such that ζε := ζ̂ε + ζD solves (2.3). Note that this ζ̂ε depends on ξ and ε.
Let us now prove the bound (2.4). As a consequence of the Lax–Milgram lemma, one has

∥ζε∥V = ∥ζ̂ε + ζD∥V ≤ ∥ζD∥V + ∥ζ̂ε∥V ≤ ∥ζD∥V + 1
α

∥L(ξ)∥V ′
0

≤
(

1 + M

α

)
∥ζD∥V + Ctr

α
∥g∥L2(∂ΩN ;R)

≤
(

1 + M

α

)
Ctr∥ξD∥

H
1
2 (∂ΩD;R)

+ Ctr

α
∥g∥L2(∂ΩN ;R),

where ∥ · ∥V ′
0

is the dual norm associated with V0 endowed with the norm of V .

2.3. Nonlinear problem

Using the results from Section 2.2, we prove that there exists a solution to the approximate problem.

Proposition 2.2. For ε > 0, there exists ξε ∈ VD solution of

aε(ℜ(ξε); ξε, ζ̃) = l(ζ̃), ∀ ζ̃ ∈ V0. (2.5)

Proof. Let ε > 0 and Tε : L2(Ω;C) → V be the map such that for ξ ∈ L2(Ω;C), Tεξ = ζε ∈ VD is
the unique solution of

aε(ℜ(ξ); ζε, ζ̃) = l(ζ̃), ∀ ζ̃ ∈ V0,

which exists due to Lemma 2.1. We will use the Schauder fixed point theorem [17]. The first step is
to find an invariant domain for Tε. Let B = {ζ ∈ VD | ζ verifies (2.4)}, which is a compact convex set
in V . Using Lemma 2.1, one has TεB ⊂ B.
Let us now show that Tε is continuous over B for ∥ · ∥V . Let (ξn)n∈N be a sequence of B such that
ξn −−−−−→

n→+∞
ξ ∈ B in V . Let ζ = Tεξ, and ζn = Tεξn, for n ∈ N. We want to prove that ζn −−−−−→

n→+∞
ζ in

V . (ζn)n is bounded in VD, and thus there exists ζ̂ ∈ VD, up to a subsequence, ζn −−−−−⇀
n→+∞

ζ̂ weakly in

V . Using the classical Sobolev injection V ⊂ L2(Ω;C), ζn → ζ̂ strongly in L2(Ω;C), when n → +∞.
Let us show that ζ̂ is a solution of (2.3). Let φ ∈ C∞(Ω;C)2 with φ = 0 on ∂ΩD. By definition,
one has

aε(ℜ(ξ); ζn, φ) − l(φ) = aε(ℜ(ξ); ζn, φ) + aε(ℜ(ξn); ζn, φ)

=
∫

Ω

[
B̂(ℜ(ξ)) − B̂(ℜ(ξn))

]
∇ζn · ∇φ.

Therefore,
|aε(ℜ(ξ); ζn, φ) − l(φ)| ≤

∥∥∥[B̂(ℜ(ξ)) − B̂(ℜ(ξn))
]

∇ζn

∥∥∥
L1(Ω)

∥∇φ∥L∞(Ω)

≤ K∥ξ − ξn∥L2(Ω)∥ζn∥V ∥∇φ∥L∞(Ω)

≤ CK∥ξ − ξn∥L2(Ω)∥∇φ∥L∞(Ω) −−−−−→
n→+∞

0,

since B̂ is K-Lipschitz, ∥ζn∥V ≤ C and ξn → ξ strongly in V . Note that since ζn ⇀ ζ̂ weakly in V ,
one has

aε(ℜ(ξ); ζ̂, φ) = l(φ).
We finish proving that ζ̂ ∈ VD is a solution of (2.3) by using a density argument. Let ζ̃ ∈ V0. There
exists a sequence (φn)n∈N ∈ C∞(Ω;C), with compact support in ∂ΩD, such that ∥ζ̃ − φn∥V → 0, as
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n → ∞. One has
aε(ℜ(ξ); ζ̂, ζ̃) − l(ζ̃) = aε(ℜ(ξ); ζ̂, φn) − l(φn) + aε(ℜ(ξ); ζ̂, ζ̃ − φn) − l(ζ̃ − φn). (2.6)

The sum of the first two terms in the right-hand side of (2.6) is zero since φn ∈ C∞(Ω;C) with φn = 0
on ∂ΩD. The last two terms in the right-hand side of (2.6) converge to zero since ζn → ζ̃ strongly in
V . Therefore, ζ̂ ∈ VD solves (2.3), which has for unique solution ζ ∈ VD, and thus ζ̂ = ζ.
Let us show that ζn → ζ strongly in V when n → +∞. One has

iε∥∇ζn − ∇ζ∥2
L2(Ω;C) +

∫
Ω

B̂(ℜ(ξn))∇(ζn − ζ) · ∇(ζn − ζ)

= aε(ℜ(ξn); ζn − ζ, ζn − ζ)
= aε(ℜ(ξn); ζn, ζn − ζ) − aε(ℜ(ξn); ζ, ζn − ζ)
= l(ζn − ζ) − aε(ℜ(ξn); ζ, ζn − ζ)
−−−→
n→∞

0,

as ξn → ξ strongly in L2(Ω;C), ζn ⇀ ζ weakly in V , and ζn → ζ strongly in L2(Ω;C). Taking the
imaginary part, one has ζn → ζ strongly in V . Also, as the solution of (2.3) is unique, the full sequence
(ζn)n converges towards ζ in V. We conlude with the Schauder fixed point theorem.

Remark 2.3. Typical techniques for proving the uniqueness of the solution for small enough boundary
condition as in [3, Section 8.7] do not apply here since they would require ξ ∈ W 1,p(Ω), with p > 2.
We cannot expect such regularity given the fact that we only have B̂(ξ) ∈ L∞(Ω).

3. Approximate Discrete problem

This section is dedicated to approximating the solutions of (2.5).

3.1. Discrete setting

Let (Th)h be a family of quasi-uniform and shape regular triangulations [13], perfectly fitting Ω.
For a cell c ∈ Th, let hc := diam(c) be the diameter of c. Then, we define h := maxc∈Th

hc as
the mesh parameter for a given triangulation Th. Let Vh := P1(Th;C), the space of affine Lagrange
polynomials with complex values. As the solutions we try to compute are only H1, we use the Scott–
Zhang interpolator written as Ih, see [13] for details. As ξD ∈ H

1
2 (∂ΩD;R), there exists ζD ∈ H1(Ω;R),

ζD = ξD on ∂ΩD. We define the following solution set as

VhD := {ζh ∈ Vh; ℜ(ζh) = IhζD and ℑ(ζh) = 0 on ∂ΩD},

and its associated homogeneous space as

Vh0 := {ζh ∈ Vh; ζh = 0 on ∂ΩD}.

3.2. Discrete problem

Let ε > 0. We focus on the discrete nonlinear problem which consists in searching for ξh ∈ VhD,

aε(ℜ(ξh); ξh, ζ̃h) = l(ζ̃h), ∀ ζ̃h ∈ Vh0. (3.1)

Proposition 3.1. There exists a solution ξh ∈ VhD to (3.1).
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Proof. Let ξh ∈ VhD. Let us first focus on the following linear problem: search for ζh ∈ VhD, such that
aε(ℜ(ξh); ζh, ζ̃h) = l(ζ̃h), ∀ ζ̃h ∈ Vh0. (3.2)

Using the Lax–Milgram lemma (similarly to the proof of Lemma 2.1), we can show that there exists
a unique solution ζh ∈ VhD to (3.2), and one has

∥ζh∥V ≤ C ′Ctr

(
1 + M

α

)
∥ξD∥

H
1
2 (∂ΩD;R)

+ C ′Ctr

α
∥g∥L2(∂ΩN ;R), (3.3)

where Ctr > 0 is the constant from the trace theorem, α is the coercivity constant, and C ′ > 0 is the
interpolation constant, see [13, Lemma 1.130].
We define the fixed point map Th : VhD → VhD, such that Thξh = ζh, where ζh is the solution
of (3.2). Let

B = {ξh ∈ VhD | ξh verifies (3.3)} .

Using (3.3), one has ThB ⊂ B. Let us show that Th is continuous over B. Let (ξn)n∈N be a sequence
of B such that ξn −−−−−→

n→+∞
ξ ∈ B strongly in V . Let ζ = Thξ, and ζn = Thξn, for n ∈ N. We want to

prove that ζn −−−−−→
n→+∞

ζ strongly in V .

(ζn)n is bounded in B, and thus there exists ζ̂ ∈ VhD, up to a subsequence, ζn −−−−−⇀
n→+∞

ζ̂ weakly in V .

By Sobolev injection, ζn → ζ̂ strongly in L2(Ω;C), when n → +∞. Let us show that ζ̂ = ζ by showing
that ζ̂ solves

aε(ℜ(ξ); ζ̂, ζ̃h) = l(ζ̃h), ∀ ζ̃h ∈ Vh0.

Let ζ̃h ∈ Vh0. One has∣∣∣aε(ℜ(ξ); ζn, ζ̃h) − l(ζ̃h)
∣∣∣ =

∣∣∣aε(ℜ(ξ); ζn, ζ̃h) − aε(ℜ(ξn); ζn, ζ̃h)
∣∣∣

=
∣∣∣∣∫

Ω

[
B̂(ℜ(ξ)) − B̂(ℜ(ξn))

]
∇ζn · ζ̃h

∣∣∣∣
≤ K∥(ξ − ξn)∇ζn∥L1(Ω;C)∥∇ζ̃h∥L∞(Ω;C)

≤ K∥ξ − ξn∥L2(Ω)C∥∇ζ̃h∥L∞(Ω;C)

−−−−−→
n→+∞

0

(3.4)

since B̂ is K-Lipschitz and (ζn)n is bounded in H1(Ω). Note that since ζn ⇀ ζ̂ weakly in V , one has
aε(ℜ(ξ); ζn, ζ̃h) −−−−−→

n→+∞
aε(ℜ(ξ); ζ̂, ζ̃h),

and thus ζ̂ = Thξ = ζ.
Let us show that ζn → ζ strongly in V when n → +∞. One has

iε∥∇ζn − ∇ζ∥2
L2(Ω;C) +

∫
Ω

B̂(ℜ(ξn))∇(ζn − ζ) · ∇(ζn − ζ)

= aε(ℜ(ξn); ζn − ζ, ζn − ζ)
= aε(ℜ(ξn); ζn, ζn − ζ) − aε(ℜ(ξn); ζ, ζn − ζ)
= l(ζn − ζ) − aε(ℜ(ξn); ζ, ζn − ζ)
−−−→
n→∞

0,

as ∥ξn∥V ≤ C, ζn ⇀ ζ weakly in V , and ζn → ζ strongly in L2(Ω;C). By taking the imaginary part,
one has ζn → ζ strongly in V . Also, as the solution of (3.2) is unique, the full sequence (ζn)n converges
towards ζ in V. Thus Th is continuous and the Brouwer fixed point [4] gives the desired result.
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3.3. Convergence

We study the convergence of the method when h → 0, for ε > 0 fixed.

Theorem 3.2. Let (ξh)h>0 be a sequence of solutions of (3.1). There exists ξε ∈ VD, solution of (2.5),
such that, up to a subsequence,

ξh −−−→
h→0

ξε strongly in V.

Proof. As (ξh)h>0 is bounded in VD, according to Proposition 3.1, there exists ξε ∈ VD, up to a
subsequence, ξh ⇀ ξε, weakly in V , when h → 0. Using a compact Sobolev injection, one has ξh → ξε,
strongly in L2(Ω;C), when h → 0. We now want to show that ξε ∈ VD is a solution of (2.5).
Let φ ∈ C∞(Ω;C) with φ = 0 on ∂ΩD For this entire proof, we use the interpolation operator, still
written as Ih from [14, Section 22.4]. Note that due to the regularity of φ, one has ∇Ihφ → ∇φ
strongly in L2(Ω;C), as h → 0, see [13, Lemma 1.130]. Therefore, when h → 0, one has l(Ihφ) → l(φ).
One also has

aε(ℜ(ξε); ξh, Ihφ) − l(Ihφ) = aε(ℜ(ξε); ξh, Ihφ) − aε(ℜ(ξh); ξh, Ihφ)

=
∫

Ω
[B̂(ℜ(ξε)) − B̂(ℜ(ξh))]∇ξh · ∇Ihφ.

(3.5)

Therefore,
|aε(ℜ(ξε); ξh, Ihφ) − l(Ihφ)| ≤

∥∥∥[B̂(ℜ(ξε)) − B̂(ℜ(ξh))]∇ξh

∥∥∥
L1(Ω;C)

∥∇Ihφ∥L∞(Ω;C)

≤ CK∥ξh − ξε∥L2(Ω)C
′∥φ∥W 1,∞(Ω)

−−−→
h→0

0,

since B̂ is K-Lipschitz, ∥ξh∥V ≤ C, ξh → ξε strongly in L2 and C ′ > 0 is the stability constant
from [14, Corollary 22.15]. Since ξh ⇀ ξε weakly in V , for all φ ∈ C∞(Ω;C) with φ = 0 on ∂ΩD,
one has

aε(ℜ(ξε); ξε, φ) = l(φ). (3.6)

We finish proving that ξε ∈ VD is a solution of (2.5) by using a density argument. Let ζ̃ ∈ V0. There
exists a sequence (φn)n∈N ∈ C∞(Ω;C), with φn = 0 on ∂ΩD, such that ∥ζ̃ − φn∥V → 0, as n → ∞.
One thus has

aε(ℜ(ξε); ξε, ζ̃) − l(ζ̃) = aε(ℜ(ξε); ξε, ζ̃ − φn) + aε(ℜ(ξε); ξε, φn) − l(φn) + l(φn − ζ̃). (3.7)
Note that, using (3.6), the sum of the middle two terms in (3.7) is exactly zero. The last term in the
right-hand side of (3.7) converges to zero since ∥ζ̃ − φn∥V → 0, as n → ∞. Regarding the first term
in the right-hand side of (3.7), one has

|aε(ℜ(ξε); ξε, ζ̃ − φn)| ≤ (M + ε)∥ξε∥H1(Ω)∥ζ̃ − φn∥V → 0
as n → ∞. And therefore, ξε ∈ VD is a solution of (2.5).
Let us now show the strong convergence of the gradients. One has

iε∥∇ξh − ∇ξε∥2
L2(Ω;C) +

∫
Ω

B̂(ℜ(ξh)) ∇(ξh − ξε)∇(ξh − ξε)

= aε(ℜ(ξh); ξh − ξε, ξh − ξε) = aε(ℜ(ξh); ξh, ξh − ξε) − aε(ℜ(ξh); ξε, ξh − ξε)
= l(ξh − ξε) − aε(ℜ(ξh); ξε, ξh − ξε).

The first term converges to zero since ξh → ξε strongly in L2(Ω;C). The second term also converges
to zero since ξh is bounded in V and ∇ξh ⇀ ∇ξε weakly in L2(Ω;C). Taking the imaginary part of
the expression above, one gets that ξh → ξε strongly in V .
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(a) ℜ(ξh) (b) Experimental result

Figure 4.1. Auxetic kirigami

4. Numerical tests

The numerical experiments consist in solving (3.1) for various boundary conditions and different
material parameters. Equation (3.1) is solved through Newton iterations. Note that within the range
of values of ξ obtained in these numerical experiments, one has B̂(ξ) = B(ξ). Therefore, no cut-off of the
eigenvalues of B(ξ) is necessary for the numerical experiments presented below. The implementation
is performed infiredrake, using its configuration for complex numbers, see [18]. Then, γh, and yeff,h

are computed from ℜ(ξh) through least-squares and Equations (1.2) and (1.1). These results are then
compared to experimental results. The regularization parameter ε is chosen to be as small as possible
while still providing a good agreement with the experimental results. The experimental data are
recovered using the image recognition capabilities of matlab, see [32, Supplementary Material 7].

4.1. Auxetic kirigami

The pattern is sketched in Figure 2.1a. For this pattern, one has α = −0.9 and β = 0.9. In [11, 32],
a solution method using quasi-conformal maps was proposed to compute patterns for which α = −β.
The domain is Ω = (0, L) × (0, L), where L = 15. Homogeneous Neumann boundary conditions are
imposed on the top and bottom surfaces and the nonhomogeneous Dirichlet condition ξD is imposed
on the left and right surfaces.

Figure 4.1a shows the post-processing of an experiment that we will try to replicate numerically.
We notice that, for this experiment, ξ ∈ [0, π

3 ]. In that case, one has −Γ21(ξ) > 0 and thus (2.1) is
strictly elliptic. The regularization parameter is thus chosen as ε = 0, as this problem remains elliptic.

We consider a mesh of size h = 0.005, with 119, 817 dofs. Figure 4.1b shows the experimental results.
The numerical results are very similar to the ones obtained in [32].

4.2. Non-auxetic kirigami

The pattern is sketched in Figure 2.1b. For this pattern, one has α = −0.9 and β = 0. In [32],
a solution method using traveling waves was proposed to compute patterns for which β = 0. For
ξ ∈ [0, π

3 ], −Γ21(ξ) ≤ 0 and thus (2.1) is degenerate hyperbolic. The domain is Ω = (0, L) × (0, L),
where L = 15. Homogeneous Neumann boundary conditions are imposed on the top and bottom
surfaces and a nonhomogeneous Dirichlet condition ξD is imposed on the left and right surfaces.
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(a) ε = 1 (b) ε = 0.4

(c) ε = 0.1 (d) ε = 0.05

Figure 4.2. Non-auxetic kirigami: ℜ(ξh).

We consider a mesh of size h = 4.7 ·10−2, with 205, 441 dofs. Figure 4.2 shows ℜ(ξh) in the deformed
configuration for various values of ε.

For ε ≥ 1, we start seeing results characteristic of an elliptic equation, which is not the behavior
observed in the experiments. The computation diverges with ε = 0.01. Figure 4.3 shows the experi-
mental result. In Figure 4.3, one can see a slight depression in the middle of the sample. In Figure 4.2,
one can observe a similar depression for ε = 0.4. With respect to the results of [32], this numerical
result shows a better agreement with the experimental data.

4.3. Mixed type kirigami

The pattern is sketched in Figure 4.4. For this pattern, one has α = −1.6 and β = 0.4. The domain
is Ω = (0, L) × (0, L), where L = 15. Homogeneous Neumann boundary conditions are imposed on
the top and bottom surfaces and a nonhomogeneous Dirichlet condition ξD is imposed on the left
and right surfaces. A main contribution of this paper is to be able to approximate solutions for this
pattern. Indeed, [32] proposed solutions methods only when α = −β or β = 0, which is not the case
for this pattern.
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Figure 4.3. Non-auxetic kirigami: experimental result.

Figure 4.4. Mixed type kirigami: sketch from Paolo Celli.

Figure 4.5. Mixed type kirigami: experimental result.

We consider a mesh of size h = 4.7 · 10−2, with 205, 441 dofs. Figure 4.5 shows the experimental
results. Figure 4.6 shows ℜ(ξh) in the deformed configuration for various values of ε.

We notice that for ε = 0.15 and ε = 0.1, the numerical results are in accordance with the exper-
imental results as the two depressions, on the left and right, are well represented. For ε ≤ 0.05, we
notice that the computation seems to present too many depressions. For a value ε = 10−2, the Newton
solver diverges. This numerical test shows a good agreement with the experimental results.
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(a) ε = 0.15 (b) ε = 0.1

(c) ε = 0.05 (d) ε = 0.02

Figure 4.6. Mixed type kirigami: ℜ(ξh).

4.4. Discussion

It has been noted in Sections 4.2 and 4.3 that, for small enough ε, the agreement between the experi-
mental and numerical results was not satisfactory. Two phenomena seem to be at play here. The first
one is that since the hinges are not perfect in the experimental setting, there is some energy that is
dissipated in their deformation. This seems to justify that a small but non-zero value of ε is physically
relevant to reproduce the experimental results.

The second phenomenon at play is related to the behavior of viscosity solutions [10]. Note that
the notion of viscosity solution applies to nonlinear elliptic equations and not nonlinear hyperbolic
equations. Even though a parallel can be drawn between the methodology proposed in this paper and
the notion of viscosity solution, it is in no case a proof.

Viscosity solutions, when they are defined as limits of regularized solutions, can sometimes “lose”
a part of their Dirichlet boundary conditions. Let us consider the following example. Let Ω = (0, 1).
We want so solve for x ∈ Ω,

u′(x) = 1 such that u(0) = u(1) = 0.
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Let ε > 0. We consider the regularized equation, for x ∈ Ω,

u′
ε(x) − εu′′

ε(x) = 1 such that uε(0) = uε(1) = 0.

One can show that this equation has a unique solution. Upon computing it, one can show that for all
ε > 0, uε(x) = 0 and for x ∈ Ω, uε(x) → x, as ε → 0. In this case, u(x) := x is the viscosity limit of
uε and is a viscosity solution of the original problem but it is not a classical solution since u(1) ̸= 0.
The boundary condition on the right of the domain has been “lost”.

A similar situation is observed for the regularization used in this paper. Let Ω ⊂ R2 be the domain
sketched in Figure 4.7. Let us consider the problem of searching for u : Ω → R, such that

(1, 0)

(−1, 0)

(0, −1)

(0, 1)

x

y

Figure 4.7. Discussion: geometry of the domain Ω.

uxx = uyy. (4.1)

This wave equation can be written in divergence form and regularized as in (2.3). Let us add the
Dirichlet boundary conditions u(x, y) = 0 when y < 0, as well as u(x, y) = y when y ≥ 0, where
(x, y) ∈ ∂Ω. Upon discretizing (4.1) with Lagrange P1 finite elements, and considering ε = 3h, one
gets the result in Figure 4.8. We observe that the Dirichlet boundary condition u(x, y) = 0 when
y < 0 is “lost” when ε → 0. Note that when ε = 1, for instance, that boundary condition is perfectly
respected by the finite element computation.

Since a part of the Dirichlet boundary conditions can be “lost”, it should not be surprising that the
numerical results and the experimental results differ when ε is small.

Figure 4.8. Discussion: results of the finite element computation.
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5. Conclusion

This paper has presented the analysis of an approximation of a nonlinear degenerate sign-changing
divergence form PDE that models the deformation of a specific type of kirigami called rhombi-slits.
Under appropriate boundary conditions, it proved existence of solutions to (2.5). Then, a numerical
method based on Lagrange P1 finite elements is analyzed and shown to converge towards the solutions
of (2.5). Finally, numerical results show the robustness of the method with respect to previous results
and experimental results. Future work includes trying to solve for an imposed yeff on the boundary
∂ΩD and not a ξ.

Code availability

The code is available at https://github.com/marazzaf/rhombi_slit.git.
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