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Abstract. In general, high order splitting methods suffer from an order reduction phenomena when applied to the
time integration of partial differential equations with non-periodic boundary conditions. In the last decade, there
were introduced several modifications to prevent the second order Strang splitting method from such a phenomena.
In this article, inspired by these recent corrector techniques, we introduce a splitting method of order three for a class
of semilinear parabolic problems that avoids order reduction in the context of non-periodic boundary conditions.
We give a proof for the third order convergence of the method in a simplified linear setting and confirm the result
by numerical experiments. Moreover, we show numerically that the high order convergence persists for an order
four variant of a splitting method, and also for a nonlinear source term.
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1. Introduction

Splitting schemes are a natural approach to integrate numerically in time differential equations [20,
23, 26]. They allow a seperate treatment of different terms of the original problem and can therefore
be implemented more efficiently than traditional time integration methods [12]. The division in several
sub-problems enables further the application of different discretization techniques. Moreover, splitting
methods can preserve geometric properties such as positivity and invariant sets [21], which is for
instance important in chemical physics [6] or computational biology [18].

For Q C R? a bounded domain with smooth boundary and final time 7' > 0, we consider the
following class of semilinear parabolic problems,

Oyu(x,t) = Du(z,t) + f(z,u(x,t)), z€Q, te(0,T],
Bu(z,t) = b(x,t), x €, te (0,7, (1.1)

u(z,0) = up(x), x €,

where D is a diffusion operator, f a smooth source term and ug an initial data satisfying the conditions
on the boundary of (1.1). Here, B denotes appropriate boundary conditions of Dirichlet, Neumann or
Robin type and b(zx,t) is a smooth function on the boundary 92 of the domain .

This work was partially supported by the Swiss National Science Foundation, projects No 200020 214819, No.
200020_184614, and No. 200020_192129.

https://doi.org/10.5802/smai-jcm.149

© The authors, 2026

269


mailto:ramona.haeberli@unige.ch
https://doi.org/10.5802/smai-jcm.149

R. HABERLI

To solve problem (1.1) by operator splitting, we integrate in time independently the source equation

O = f(u), (1.2)

and the diffusion equation
0w = Du inQ, Bu=1b on 0. (1.3)

We denote by ¢/ (up) and ¢ (ug) the flows of (1.2), (1.3) respectively, with the corresponding time
step 7 > 0 and initial condition uy = u(0). A general splitting scheme with arbitrary coefficients
a1, B1y .y Qm, B, m > 1, is defined by the following formula,

Un+1 = qbémﬂ' 0 ¢é’)m7' 0---0 ¢£1T 0 qb[l?)lﬂ'(un)’ (14)

where u,, denotes the approximation of u(t,) at time ¢, = n7. As an example, we note the formal
order two Strang splitting scheme

¢§trangNaiv _ (b]% o (b? o (bJé (15)

We distinguish between the formal order of a method, i.e. the convergence order when applied to non-
stiff ODEs and the observed order when integrating in time parabolic problems. For general boundary
conditions, splitting methods of formal order strictly higher than one suffer in general from an order
reduction [23]. This phenomena occurs because the solution u leaves the domain of the operator D
after applying the flow of the source term ¢/ and therefore creates a loss of time regularity when
applying the diffusion flow over small time steps. In particular, for homogeneous Dirichlet boundary
conditions v = 0 on 912 and a solution-independent source function f = f(x), which does not vanish at
the boundary 912, the Strang splitting method (1.5) converges with a reduced order between one and
two. This behaviour occurs even for exponential methods, which are integrated by means of Krylov
algorithms [28], where no splitting is considered [10].

In the last decade, several modifications were introduced to prevent method (1.5) from such an order
reduction. In [3, 4], they show order two convergence for a scheme discretized both in space and time,
see also [2] for Lawson methods and [5] for arbitrarily high-order splitting methods for semilinear wave
problems. Another correction technique to avoid order reduction is the projection of the intermediate
solution to the domain of the operator D before applying its flow ¢ [7, 14, 15]. While in [14, 15], one
calculates the corrector function from the nonlinear source function f, one obtains it directly from
the output of the flow ¢£ in [7] and requires therefore no additional evaluation of a possible costly

nonlinearity f or diffusion operator D. One time step of the modified version of the naive Strang
splitting (1.5) of [7] is defined by the composition

¢§trangCorr _ ¢J% o ¢§Qn o ¢E+Qn o ¢§qn o ¢2’ (16)

an

where ¢ is the exact flow of dyu = —¢, and analogously, for ¢2+9 we consider the modified

diffusion2problem Oyu = Du + ¢, with boundary conditions Bu = b. The flows for the correctors ¢,
are projections in the sense of geometric numerical integration (see [20, Chapter IV.4]). The corrector
itself is the solution of
Dq, =0 inQQ, Gn = %(gbfﬂ(un) — uy) on 0N (1.7)
The goal of the present article is to introduce a third order splitting scheme, which does not suffer
from an order reduction when applied to parabolic problems, with analysis in a simplified linear
setting. Thereby, inspired by the mentioned corrector techiques for the Strang splitting scheme, we
modify a formal three order splitting method of the form (1.4). However, for formal order strictly
higher than two, there exist no such methods with only positive real coefficients «;, and 3; ([19], see
also [8]). This is an issue for non-time-reversible problems such as parabolic equations. Therefore,
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OVERCOMING THE ORDER BARRIER TWO IN SPLITTING METHODS

as proposed independently in [11] and [22], we consider splitting schemes with complex coefficients
a;, B; € C with positive real part to achieve an order higher than two for the class of problems (1.1)
with periodic boundary conditions. We also mention [9], where such splitting methods up to order 16
were constructed.

For the complex coefficient a = (1 — \%z) and its conjugate @ = 1(1 + %z), we consider the

composition scheme

C3Naiv __ StrangNalv StrangNaiv
¢T o ¢2a'r 2at ( 1 8)

of formal order three [30, 32], see also [20, Theorem I1.4.1], where ¢S2&NaiV ig one step of the Strang
splitting method (1.5). Note that one can rewrite (1.8) as a splitting method

ngSNaiv = (bg,- © ¢5&7— © ¢ o ¢2a7’ © ¢a7” (19)

with ¢ = % Numerical experiments show that method (1.9) converges in general with a reduced
order one when applied to the class of parabolic equations (1.1) with a general source term f. In
particular, for homogeneous boundary conditions b = 0 and a solution-independent source function,
which vanishes at the boundary 0, it converges in general with order two and therefore, suffers from
an order reduction, in contrast to the order two method (1.5), which avoids order reduction [17].

Since method (1.9) can be written as the composition (1.8), an easy but naive choice for a modifi-
cation would be a composition scheme of the form

C3Naiv2 __ StrangCorr StrangCorr
¢r = Poar © Poar (1.10)

of the corrected Strang methods, ¢St21eCorr given in [7] or [14, 15]. However, we observe numerically
that method (1.10) is only of order two when applied to the class of equations (1.1) and therefore does
not improve from order two to three.

To avoid order reduction, we shall show that it is not enough to justify that u stays in the domain
of D. In the present article, we introduce the corrected order three splitting method defined by

1
BN = 6L 0 Gzt 0 9RI 0 20 0 6l ot 0 abtH ot ol (111)
which involves two corrector functions q,g ) and q7(l ). The corresponding flows ¢_ 4 as and d)E_Tq’(f) modify
the respective intermediate numerical solutions © and Du such that they stay in the domain of D before
applying the flows of the diffusion operator. We prove that the numerical method u, 1 = ¢C3New(un),
given by the splitting (1.11), fulfills in the case of a solution-independent source term the third order
convergence estimate

[un = u(tn)ll2) < C73(1 + [log(7)|) forall0<t, <T, (1.12)

for all 7 > 0 and C a constant, which is independent on 7 and n.
The mentioned order reduction phenomena we observe for splitting methods of formal order two and

three also appear for higher order splitting schemes. For the complex coefficient v = %(1 +1/3 4+ 2/2i)
and its conjugate 7, we consider the composition scheme

pCiNaiv2 _ ¢%J3Newo C3New (1.13)

T YT )
which is of formal order four [20, Theorem I1.4.1], but converges in general with reduced order strictly
smaller than four. Inspired by method (1.11), we shall modify this naive scheme and show numerically
fourth order convergence of the new variant when applied to the class of equation (1.1).
The outline is the following. In Section 2, we introduce the analytical framework, which is used to

give a convergence analysis of the splitting method (1.11). In Section 3, we define the two corrector

functions q7(11) and q( ) and explain in detail the construction of the corrected splitting (1.11). In

Section 4, we prove the third order estimate (1.12) in a linear setting. In Section 5, we confirm the
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results from the convergence analysis by the illustration of two linear examples. Moreover, we show
that the high order convergence seems to persist for an order four variant of a splitting scheme, and
also for a nonlinear source term and solution-dependent boundary conditions.

2. Framework on analytic semigroups

In this section, we describe the analytical framework that we use in this article. Thereby, we follow
the notation of [25, Chapter 3] and [7]. Let @ C R? be a bounded domain with C2-boundary 02 or a
polyhedral, convex domain and 7" > 0. We consider the class of semilinear parabolic equations (1.1).
Here, D is a second order differential operator, defined by

d d
D= Z az-j(x)ﬁij + Z b,(l‘)@z + C(l’)[, (2.1)
=1

ij=1
where the matrix (a;j(z)) € R%*? is assumed to be symmetric and, for some A > 0 and for all z € Q,
satisfies the uniform elliptic condition

d

Z aij(2)&€E; > NEP?, € e R

i,j=1
For simplicity, we assume that a;; € C1(Q) and b;, ¢ uniformly continuous in €. Furthermore, B
denotes boundary conditions B = «(z)I of type Dirichlet or alternatively,

d

B = ; Bi(2)0; +~y(z)I  with inf

d

> Bi(z)vi(x)

=1

>0

of type Neumann (v = 0), Robin respectively. We assume continuous differentiability for the coefficients
Bi,y and we denote by v(x) the exterior unit normal vector at x € 9.

For simplicity, we proceed our analysis in the Hilbert space L?() and thus, unless otherwise spec-
ified, denote by |- || the L*(Q) norm, as well as the associated Hilbert-Schmidt operator norm. We
adopt the following notation for v € L?(2) from [7]: For k = 0,1,... we write

v=0(r") it [0 20y < ok,

for some C' > 0 independent on 7 > 0 assumed small enough. Throughout this article we denote by C'
a positive constant independent on 7 and n but not necessarly the same at different passages.

We assume the source function to be twice continuously differentiable in a neighbourhood U C H?(2)
of the exact solution u of (1.1), f € C?(U, H*(f2)), that includes the case f = f(x), which is consid-
ered in the convergence analyis, or a Nemytskii operator f = f(x,u(x,t)). Additionally, we consider
heterogeneous, continuously differentiable boundary conditions b € C1([0, 7], H?(0f2)). In this case,
it is convenient for the analysis to reformulate problem (1.1), such that we obtain an equation with
zero boundary conditions. We follow the construction made in [7, 15]. Let z € C*([0, T], H*(Q)) with
boundary conditions Bz = b on 02 and initial condition z(0) = zp. Define @ = u — z which satisfies

ou=Du+ f(u+2)+ Dz— 0,z inQ, Bu=0 on 09, u(0) = up — 2p. (2.2)

We emphasize that this lifting methodology, which allows to come back to a problem with homogenous
boundary conditions, is only used for the analysis, not for implementations. We define the linear
operator A with homogenous boundary conditions Bu = 0 as

Av=Dv VYwveD(A) ={uec H*Q): Bu=0on dQ}. (2.3)
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OVERCOMING THE ORDER BARRIER TWO IN SPLITTING METHODS

By [31, p. 91-92], A is a densely defined linear operator on the Banach space L?(f2) such that the
resolvent set p(A) contains the closure of the set Xy := {z € C : z # 0, |arg(z)| < 7 — 6}, for some
6 € (0, 5). Furthermore, for all z € ¥y, let

|1 =4 H—\|

for some constant M > 0. Under these assumptions, — A is a sectorial operator and A is the infinitesimal
generator of the analytic semigroup e, represented by

1
tA zt
= — A 2.4
e 5 Z_/Fe R(z, A) dz, (2.4)

where R(z,A) is the residual of A and I' is the boundary of ¥y with imaginary part increasing
along I'. Since A is a symmetric elliptic operator defined on D(A), all its eigenvalues {);}52, are
in (—o0,0]. Furthermore, the corresponding eigenfunctions {ej °, build an orthonormal basis of
L?(9) [16, Theorem 6.5.1]. Due to the fact that L?(f) is a Hllbert space, for v =3, vje;, we have
o] = > ;51 |vj]* by the equality of Parseval.

Furthermore, for all & > 0, the operator A fulfills the parabolic smoothing property (see e.g. [24,
Theorem 1.3.3])

oA
W— ) H_tw t>0. (2.5)
For a = 0, we have that €' is bounded. Additionally, for k > 1, A*¥e*4v is bounded for any v €
D(AF) [25, Proposition 2.1.1], where

D(Ak) ={ue H%(Q) :Bu=BAu=---=BA* 'y =0on oN}.

If we multiply A by a constant A € C with R(\) > 0, (2.5) remains true. Consider the more general
version in form of [24, Proposition 5.1.1]. They use the property sup{®(z) : z € 0(A)} < 0, which does
not change for AA. Therefore, also e*4 is a bounded operator. Moreover, the definition (2.4) requires
that for given initial condition ug, problem (1.3) can be integrated in time along the complex line ¢t = At/
whenever ¢’ > 0 is small enough, see [11, 22] in the context of periodic boundary conditions. Thus, 7 as
defined in (2.2) can be interpretated as the solution of the differential equation dte Ay = Aety. In the
context of complex time steps, we assume b and z in (2.2) to be complex analytic in an open complex
neighbourhood of [0, 7] with values in H?({2), and we assume the time step 7 in (1.11) to be small
enough. Note that, if b is time-independent, one can simply choose z € H?(f2) also time-independent,
and we have no such restriction on the time stepsize. Forn = 0,..., N, N € N, we set z,,(s) = z(t, +5).
The exact solution of (1.1) can be expressed in terms of the analytic semigroup e*4 (2.4),

(tni1) = 20 (1) + €™ (ultn) — 2, (0 +/ %) u(tn +5)) + Dzp(s) — Orzn(s)) ds,

and we assume u € CQ([O,T],HZ(Q)).

For the analysis, we consider linear problems with solution-independent source term f = f(z). In
the case of homogenous boundary conditions, the diffusion operator D as in (2.1) corresponds to A,
and we can reformulate the general problem (1.1) into

Owu(z,t) = Au(z,t) + f(z), =€ Q,te(0,T],

Bu(z,t) =0, xz € 00,te (0,7, (2.6)
u(z,0) = ug(x), x €.
The exact solution u of (2.6) is given by
w(tni1) = e ulty) + (74 = T)A7L. (2.7)
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We consider an initial condition uy € D(A) and we assume that the source function satisfies the
regularity

f e HY(Q). (2.8)

Precisely, [16, Theorem 4.6.3] states that if g € L2(Q2) and v € H}(£2) is the solution of the elliptic
boundary-value problem

Dv=g inQ, Bv =0 on0f, (2.9)
on a bounded domain  with C?-boundary, then v € H?(2). Furthermore,

loll 2y < C lgll 2oy - (2.10)

where the constant C' depends only on € and the coefficients of D. We refer to [27, Theorem 2.1] for
polyhedral, convex domains. We note that in the context of the corrected Strang splitting methods,
one assumes f € H?(f) for the same purpose [7, 14, 15].

3. New order three splitting method

The goal of this section is to define the new splitting method (1.9), which does not suffer from an
order reduction when applied to the class of problems (1.1). Thereby, before applying the flow ¢ of
the diffusion operator D, we project the intermediate solutions, such that v and also Du are in the
domain of D. For j =1,2and n=0,...,N, N € N, we introduce time steps 7 = a7 and 7o = a7 and
intermediate solutions

S CO RSSO N €
wg) =u, and w7(12) - (bg.ﬂ' o ¢a7£1n o ¢2a7 "o Par™ © (bgf(un)
Then, we define functions rg ), for which we introduce the following condition on the boundary,

) ()

n

) =0 on 0N. (3.1)

7j

In the interior of €2, we choose Ty(Lj ) such that

Drl) = 0. (3.2)
Furthermore, for any n = 0,..., N, we define qéj ) by the solution of the elliptic problem
D¢V =+ inQ, (3.3)
with boundary conditions
) -
B(qg) — Pr, (W) > =0 on 9. (3.4)
7

Actually, equation (3.2) with boundary conditions (3.1), as well as equation (3.3) with boundary

conditions (3.4) have unique solutions r,gj ), qﬁf ) ¢ L?(2) [16, Chapter 6]. Then, we define the corrected
version of the splitting method (1.9) by

(2) (2) (2) (1) (1) (1)
C3N —4n D+ n —Un —An D+ n —Un
SN (wn) = 8, 0 Gt 0 o™ 0 Gt 09l 0 gt 0 Gt ™ 0 ¢ 0 Gl (un).
For j = 1,2, ¢7qunj (u(()J)) = u(()J) — quﬁf) is the exact flow of dul?) = —qg), with the respective initial

() (1) (2)
0

condition ug’ and time step 7;. We note that the corrector functions g, * and ¢’ do not coincide in

general.
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OVERCOMING THE ORDER BARRIER TWO IN SPLITTING METHODS

Remark 3.1. For a solution-independent source term f, the boundary conditions (3.1) and (3.4) turn

into
B(rY) —Df)y=0 and  B(¢Y) - f) =0. (3.5)
Additionally, the corrector functions are not anymore dependent on n. We hence denote g = q( ) = qg )

and r = r§Y = r{?. In the general case f = f(u), the introduced conditions (3.5) approximate (3.1)

and (3.4). Precisely, for j = 1,2, considering the second order approximation
8L, (@) = i) + 73 () + O(2),
we observe that Bq (<Z>f ( ) Wy ) ~ Bf and similarly for BrY).

Remark 3.2. In (1.7), the choice Dg, = 0 was made for simplicity. In the interior of the domain €,
there are other possibilities to define the corrector g, at a reduced cost, as shown in [13] in the context
of corrected Strang splitting methods. Precisely, considering © C R?, solving (1.7) can be seen as a
problem with d — 1 degrees of freedom. Equivalently, one can remplace the operator D in (3.2)—(3.3)
as long as assumptions (2.9)—(2.10) are satisfied. Additionally, we approximate u, ~ b on 952, which
avoids to calculate Dwr(f ), see [7] again in the context of the Strang splitting scheme. We refer to
Remarks 5.1 and 5.2 for more details.

Remark 3.3. In Section 5, we show numerically that the introduced correction techniques for order
three can be generalized to construct a splitting method of order four. Inspired by the definition of
method (1.11), we modifiy the splitting scheme (1.13) of formal order four, such that it converges
numerically with full order four when applied to parabolic problems of type (1.1). The new splitting
method writes

A( )
C4N D+q _
¢T o (z)ﬂ/m- ’)/aT ¢2'ya7-n 'ym- ¢7m‘ 'yaT ¢27a7- ym— ¢'ya7-
! -4 D+4Y gt D+
© qs'yET © ¢7a: ¢2fya7’ (?b'ya: ¢)’yCT ’yCLT ¢2'ya7’n 'yaT (z)’yaT? (36)

where we replace the corrector functions ¢(9 defined in (3.1)—(3.4) by new correctors ¢ 0i=1,2,3,4.
The corresponding flows of these correctors modify the respective intermediate numerical solutions
such that not only v and Du, but also D?u and D3u stay in the domain of the diffusion operator
D before applying its flow ¢2. Note that for a solution-independent source term f, the correctors

g\ coincide for all i = 1,2,3,4, and we have only one corrector, analogously to method (1.11), see
Remark 3.1.

4. Order three error estimates for the splitting method C3New

In this section, we prove that the splitting method (1.11) is convergent of global order three without
order reduction when applied to problem (1.1) with solution-independent source term f = f(z), as
n (2.8).

Theorem 4.1. Consider problem (1.1) under the assumptions of Section 2 with source function
f € H*Q). Then, the splitting method (1.11) satisfies the error estimate (1.12),

lun — u(tn)|| < CT3(1 + |log(T)|) for0<t, <T,
for all 7 > 0 and C' a constant, which is independent on T and n.

We introduce the following hypothesis on the corrector function gq.
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Hypothesis on g. For A given in (2.3), we define the two hypothesis,
(H1) f—qe D(A) and A(f —q) = O(1),
(H2) A(f —q) € D(A) and A*(f — q) = O(1).
For the corrector functions ¢ and r, defined as in Section 3, we show that f — ¢ fulfills the hypothesis
(H1) and (H2).
Lemma 4.2. If q fulfills the properties (3.1)—(3.4), then (H1) and (H2) hold true.

Proof. By Remark 3.1, we have boundary conditions (3.5) for the corrector functions r and g.
Therefore, v; = Df —r € H?(), and thus also v = f — ¢ € H%(Q) are solutions of the elliptic
problem (2.9), with right hand sides gy = D?f and go = v;. We deduce that Df —r, f — q € D(A).
Furthermore,

A(f=q9)=D(f—q) =Df —Dg=Df -,
and thus, A(f —q) € D(A). Additionally, using the H2-regularity estimate (2.10) for elliptic problems,
there holds

|A(f =l < C||D%f| and  [4%(f - q)| = | D

)

which are the desired estimates to satisfy the hypothesis (H1) and (H2). |

We are now in position to analyze the local error defined as d,11 = 3NV (u(t,,)) — u(tny1) of the
new splitting method (1.11).

Lemma 4.3. Under the assumptions of Theorem 4.1, the local error 0,1 of the splitting method (1.11)
fulfills

Ony1 = TS(TA)(f —q),
with S(z) = ae* + 2@ +a— 2z~ (e* — 1) for z € C.
Proof. Firstly, we consider homogeneous boundary conditions b = 0, i.e. the local error §° of

problem (2.6). In this case, a straightforward calculation shows that the numerical flow ¢C3NeW of
method (1.11) is given by

1
OFN (u(tn)) = e™Multn) + 7(ac™ + ST+ al)(f —q) + (7 = AT, (4.1)
From the formulas of the exact solution (2.7) and the numerical solution (4.1), we deduce
1 95 — T
O =7(ae™ + 5 +a— (rA)THe™ = D)(f - q) = 7S(TA)(f — q). (4.2)

In the context of general boundary conditions as introduced in Section 2, we obtain for the local error
Opy1 = 52+1 + zp (1) — eQETAzn(2aT) + eQaTAzn(2aT) - eTAzn(O) — zp(7) + eTAzn(O)
- 2at T T
+ 62‘”’4/ e(QGT_S)Arf’z(s) ds + e(T_S)Ar,?’Z(S) ds — / 6(7_8)‘47“7?’3(8) ds = 52+1, (4.3)
0 2at 0

where we denote 72%(s) = Dz,(s) — 9;z,(s). We have the same local error as in the homogeneous
case b = 0, for which we have the desired representation (4.2). This concludes the proof. [ |

To obtain an estimate for the local error (4.3), we need the following lemma.
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Lemma 4.4. The mapping S(z), defined in Lemma 4.3, fulfills the following inequalities for all z € R.
(i) For z > —1, |S(2)| < |z]3¢.
(i) For z < —1, |S(2)| < /3/2|2]3.
Remark 4.5. The constant 1/3/2 in Lemma 4.4 (ii) is not optimal. Numerically, we notice that
sup  |S(2)z73| ~ 0.005.

z€(—o00,—1
Proof of Lemma 4.4. Consider the series expansion
1, 1
S(z) = ae® + 562‘” +a—z 1" —1)= Z Eakzk

k>1
with coefficients oy, = a + 25~ 1a* — % We observe that vy = as = 0 and thus,

S(z 32 k;_|_3) api3z” =z S(z). (4.4)

k>0
(i) For k > 3, we have |ak| <1,
el S lal@+ 2la)* ) + ——
Therefore, for z > 0, we deduce by (4.4),

00 s Zk:
z)| SZBZ\ak\zk Szgzﬁ = 237 (4.6)
k=0 k=0 "

For z € (—1,0), we obtain similarly,

1
o] = |a+ 25 "a" - <lal(1+(2la))*) + 7 < 1. (4.5)

k+

S(z)e_z —ae * + le—Zaz +a+ Z—l(e—z _ 1) _ Z (_l)k@kzk _ 2’3 Z 1)k+3 &k+3z
2 s R izo (k+3)!
We deduce from (4.5),
1 )
2738()e " < 30— faesllef < 3 —e-2cn (4.7)
k>0(k+3) i = (k+3)! 2
(ii) We note that |S(2)|? = R(S(2))? + 3(S(2))%. For z < —1, we obtain for the real part R(S(z)),
1 1 - 2
R(S(2))? = <4(ez F1) 4 ped cos(\/%) e - 1)) < g (4.8)
where we use the identity
%% = ¢2 <cos(\/2172) + z‘sin(\/%)). (4.9)
Furthermore, also by means of (4.9), we deduce for the imaginary part 3(S(z)),
1 2
3(S(2))% = (%(a)(ez —-1)+ §€§ sin<\/%>) < 1—30 (4.10)

Therefore, for z < —1, we obtain by (4.8) and (4.10) the estimate

e Eh e

To conclude, we have the desired estimates for z > —1 in ) and (4.7) and for z < —1in (4.11). m

Hypothesis (H1) and (H2) together with Lemma 4.4 give us the required properties for the local
error.
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Lemma 4.6. Consider the assumptions of Theorem 4.1 and assume (H1) and (H2) hold true. Then,
for the splitting method (1.11), the local error 6,41 satisfies the following estimates,

Sni1 = O(T2), (4.12)
and
b1 = AO(TY). (4.13)

Proof. Let v € D(A?) and consider its expansion in the Hilbert basis, v = >_j>1vj€j. Denote by
{Aj}; the corresponding eigenvalues of A, then S(7A)v = 3~ .~ S(TAj)vje;, where S(z) was introduced
n (4.4). Let £ > 1 depending on 7 such that

TAM 2 2TAg 2 =1 >They1 > ...
Thus, we obtain

I(r4)25 ZI AP (A PlogP + D0 1) PIS ()Pl . (4.14)
j=1 j>k+1
By Lemma 4.4 (i) and (2.5) (with a = 0), we get the following bound,
" ~ 2 2
SIS Plosl? < [|(ra)2emo||” < r¥le )P | 4% < ot (4.15)
Jj=1
Equivalently, for the second sum, we have by Lemma 4.4 (ii),
= 3 3 2
S AENPPISEN Pl < 5 30 1A Pl = 57t A% < ot (4.16)
Jjzr+l J>k+1

Therefore, Lemma 4.2 permits to conclude the proof of (4.13) using v = f — ¢. For proving (4.12), we
consider S(7A) instead of (1A4)2S(7A) and proceed the same way as in (4.14). Furthermore, instead
of (4.15), again by Lemma 4.4 (i) and (2.5) (with o = 1), we get

K _ K 2 2
SN PIS N Plos 2 < 7 1A e oy 2 < 78 | ae™||” | A% < o7t
Jj1 j>1
For the second term in (4.14), we use the same estimate as in (4.16), which terminates the proof
of (4.12). |

We may now prove the main result of this paper and show the global third order convergence for
the splitting method (1.11) by following the proof of [7, Proposition 4.10].
Proof of Theorem 4.1. The global error e, = u, — u(t,) satisfies

ent1 = 7N (un) = ultni) = 65N (un) — $FNY (u(tn)) + Sns1.

Applying (4.1), we observe that ¢S3NV(u,) — ¢T3NV (u(t,)) = e™4e,. Thus, we have the following
recursion formula for the global error,
n—1
en = enTAeo + Z e(n—k—l)TA5k+1
k=0
Since we choose the same initial condition for u, and wu(t,), there holds ey = 0. Additionally, by
Lemma 4.6,

n—1 n—2 n—2
Z e(n—k—1)7A5k+1 _ Z e(n—k—1)7A5k+1 465 = Z 6(”—k—1)TAAO(7-4) + 0(7'3), (4.17)
k=0 k=0 k=0
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Furthermore, by the parabolic smooting property (2.5) of the operator A, we obtain

n—2 C n—2 C n—1 C
Sl A < =N -k = 1)Th < = SR < (14 Jlog(7))). (4.18)
k=0 T k=0 T k=1 T

We obtain the desired estimate (1.12) by means of (4.17) and (4.18). |

Theorem 4.1 states that the splitting method (1.11) avoids order reduction when applied to equa-
tion (1.1) with source term f = f(x). Since the naive method (1.9) suffers from an order reduction
already when integrating in time problem (2.6) with f vanishing on the boundary 02, we state the
following result.

Corollary 4.7. Consider problem (2.6) under the assumptions of Section 2 with source function
f € H*Q). Then, if f € D(A), the splitting method (1.9) satisfies the error estimate

lun — u(ty)] < 072(1 + [log(7)|) for0<t, <T, (4.19)

for all 7 > 0 and C a constant, which is independent on T and n.
If additionally f € D(A?), then method (1.9) satisfies (1.12), that is

lun — u(ty)| < CT3(1 + |log(7)|) for0<t, <T.

Proof. Consider the local error 60, = ¢T3NV (u(t,)) — u(t,41) of method (1.9) when applied to
problem (2.6). We obtain equivalently to (4.2), 00, = 75(7A)f. Furthermore, f € D(A) satisfies
(H1) with ¢ = 0. Therefore, following the lines of the proof of Lemma 4.6 shows 40, ; = AO(73) and
6911 = O(7?). Finally, we get (4.19) by following the proof of Theorem 4.1. If additionally f € D(A?),

then (H1) and (H2) hold true for ¢ = 0, and we can proceed as for the proof of Theorem 4.1 with f
instead of f —q. [ |

In the next section, we confirm the results from Theorem 4.1 and Corollary 4.7 by numerical
experiments. Furthermore, we give examples for more general problems which suggest that the global
third order convergence of method (1.11) numerically also perstists for nonlinear source terms and
solution-dependent boundary conditions.

5. Numerical experiments

In the following, we compare several splitting methods, where we use the notation StrangNaiv for
the Strang splitting (1.5) and StrangCorr for the corrections made in [7], [14, 15] respectively, which
coincide for a source term independent on the solution. Moreover, we denote by C3Naiv the naive
method (1.9) and by C3New the new method (1.11). For the methods of formal order four, we use
C4Naiv for the composition (1.13) and C/New for the new method (3.6). In the splitting schemes
of formal order higher than two, complex time steps appear, which involve complex arithmetic. The
extra computational costs are compensated by a higher accuracy, see Figure 5.1-5.4, 5.6, 5.7.

Firstly, we apply the suggested correction C8New of the splitting method C8Naiv to several nu-
merical examples in dimension d = 1,2. On the one hand, we confirm the theory proved in Section 4
by the performance of C3New to equations of the form (2.6), i.e. problems with solution-independent
source functions f. Thereby, we distinguish three different types of source terms (see Table 5.1). On
the other hand, we illustrate that C$8New does neither suffer from an order reduction when applied
to nonlinear problems of type (1.1). In the splitting algorithm, the operator D is approximated by
finite differences and the diffusion problem (1.3) is solved exactly up to round off errors using the
algorithm based on Krylov basis described in [28]. We use analytical formulas for the solution of the
source equation (1.2) and for the flows of the correction functions g,,.
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TABLE 5.1. Convergence order p of the naive splitting methods StrangNaiv and C3Naiv
and the new method C3New applied to problem (2.6) for different source functions f.

Splitting Method | f € D(A) N D(A2) | fe D(A), f ¢ D(A?) 7 é D(A)
p=2,see (7,14, 15, 17] | p =2, see [7, 14, 15, 17] 1<p<2

StrangNaiv (1.5)

no order reduction no order reduction order reduction
C3Naiv (1.9 p = 3, see Corollary 4.7 | p = 2, see Corollary 4.7 1<p<?2
aiv (1.9) no order reduction order reduction order reduction

p = 3, see Theorem 4.1

C3New (1.11) no order reduction

10° 10°

107+ 10

error
error

—o— StrangNaiv
—o— StrangCorr

—o— StrangNaiv
—eo— StrangCorr

—4— C3Naiv —4— C3Naiv
—a— C3New —a— C3New
10710 ‘ ‘ 410 ‘ :
107 107 107 1072
time step time step
f(z) =sin(2rx), f e D(A)ND(A?) f(z) = 2?sin(2nz), f € D(A), f ¢ D(A?)

Ficure 5.1. Convergence error of the corrected method C8New applied to prob-
lem (5.1) for two different source functions inside the domain of the diffusion operator.
Comparison to the naive third order method C&Naiv, the Strang splitting StrangNaiv
and its corrected version StrangCorr. Reference slopes of order one, two and three are
given in dotted lines.

A solution-independent source term in 1D (Figures 5.1 and 5.2). In this first numerical
experiment, we consider a parabolic equation on the interval Q = (0, 1), with solution-independent
source term f = f(x) and Dirichlet boundary conditions,

Owu(x,t) = Oggu(z,t) + f(x), w(0,t) =u(l,t) =0, wu(x,0)=sin(27rz). (5.1)

Problem (5.1) was chosen to illustrate the results given in Section 4. It can be solved exactly in
time without any splitting. For the performance, we choose three different source functions f. The
observed convergence orders are summerized in Table 5.1. We mention that the method StrangNaiv
only suffers from an order reduction if we choose a general source function which is not in the domain
of the diffusion operator, while C3Naiv converges with reduced order if f € D(A) but f ¢ D(A?), see
Figure 5.1 and 5.2 (left). Moreover, the new method C3New converges with order three in any case
and has a better error constant compared to the other splitting methods we processed. Furthermore,
from Figure 5.2 (right) we deduce that the error for the naive methods StrangNaiv and C3Naiv is
maximal at the boundary of the domain, which was already observed in [22] in the context of the
Strang splitting method StrangNaiv. In contrast, the corrected method C3New is 10* times more
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100 10°
S 5 S
£ 10 £ 10°
= 5 10
—o— StrangNaiv —— StrangNaiv
R StrangCorr ——— StrangCorr
—— C3Naiv —— C3Naiv
o —a— C3New —— C3New
10 = ’ 100 ‘ ‘ ‘ ‘
10 10 0 0.2 04 0.6 0.8 1
time step X

f(x) = cos(2mz), f ¢ D(A)

FiGure 5.2. Convergence error of the corrected method C38New applied to prob-
lem (5.1) for a source function f(z) = cos(27x) outside the domain of the diffusion
operator. Comparison to the naive third order method C3Naiv, the Strang splitting
StrangNaiv and its corrected version StangCorr. Left: Error in terms of the time step
7. Reference slopes of order one, two and three are given in dotted lines. Right: The
pointwise error at final time 7" = 0.1 for time step 7 = 1072,

accurate on the boundary than its naive version. Since the pointwise error is presented in a logaritmic
scale, we observe some “bumps” in the points where the error changes its sign.

For this experiment, we set the final time 7 = 0.1, and time steps 7 = 0.02-27% for k =0,1,...,5.
For the reference solution, we use the naive method StrangNaiv with a very small time step 7.y = 1079,
The domain Q = (0,1) is discretized in a uniform mesh with mesh size Az =2 -1073.

Remark 5.1. In the previous experiment (5.1), the source f = f(z) and its derivatives are available
with an explicit analytical formula, and therefore no numerical differentiation is required. Precisely, as
stated in (3.5), we set ¢ = f and r = f” on the boundary 9. Furthermore, to discretize the domain
Q, we consider the uniform mesh Q = (z;)N,, where N + 1 = 1/Ax. We use finite differences to
approximate the Laplacian 0., in Q. Thus, for i = 1,..., N, the correctors r and ¢ are obtained by
the formulas

8905,;7’(1’1) + 5i1f//(0) + 5iNf//(1) =0 and 8mq(x,) + 5i1f(0) + (51'Nf(1) = T(:Ci),

where 0;; denotes the Kronecker delta. The derivative f” can be evaluated analytically or numerically.
Analogous calculations are made if we consider a similar problem in a two-dimensional domain.

A solution-independent source term in 2D (Figure 5.3). We consider the following parabolic
problem with Dirichlet boundary conditions and solution-independent source term f(x,y),

atu(xv Y, t) = AU(ZE, Y, t) + exy’? + ]-a
u(0,y,t) =y, u(l,y,t)=1+y wu(z,0,t)=z, wu(x,1,t)=1+=x, (5.2)
uo(z,y) =z +y.
In Figure 5.3, we compare the convergence of the new method C3New with the splitting methods

StrangNaiv, StrangCorr and C8Naiv. We observe that C3New converge with order three while we
note a convergence order between one and two for C3Naiv. Additionally, for example for a time step
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10°

&8

10-5 L

error
error

—o— StrangNaiv
—e— StrangCorr

—e— StrangNaiv
—eo— StrangCorr S

e —4— C3Naiv —4— C3Naiv \\\
ESaa —a— C3New —a— C3New TREL
10710 ‘ : 10710 | ‘
102 ig? i 10°
time step total number of flows

FiGURE 5.3. Convergence error of the splitting methods StrangNaiv, StrangCorr,
C3Naiv and C3New in dependence of the time step (left) and of the total number
of flows (right), applied to problem (5.2). Reference slopes of order one, two and three
are given in dotted lines.

7 = 1073, we note in the left picture that the error is 10* times more accurate for the corrected
method C8New, compared to C3Naiv. On the right picture, we recover that C8New requires less
evaluations of the flows for a given precision and is therefore more accurate than the other considered
splitting methods StrangNaiv, StrangCorr and C38Naiv. Additionally, the error in dependence of the
total number of flows coincide for the naive methods.

We process this experiment with the same time parameters 7,7,y and 1" as in the first example.
We choose a uniform mesh of size Az = 1072 for the two-dimensional square domain € = (0, 1)2.

The Fisher— KPP equation (Figures 5.4 and 5.5). For a third example, we apply the methods
C3Naiv and its corrected version C3New to the Fisher-Kolmogorov—Petrovski-Piskunov equation [1,
29]

Oru(w, y,t) = Au(z, y, t) + F(u(z,y,t)) inQx(0,T],
u(z,y,t) =1/2 on 0% x (0,77, (5.3)
uo(z,y) = sin(27rx) sin(2ry) +1/2  in Q,

with nonlinearity F'(u) = Mu(l — u) for M > 0. Problem (5.3) models the wound heeling process
when only biological feature are considered. The solution u represents the cell density.

We compare in Figure 5.4 the convergence of the splitting methods C3Naiv and C38New. For M = 1,
we observe third order convergence of the modified splitting method C3New, while the naive method
C8Naiv converges with order one and thus, suffers from an order reduction. Furthermore, C3New
has a better error constant compared to C3Naiv. In the right picture, we note additionally that the
new method C8New requires less evaluations of the flows for a given precision and is therefore more
accurate than the naive method C3Naiv.

In Figure 5.5, we plot the pointwise error in the domain 2 of the naive method C38Naiv and its
modification C3New for fixed time step 7 = 1072. On the left picture, we recover that the error of
C3Naiv is concentrated on the boundary of the domain €, which was already observed in [22] for the
Strang splitting method StrangNaiv. In contrast, on the right picture, we note that the error of C3New
is reduced by three orders of magnitude (from 10~* to 10~7) and is located in the interior of Q and
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10°

error
error

T —4— C3Naiv —4— C3Naiv it
e —a— C3New —a— C3New s
10710 ! ‘ 10710 ‘ ‘
ig® 10 102 10°
time step total number of flows

FiGURE 5.4. Convergence error of the splitting methods C8Naiv and C3New in de-
pedence of the time step (left) and of the total number of flows (right), applied to
problem (5.3) for a cell proliferation rate M = 1. Reference slopes of order one, two
and three are given in dotted lines.

FIGURE 5.5. The pointwise error of the methods C3Naiv (left) and C3New (right) at
final time 7' = 0.1 applied to problem (5.3) in the domain Q = (0,1)? for time step
7 = 1072. The error of the naive splitting is concentrated on the boundary 9, where
the error of the new method vanishes.

vanishes on the boundary. Therefore, the observation we made in Figure 5.2 for a solution-independent
source term seems to persist in the context of a nonlinear f.

For the implementation of this experiment, we use the same final time 7" and time steps 7, 7.y as
in the first experiment. Furthermore, we choose the same discretization for the domain Q = (0,1)? as
in the second experiment.

Remark 5.2. If we consider solution-dependent source terms f = f(u), numerical differentiation is
required to get boundary conditions (3.1) and (3.4). In particular, again for N+1 = 1/Ax, we consider

the uniform mesh Q = (;, Yk)i g1 of . Then, denoting o) = ¢>£j (w,gj )) —wy ), to evaluate values on
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the boundary, we use the finite difference scheme

205 (0, yx) — 50 (1, yx) + 305 (w2, i) — 05 (23, y1,)
Ax? ’

and analogousy for &mvr(t )(1 yi) as well as for 8yyv£f)(xi, 0) and ayyvﬁf) (z4,1),e=1,..., N. Addition-

Dpev9)(0, y1) ~ k=1,...,N, (5.4)

ally, we approximate wg) ~ b on 0f). Similarly to Remark 5.1, we use finite differences to implement
(7)

the Laplacian A = 0y, +0yy. Then, for i,k = 1,..., N, we obtain the corrector functions ¢; * by means
of the identities

Ar(j)(xz,yk) + 0;104 xv(J)(O yk) + (5ZN8MU( )(1 Yk) + 5k18yyv( )(mi, 0) + 5kN8yyv,(1j)(xi, 1)=0
and

AP (i, y) + 00 (0, y) + Sinol)) (L y) + S v (i, 0) + Spnvold (i, 1) = v (i, yp)-

Solution-dependent boundary conditions (Figure 5.6). To emphasize that the new method
C3New performs well also for solution-dependent boundary conditions b(u), we consider the following
nonlinear problem in £ = (0, 1),

Oru(x,t) = Oggu(x,t) + cos(u(z,t)) in Q x (0,77,
w(0, 1) / p(@)u(z,t) de, u(1,t) =0 in (0,T], (5.5)
uo(x) = sin 27Tx) in Q,
with p(z) = —(x — 1/2)? 4+ 1/4. In Figure 5.6, we compare the convergence of the corrected schemes

StrangCorr, C8New with their naive versions StrangNaiv, C3Naiv respectively. We observe that the
new method C3New converges with full order three when integrating problem (5.5) and thus does not
suffer from an order reduction, in contrast to the naive schemes StrangNaiv and C3Naiv. Moreover,
it has a better error constant compared to the other splitting methods we processed. Furthermore, as
already observed for problem (5.1), we note that the error for the methods StrangNaiv and C3Naiv
is maximal at the boundary of the domain, for fixed time step 7 = 1072, see Figure 5.6 (right). In
contrast, the corrected methods StrangCorr and C3New are much more accurate on the boundary
0. We conclude that, even if the convergence analysis of Section 4 does not apply in the context of
problem (5.5), the third order convergence of C3New seems to persist for solution-dependent boundary
conditions.

For the performance of this experiment, we use the same time parameters 7 and 1" as in the previous
examples. The flow of the source term cos(u) is obtained by the fourth order Runge Kutta method
RK4 with time step 7 = 0.02 - 27! ~ 107%. The domain Q = (0,1) is discretized in a uniform
mesh with mesh size Az = 2- 1073, we refer to Remark 5.1 for the notation. The Laplacian 0,, was

approximated by finite differences, while we use the trapezoidal rule to implement the solution of (5.5)
(4)

in x = 0. For the corrector functions ¢;;’, we set boundary conditions

N
a(0) = o) (0) = Ax Y- plai o)) and g (1) =0 (1),

where we denote v = d)f ( ) — ng ). Furthermore, we consider r,g,j ) — mvg ) on Jf), where we

use the approximation (5. 4) without the dependence on y;. The reference solution corresponds to
StrangNaiv, with a very small time step 7.y = 0.02 - 2715,

These numerical results suggest that the new method C3New converges with order three also in the
context of a solution-dependent source term f, and seems to avoid order reduction in general when
applied to the class of semilinear parabolic problems (1.1), even in the context of solution-dependent
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10° ‘ : 100

5 S 105
s £ 10
—o— StrangNaiv —— StrangNaiv
—eo— StrangCorr ——— StrangCorr
; —¢— C3Naiv —— (C3Naiv
'_ R —a— C3New —— C3New
10710 ‘ ' 10770 | ‘ ‘ |
] -2
10 10 0 0.2 04 0.6 0.8 1
time step X

FIGURE 5.6. Convergence error of the corrected method C8New applied to prob-
lem (5.5). Comparison to the naive third order method C3Naiv, the Strang splitting
StrangNaiv and its corrected version StangCorr. Left: Error in terms of the time step
7. Reference slopes of order one, two and three are given in dotted lines. Right: The
pointwise error for time step 7 = 1072,

boundary conditions b. We now show numerically that the analysis from Section 4 seems to persist
for order four by illustrating the convergence of the introduced method C4New.

The fourth order splitting C4New (Figure 5.7). For the numerical performance of C4New, we
consider firstly a parabolic equation in the two-dimensional domain © = (0,1)2, with linear source
term f(x,y) and homogeneous Dirichlet boundary conditions (Figure 5.7, left),

Opu(z,t) = Au(z,t) 4+ cos(2mz)y” +1 in Q x (0,7,
u(z,t) =0 on 09 x (0,77, (5.6)
u(z,0) = sin(27x) sin(27y) in Q.

We compare the convergence of the splitting methods C38Naiv and C/Naiv with their corrected
versions C38New, C/New respectively. We observe that C4New converges with order four, while its
naive version C4Naiv suffers from an order reduction and is not more accurate than C8New. Around
time step 7 = 1073, we note a switch of the error constant of C4New, which is possibly caused by
the transition from the ODE regime to the PDE regime. Compared to C3New, the new method is 10
times more accurate.

In a second experiment (Figure 5.7, right), we illustrate the convergence of method C4New for the
Fisher-KPP equation (5.3) in 2 = (0,1) and compare it to the splitting schemes C3Naiv, C3New
and C4Naiv. We note that the new methods C8New and C/New converge with full order three, four
respectively. In this case, also the naive method C/Naiv avoids order reduction and we obtain the
same error constant as for C/New. As already observed in dimension two (Figure 5.4), C3Naiv suffers
from an order reduction and converge with reduced order one.

Analogous to the previous experiments, we set the final time T = 0.1 and choose time steps
7= 0.02- 27% for k € {1,...,7}. For the reference solution, we use the corrected method C3New with
a small time step 7.y = 107°. The one-dimensional domain 2 = (0,1) as well as the two-dimensional
square 2 = (0,1)? are discretized in a uniform mesh with mesh size Az = 2-1072.

These numerical experiments suggest that the correction techniques, which where introduced in [7,
14, 15] for order two, and in the present aricle for order three, can be generalized to construct higher
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10°

10°

error
errar

-10 _ -10 L )
10 —+—C3Naiv 10 ——C3Naiv
g —a— C3New —a— C3New
—@— C4Naiv —@— C4Naiv
—e— C4New —o— C4New
107 ‘ 10715 ‘
107 1072 107 107
time step time step
linear source term f nonlinear source term f

FiGure 5.7. Convergence error of the corrected method C4New applied to prob-
lem (5.6) with solution-independent source function f(z,y) = cos(27z)y” + 1 in 2D
(left) and to the Fisher equation (5.3) with nonlinearity f(u(z)) = u(z)(1 — u(x)) in
1D (right). Comparison to the naive method C4Naiv, the splitting scheme C3Naiv and
its corrected version C3New. Reference slopes of order 1, 2, 3 and 4 are given in dotted
lines.

order splitting methods which integrate in time the class of semilinear parabolic problems (1.1) without
order reduction.

Conclusion

We introduce a new splitting scheme what overcomes the order barrier two when integrating in time
semilinear parabolic problems in the context of non-periodic boundary conditions. While we show
third order convergence in the setting where the source term does not depend on the solution of the
problem, numerical experiments suggest that the third order convergence remains true for nonlinear
functions. Moreover, we observe numerically that the correction techniques introduced for order three,
can be generalized to get a scheme of order four.

Such techniques might be generalized to compute splitting schemes of arbitrarily high order. Another
direction of interest and topic of future work is to study high order splitting methods for hyperbolic
problems, where the parabolic regularity properties are not available.
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