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Abstract. In general, high order splitting methods suffer from an order reduction phenomena when applied to the
time integration of partial differential equations with non-periodic boundary conditions. In the last decade, there
were introduced several modifications to prevent the second order Strang splitting method from such a phenomena.
In this article, inspired by these recent corrector techniques, we introduce a splitting method of order three for a class
of semilinear parabolic problems that avoids order reduction in the context of non-periodic boundary conditions.
We give a proof for the third order convergence of the method in a simplified linear setting and confirm the result
by numerical experiments. Moreover, we show numerically that the high order convergence persists for an order
four variant of a splitting method, and also for a nonlinear source term.
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1. Introduction

Splitting schemes are a natural approach to integrate numerically in time differential equations [20,
23, 26]. They allow a seperate treatment of different terms of the original problem and can therefore
be implemented more efficiently than traditional time integration methods [12]. The division in several
sub-problems enables further the application of different discretization techniques. Moreover, splitting
methods can preserve geometric properties such as positivity and invariant sets [21], which is for
instance important in chemical physics [6] or computational biology [18].

For Ω ⊂ Rd a bounded domain with smooth boundary and final time T > 0, we consider the
following class of semilinear parabolic problems,

∂tu(x, t) = Du(x, t) + f(x, u(x, t)), x ∈ Ω, t ∈ (0, T ],
Bu(x, t) = b(x, t), x ∈ ∂Ω, t ∈ (0, T ],

u(x, 0) = u0(x), x ∈ Ω,

(1.1)

where D is a diffusion operator, f a smooth source term and u0 an initial data satisfying the conditions
on the boundary of (1.1). Here, B denotes appropriate boundary conditions of Dirichlet, Neumann or
Robin type and b(x, t) is a smooth function on the boundary ∂Ω of the domain Ω.
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To solve problem (1.1) by operator splitting, we integrate in time independently the source equation
∂tu = f(u), (1.2)

and the diffusion equation
∂tu = Du in Ω, Bu = b on ∂Ω. (1.3)

We denote by ϕf
τ (u0) and ϕD

τ (u0) the flows of (1.2), (1.3) respectively, with the corresponding time
step τ > 0 and initial condition u0 = u(0). A general splitting scheme with arbitrary coefficients
α1, β1, . . . , αm, βm, m ≥ 1, is defined by the following formula,

un+1 = ϕf
αmτ ◦ ϕD

βmτ ◦ · · · ◦ ϕf
α1τ ◦ ϕD

β1τ (un), (1.4)

where un denotes the approximation of u(tn) at time tn = nτ . As an example, we note the formal
order two Strang splitting scheme

ϕStrangNaiv
τ = ϕf

τ
2

◦ ϕD
τ ◦ ϕf

τ
2
. (1.5)

We distinguish between the formal order of a method, i.e. the convergence order when applied to non-
stiff ODEs and the observed order when integrating in time parabolic problems. For general boundary
conditions, splitting methods of formal order strictly higher than one suffer in general from an order
reduction [23]. This phenomena occurs because the solution u leaves the domain of the operator D
after applying the flow of the source term ϕf

τ and therefore creates a loss of time regularity when
applying the diffusion flow over small time steps. In particular, for homogeneous Dirichlet boundary
conditions u = 0 on ∂Ω and a solution-independent source function f = f(x), which does not vanish at
the boundary ∂Ω, the Strang splitting method (1.5) converges with a reduced order between one and
two. This behaviour occurs even for exponential methods, which are integrated by means of Krylov
algorithms [28], where no splitting is considered [10].

In the last decade, several modifications were introduced to prevent method (1.5) from such an order
reduction. In [3, 4], they show order two convergence for a scheme discretized both in space and time,
see also [2] for Lawson methods and [5] for arbitrarily high-order splitting methods for semilinear wave
problems. Another correction technique to avoid order reduction is the projection of the intermediate
solution to the domain of the operator D before applying its flow ϕD

τ [7, 14, 15]. While in [14, 15], one
calculates the corrector function from the nonlinear source function f , one obtains it directly from
the output of the flow ϕf

τ
2

in [7] and requires therefore no additional evaluation of a possible costly
nonlinearity f or diffusion operator D. One time step of the modified version of the naive Strang
splitting (1.5) of [7] is defined by the composition

ϕStrangCorr
τ = ϕf

τ
2

◦ ϕ−qn
τ
2

◦ ϕD+qn
τ ◦ ϕ−qn

τ
2

◦ ϕf
τ
2
, (1.6)

where ϕ−qn
τ
2

is the exact flow of ∂tu = −qn and analogously, for ϕD+qn
τ , we consider the modified

diffusion problem ∂tu = Du + qn with boundary conditions Bu = b. The flows for the correctors qn

are projections in the sense of geometric numerical integration (see [20, Chapter IV.4]). The corrector
itself is the solution of

Dqn = 0 in Ω, qn = 2
τ

(ϕf
τ/2(un) − un) on ∂Ω. (1.7)

The goal of the present article is to introduce a third order splitting scheme, which does not suffer
from an order reduction when applied to parabolic problems, with analysis in a simplified linear
setting. Thereby, inspired by the mentioned corrector techiques for the Strang splitting scheme, we
modify a formal three order splitting method of the form (1.4). However, for formal order strictly
higher than two, there exist no such methods with only positive real coefficients αi, and βi ([19], see
also [8]). This is an issue for non-time-reversible problems such as parabolic equations. Therefore,
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Overcoming the order barrier two in splitting methods

as proposed independently in [11] and [22], we consider splitting schemes with complex coefficients
αi, βi ∈ C with positive real part to achieve an order higher than two for the class of problems (1.1)
with periodic boundary conditions. We also mention [9], where such splitting methods up to order 16
were constructed.

For the complex coefficient a = 1
4(1 − 1√

3 i) and its conjugate a = 1
4(1 + 1√

3 i), we consider the
composition scheme

ϕC3Naiv
τ = ϕStrangNaiv

2aτ ◦ ϕStrangNaiv
2aτ (1.8)

of formal order three [30, 32], see also [20, Theorem II.4.1], where ϕStrangNaiv
τ is one step of the Strang

splitting method (1.5). Note that one can rewrite (1.8) as a splitting method

ϕC3Naiv
τ = ϕf

aτ ◦ ϕD
2aτ ◦ ϕf

cτ ◦ ϕD
2aτ ◦ ϕf

aτ , (1.9)

with c = 1
2 . Numerical experiments show that method (1.9) converges in general with a reduced

order one when applied to the class of parabolic equations (1.1) with a general source term f . In
particular, for homogeneous boundary conditions b = 0 and a solution-independent source function,
which vanishes at the boundary ∂Ω, it converges in general with order two and therefore, suffers from
an order reduction, in contrast to the order two method (1.5), which avoids order reduction [17].

Since method (1.9) can be written as the composition (1.8), an easy but naive choice for a modifi-
cation would be a composition scheme of the form

ϕC3Naiv2
τ = ϕStrangCorr

2aτ ◦ ϕStrangCorr
2aτ (1.10)

of the corrected Strang methods, ϕStrangCorr
τ , given in [7] or [14, 15]. However, we observe numerically

that method (1.10) is only of order two when applied to the class of equations (1.1) and therefore does
not improve from order two to three.

To avoid order reduction, we shall show that it is not enough to justify that u stays in the domain
of D. In the present article, we introduce the corrected order three splitting method defined by

ϕC3New
τ = ϕf

aτ ◦ ϕ−q
(2)
n

aτ ◦ ϕD+q
(2)
n

2aτ ◦ ϕ−q
(2)
n

aτ ◦ ϕf
cτ ◦ ϕ−q

(1)
n

aτ ◦ ϕD+q
(1)
n

2aτ ◦ ϕ−q
(1)
n

aτ ◦ ϕf
aτ , (1.11)

which involves two corrector functions q
(1)
n and q

(2)
n . The corresponding flows ϕ−q

(1)
n

aτ and ϕ−q
(2)
n

aτ modify
the respective intermediate numerical solutions u and Du such that they stay in the domain of D before
applying the flows of the diffusion operator. We prove that the numerical method un+1 = ϕC3New

τ (un),
given by the splitting (1.11), fulfills in the case of a solution-independent source term the third order
convergence estimate

∥un − u(tn)∥L2(Ω) ≤ Cτ3(1 + |log(τ)|) for all 0 ≤ tn ≤ T, (1.12)

for all τ > 0 and C a constant, which is independent on τ and n.
The mentioned order reduction phenomena we observe for splitting methods of formal order two and

three also appear for higher order splitting schemes. For the complex coefficient γ = 1
2(1+

√
3 + 2

√
2i)

and its conjugate γ, we consider the composition scheme
ϕC4Naiv2

τ = ϕC3New
γτ ◦ ϕC3New

γτ , (1.13)
which is of formal order four [20, Theorem II.4.1], but converges in general with reduced order strictly
smaller than four. Inspired by method (1.11), we shall modify this naive scheme and show numerically
fourth order convergence of the new variant when applied to the class of equation (1.1).

The outline is the following. In Section 2, we introduce the analytical framework, which is used to
give a convergence analysis of the splitting method (1.11). In Section 3, we define the two corrector
functions q

(1)
n and q

(2)
n and explain in detail the construction of the corrected splitting (1.11). In

Section 4, we prove the third order estimate (1.12) in a linear setting. In Section 5, we confirm the
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results from the convergence analysis by the illustration of two linear examples. Moreover, we show
that the high order convergence seems to persist for an order four variant of a splitting scheme, and
also for a nonlinear source term and solution-dependent boundary conditions.

2. Framework on analytic semigroups

In this section, we describe the analytical framework that we use in this article. Thereby, we follow
the notation of [25, Chapter 3] and [7]. Let Ω ⊂ Rd be a bounded domain with C2-boundary ∂Ω or a
polyhedral, convex domain and T > 0. We consider the class of semilinear parabolic equations (1.1).
Here, D is a second order differential operator, defined by

D =
d∑

i,j=1
aij(x)∂ij +

d∑
i=1

bi(x)∂i + c(x)I, (2.1)

where the matrix (aij(x)) ∈ Rd×d is assumed to be symmetric and, for some λ > 0 and for all x ∈ Ω,
satisfies the uniform elliptic condition

d∑
i,j=1

aij(x)ξiξj ≥ λ|ξ|2, ξ ∈ Rd.

For simplicity, we assume that aij ∈ C1(Ω) and bi, c uniformly continuous in Ω. Furthermore, B
denotes boundary conditions B = γ(x)I of type Dirichlet or alternatively,

B =
d∑

i=1
βi(x)∂i + γ(x)I with inf

x∈∂Ω

∣∣∣∣∣
d∑

i=1
βi(x)νi(x)

∣∣∣∣∣ > 0

of type Neumann (γ = 0), Robin respectively. We assume continuous differentiability for the coefficients
βi, γ and we denote by ν(x) the exterior unit normal vector at x ∈ ∂Ω.

For simplicity, we proceed our analysis in the Hilbert space L2(Ω) and thus, unless otherwise spec-
ified, denote by ∥ · ∥ the L2(Ω) norm, as well as the associated Hilbert–Schmidt operator norm. We
adopt the following notation for v ∈ L2(Ω) from [7]: For k = 0, 1, . . . we write

v = O(τk) if ∥v∥L2(Ω) ≤ Cτk,

for some C > 0 independent on τ > 0 assumed small enough. Throughout this article we denote by C
a positive constant independent on τ and n but not necessarly the same at different passages.

We assume the source function to be twice continuously differentiable in a neighbourhood U ⊂ H2(Ω)
of the exact solution u of (1.1), f ∈ C2(U, H2(Ω)), that includes the case f = f(x), which is consid-
ered in the convergence analyis, or a Nemytskii operator f = f(x, u(x, t)). Additionally, we consider
heterogeneous, continuously differentiable boundary conditions b ∈ C1([0, T ], H2(∂Ω)). In this case,
it is convenient for the analysis to reformulate problem (1.1), such that we obtain an equation with
zero boundary conditions. We follow the construction made in [7, 15]. Let z ∈ C1([0, T ], H2(Ω)) with
boundary conditions Bz = b on ∂Ω and initial condition z(0) = z0. Define ũ = u − z which satisfies

∂tũ = Dũ + f(ũ + z) + Dz − ∂tz in Ω, Bũ = 0 on ∂Ω, ũ(0) = u0 − z0. (2.2)

We emphasize that this lifting methodology, which allows to come back to a problem with homogenous
boundary conditions, is only used for the analysis, not for implementations. We define the linear
operator A with homogenous boundary conditions Bu = 0 as

Av = Dv ∀ v ∈ D(A) = {u ∈ H2(Ω) : Bu = 0 on ∂Ω}. (2.3)
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Overcoming the order barrier two in splitting methods

By [31, p. 91–92], A is a densely defined linear operator on the Banach space L2(Ω) such that the
resolvent set ρ(A) contains the closure of the set Σθ := {z ∈ C : z ̸= 0, |arg(z)| ≤ π − θ}, for some
θ ∈ (0, π

2 ). Furthermore, for all z ∈ Σθ, let∥∥∥(zI − A)−1
∥∥∥ ≤ M

|z|
,

for some constant M > 0. Under these assumptions, −A is a sectorial operator and A is the infinitesimal
generator of the analytic semigroup etA, represented by

etA = 1
2πi

∫
Γ

eztR(z, A) dz, (2.4)

where R(z, A) is the residual of A and Γ is the boundary of Σθ with imaginary part increasing
along Γ. Since A is a symmetric elliptic operator defined on D(A), all its eigenvalues {λj}∞

j=1 are
in (−∞, 0]. Furthermore, the corresponding eigenfunctions {ej}∞

j=1 build an orthonormal basis of
L2(Ω) [16, Theorem 6.5.1]. Due to the fact that L2(Ω) is a Hilbert space, for v =

∑
j≥1 vjej , we have

∥v∥2 =
∑

j≥1 |vj |2 by the equality of Parseval.
Furthermore, for all α ≥ 0, the operator A fulfills the parabolic smoothing property (see e.g. [24,

Theorem 1.3.3]) ∥∥∥(−A)αetA
∥∥∥ ≤ C

tα
, t > 0. (2.5)

For α = 0, we have that etA is bounded. Additionally, for k ≥ 1, AketAv is bounded for any v ∈
D(Ak) [25, Proposition 2.1.1], where

D(Ak) = {u ∈ H2k(Ω) : Bu = BAu = · · · = BAk−1u = 0 on ∂Ω}.

If we multiply A by a constant λ ∈ C with ℜ(λ) > 0, (2.5) remains true. Consider the more general
version in form of [24, Proposition 5.1.1]. They use the property sup{ℜ(z) : z ∈ σ(A)} ≤ 0, which does
not change for λA. Therefore, also eλtA is a bounded operator. Moreover, the definition (2.4) requires
that for given initial condition u0, problem (1.3) can be integrated in time along the complex line t = λt′

whenever t′ > 0 is small enough, see [11, 22] in the context of periodic boundary conditions. Thus, z as
defined in (2.2) can be interpretated as the solution of the differential equation d

dte
tAy = AetAy. In the

context of complex time steps, we assume b and z in (2.2) to be complex analytic in an open complex
neighbourhood of [0, T ] with values in H2(Ω), and we assume the time step τ in (1.11) to be small
enough. Note that, if b is time-independent, one can simply choose z ∈ H2(Ω) also time-independent,
and we have no such restriction on the time stepsize. For n = 0, . . . , N, N ∈ N, we set zn(s) = z(tn +s).

The exact solution of (1.1) can be expressed in terms of the analytic semigroup etA (2.4),

u(tn+1) = zn(τ) + eτA(u(tn) − zn(0)) +
∫ τ

0
e(τ−s)A(f(u(tn + s)) + Dzn(s) − ∂tzn(s)) ds,

and we assume u ∈ C2([0, T ], H2(Ω)).
For the analysis, we consider linear problems with solution-independent source term f = f(x). In

the case of homogenous boundary conditions, the diffusion operator D as in (2.1) corresponds to A,
and we can reformulate the general problem (1.1) into

∂tu(x, t) = Au(x, t) + f(x), x ∈ Ω, t ∈ (0, T ],
Bu(x, t) = 0, x ∈ ∂Ω, t ∈ (0, T ],

u(x, 0) = u0(x), x ∈ Ω.

(2.6)

The exact solution u of (2.6) is given by
u(tn+1) = eτAu(tn) + (eτA − I)A−1f. (2.7)
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We consider an initial condition u0 ∈ D(A) and we assume that the source function satisfies the
regularity

f ∈ H4(Ω). (2.8)
Precisely, [16, Theorem 4.6.3] states that if g ∈ L2(Ω) and v ∈ H1

0 (Ω) is the solution of the elliptic
boundary-value problem

Dv = g in Ω, Bv = 0 on ∂Ω, (2.9)
on a bounded domain Ω with C2-boundary, then v ∈ H2(Ω). Furthermore,

∥v∥H2(Ω) ≤ C ∥g∥L2(Ω) , (2.10)

where the constant C depends only on Ω and the coefficients of D. We refer to [27, Theorem 2.1] for
polyhedral, convex domains. We note that in the context of the corrected Strang splitting methods,
one assumes f ∈ H2(Ω) for the same purpose [7, 14, 15].

3. New order three splitting method

The goal of this section is to define the new splitting method (1.9), which does not suffer from an
order reduction when applied to the class of problems (1.1). Thereby, before applying the flow ϕD

τ of
the diffusion operator D, we project the intermediate solutions, such that u and also Du are in the
domain of D. For j = 1, 2 and n = 0, . . . , N , N ∈ N, we introduce time steps τ1 = aτ and τ2 = aτ and
intermediate solutions

ω(1)
n = un and ω(2)

n = ϕf
cτ ◦ ϕ−q

(1)
n

aτ ◦ ϕDn+q
(1)
n

2aτ ◦ ϕ−q
(1)
n

aτ ◦ ϕf
aτ (un).

Then, we define functions r
(j)
n , for which we introduce the following condition on the boundary,

B

(
r(j)

n −
Dϕf

τj
(ω(j)

n ) − Dω
(j)
n

τj

)
= 0 on ∂Ω. (3.1)

In the interior of Ω, we choose r
(j)
n such that

Dr(j)
n = 0. (3.2)

Furthermore, for any n = 0, . . . , N , we define q
(j)
n by the solution of the elliptic problem

Dq(j)
n = r(j)

n in Ω, (3.3)

with boundary conditions

B

(
q(j)

n −
ϕf

τj
(ω(j)

n ) − ω
(j)
n

τj

)
= 0 on ∂Ω. (3.4)

Actually, equation (3.2) with boundary conditions (3.1), as well as equation (3.3) with boundary
conditions (3.4) have unique solutions r

(j)
n , q

(j)
n ∈ L2(Ω) [16, Chapter 6]. Then, we define the corrected

version of the splitting method (1.9) by

ϕC3New
τ (un) = ϕf

aτ ◦ ϕ−q
(2)
n

aτ ◦ ϕD+q
(2)
n

2aτ ◦ ϕ−q
(2)
n

aτ ◦ ϕf
cτ ◦ ϕ−q

(1)
n

aτ ◦ ϕD+q
(1)
n

2aτ ◦ ϕ−q
(1)
n

aτ ◦ ϕf
aτ (un).

For j = 1, 2, ϕ−q
(j)
n

τj
(u(j)

0 ) = u
(j)
0 − τjq

(j)
n is the exact flow of ∂tu

(j) = −q
(j)
n , with the respective initial

condition u
(j)
0 and time step τj . We note that the corrector functions q

(1)
n and q

(2)
n do not coincide in

general.
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Remark 3.1. For a solution-independent source term f , the boundary conditions (3.1) and (3.4) turn
into

B(r(j)
n − Df) = 0 and B(q(j)

n − f) = 0. (3.5)

Additionally, the corrector functions are not anymore dependent on n. We hence denote q = q
(1)
n = q

(2)
n

and r = r
(1)
n = r

(2)
n . In the general case f = f(u), the introduced conditions (3.5) approximate (3.1)

and (3.4). Precisely, for j = 1, 2, considering the second order approximation

ϕf
τj

(ω(j)
n ) = ω(j)

n + τjf(ω(j)
n ) + O(τ2

j ),

we observe that Bq
(j)
n = 1

τj
(ϕf

τj
(ω(j)

n ) − ω
(j)
n ) ≈ Bf and similarly for Br

(j)
n .

Remark 3.2. In (1.7), the choice Dqn = 0 was made for simplicity. In the interior of the domain Ω,
there are other possibilities to define the corrector qn at a reduced cost, as shown in [13] in the context
of corrected Strang splitting methods. Precisely, considering Ω ⊂ Rd, solving (1.7) can be seen as a
problem with d − 1 degrees of freedom. Equivalently, one can remplace the operator D in (3.2)–(3.3)
as long as assumptions (2.9)–(2.10) are satisfied. Additionally, we approximate un ≈ b on ∂Ω, which
avoids to calculate Dω

(j)
n , see [7] again in the context of the Strang splitting scheme. We refer to

Remarks 5.1 and 5.2 for more details.

Remark 3.3. In Section 5, we show numerically that the introduced correction techniques for order
three can be generalized to construct a splitting method of order four. Inspired by the definition of
method (1.11), we modifiy the splitting scheme (1.13) of formal order four, such that it converges
numerically with full order four when applied to parabolic problems of type (1.1). The new splitting
method writes

ϕC4New
τ = ϕf

γaτ ◦ ϕ−q̂
(4)
n

γaτ ◦ ϕD+q̂
(4)
n

2γaτ ◦ ϕ−q̂
(4)
n

γaτ ◦ ϕf
γcτ ◦ ϕ−q̂

(3)
n

γaτ ◦ ϕD+q̂
(3)
n

2γaτ ◦ ϕ−q̂
(3)
n

γaτ ◦ ϕf
γaτ

◦ ϕf
γaτ ◦ ϕ−q̂

(2)
n

γaτ ◦ ϕD+q̂
(2)
n

2γaτ ◦ ϕ−q̂
(2)
n

γaτ ◦ ϕf
γcτ ◦ ϕ−q̂

(1)
n

γaτ ◦ ϕD+q̂
(1)
n

2γaτ ◦ ϕ−q̂
(1)
n

γaτ ◦ ϕf
γaτ , (3.6)

where we replace the corrector functions q(i) defined in (3.1)–(3.4) by new correctors q̂(i), i = 1, 2, 3, 4.
The corresponding flows of these correctors modify the respective intermediate numerical solutions
such that not only u and Du, but also D2u and D3u stay in the domain of the diffusion operator
D before applying its flow ϕD

τ . Note that for a solution-independent source term f , the correctors
q̂(i) coincide for all i = 1, 2, 3, 4, and we have only one corrector, analogously to method (1.11), see
Remark 3.1.

4. Order three error estimates for the splitting method C3New

In this section, we prove that the splitting method (1.11) is convergent of global order three without
order reduction when applied to problem (1.1) with solution-independent source term f = f(x), as
in (2.8).

Theorem 4.1. Consider problem (1.1) under the assumptions of Section 2 with source function
f ∈ H4(Ω). Then, the splitting method (1.11) satisfies the error estimate (1.12),

∥un − u(tn)∥ ≤ Cτ3(1 + |log(τ)|) for 0 ≤ tn ≤ T,

for all τ > 0 and C a constant, which is independent on τ and n.

We introduce the following hypothesis on the corrector function q.
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Hypothesis on q. For A given in (2.3), we define the two hypothesis,

(H1) f − q ∈ D(A) and A(f − q) = O(1),

(H2) A(f − q) ∈ D(A) and A2(f − q) = O(1).

For the corrector functions q and r, defined as in Section 3, we show that f − q fulfills the hypothesis
(H1) and (H2).

Lemma 4.2. If q fulfills the properties (3.1)–(3.4), then (H1) and (H2) hold true.

Proof. By Remark 3.1, we have boundary conditions (3.5) for the corrector functions r and q.
Therefore, v1 = Df − r ∈ H2(Ω), and thus also v2 = f − q ∈ H2(Ω) are solutions of the elliptic
problem (2.9), with right hand sides g1 = D2f and g2 = v1. We deduce that Df − r, f − q ∈ D(A).
Furthermore,

A(f − q) = D(f − q) = Df − Dq = Df − r,

and thus, A(f −q) ∈ D(A). Additionally, using the H2-regularity estimate (2.10) for elliptic problems,
there holds

∥A(f − q)∥ ≤ C
∥∥∥D2f

∥∥∥ and
∥∥∥A2(f − q)

∥∥∥ =
∥∥∥D2f

∥∥∥ ,

which are the desired estimates to satisfy the hypothesis (H1) and (H2).

We are now in position to analyze the local error defined as δn+1 = ϕC3New
τ (u(tn)) − u(tn+1) of the

new splitting method (1.11).

Lemma 4.3. Under the assumptions of Theorem 4.1, the local error δn+1 of the splitting method (1.11)
fulfills

δn+1 = τS(τA)(f − q),

with S(z) = aez + 1
2e2az + a − z−1(ez − 1) for z ∈ C.

Proof. Firstly, we consider homogeneous boundary conditions b = 0, i.e. the local error δ0
n of

problem (2.6). In this case, a straightforward calculation shows that the numerical flow ϕC3New
τ of

method (1.11) is given by

ϕC3New
τ (u(tn)) = eτAu(tn) + τ(aeτA + 1

2e2aτA + aI)(f − q) + (eτA − I)A−1q. (4.1)

From the formulas of the exact solution (2.7) and the numerical solution (4.1), we deduce

δ0
n+1 = τ

(
aeτA + 1

2e2aτA + a − (τA)−1(eτA − I)
)
(f − q) = τS(τA)(f − q). (4.2)

In the context of general boundary conditions as introduced in Section 2, we obtain for the local error
δn+1 = δ0

n+1 + zn(τ) − e2aτAzn(2aτ) + e2aτAzn(2aτ) − eτAzn(0) − zn(τ) + eτAzn(0)

+ e2aτA
∫ 2aτ

0
e(2aτ−s)ArD,z

n (s) ds +
∫ τ

2aτ
e(τ−s)ArD,z

n (s) ds −
∫ τ

0
e(τ−s)ArD,z

n (s) ds = δ0
n+1, (4.3)

where we denote rD,z
n (s) = Dzn(s) − ∂tzn(s). We have the same local error as in the homogeneous

case b = 0, for which we have the desired representation (4.2). This concludes the proof.

To obtain an estimate for the local error (4.3), we need the following lemma.
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Lemma 4.4. The mapping S(z), defined in Lemma 4.3, fulfills the following inequalities for all z ∈ R.

(i) For z ≥ −1, |S(z)| ≤ |z|3ez.

(ii) For z ≤ −1, |S(z)| ≤
√

3/2|z|3.

Remark 4.5. The constant
√

3/2 in Lemma 4.4(ii) is not optimal. Numerically, we notice that
sup

z∈(−∞,−1]
|S(z)z−3| ≃ 0.005.

Proof of Lemma 4.4. Consider the series expansion

S(z) = aez + 1
2e2az + a − z−1(ez − 1) =

∑
k≥1

1
k!αkzk,

with coefficients αk = a + 2k−1ak − 1
k+1 . We observe that α1 = α2 = 0 and thus,

S(z) = z3 ∑
k≥0

1
(k + 3)!αk+3zk = z3S̃(z). (4.4)

(i) For k ≥ 3, we have |αk| ≤ 1,

|αk| = |a + 2k−1ak − 1
k + 1 | ≤ |a|(1 + (2|a|)k−1) + 1

k + 1 ≤ |a|(1 + (2|a|)2) + 1
4 ≤ 1. (4.5)

Therefore, for z ≥ 0, we deduce by (4.4),

|S(z)| ≤ z3
∞∑

k=0
|αk|zk ≤ z3

∞∑
k=0

zk

k! = z3ez. (4.6)

For z ∈ (−1, 0), we obtain similarly,

S(z)e−z = ae−z + 1
2e−2az + a + z−1(e−z − 1) =

∑
k≥1

(−1)k

k! ᾱkzk = z3 ∑
k≥0

(−1)k+3

(k + 3)! ᾱk+3zk.

We deduce from (4.5),

|z−3S(z)e−z| ≤
∑
k≥0

1
(k + 3)! |ᾱk+3||z|k ≤

∑
k≥0

1
(k + 3)! = e − 5

2 ≤ 1. (4.7)

(ii) We note that |S(z)|2 = ℜ(S(z))2 + ℑ(S(z))2. For z ≤ −1, we obtain for the real part ℜ(S(z)),

ℜ(S(z))2 =
(1

4(ez + 1) + 1
2e

z
2 cos

(
z√
12

)
− z−1(ez − 1)

)2
≤ 6

5 , (4.8)

where we use the identity

e2az = e
z
2

(
cos
(

z√
12

)
+ i sin

(
z√
12

))
. (4.9)

Furthermore, also by means of (4.9), we deduce for the imaginary part ℑ(S(z)),

ℑ(S(z))2 =
(

ℑ(a)(ez − 1) + 1
2e

z
2 sin

(
z√
12

))2
≤ 3

10 . (4.10)

Therefore, for z ≤ −1, we obtain by (4.8) and (4.10) the estimate

|S(z)| ≤
√

6
5 + 3

10 =
√

3
2 ≤

√
3
2 |z|3. (4.11)

To conclude, we have the desired estimates for z ≥ −1 in (4.6) and (4.7) and for z ≤ −1 in (4.11).

Hypothesis (H1) and (H2) together with Lemma 4.4 give us the required properties for the local
error.
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Lemma 4.6. Consider the assumptions of Theorem 4.1 and assume (H1) and (H2) hold true. Then,
for the splitting method (1.11), the local error δn+1 satisfies the following estimates,

δn+1 = O(τ3), (4.12)

and

δn+1 = AO(τ4). (4.13)

Proof. Let v ∈ D(A2) and consider its expansion in the Hilbert basis, v =
∑

j≥1 vjej . Denote by
{λj}j the corresponding eigenvalues of A, then S̃(τA)v =

∑
j≥1 S̃(τλj)vjej , where S̃(z) was introduced

in (4.4). Let κ ≥ 1 depending on τ such that
τλ1 ≥ · · · ≥ τλκ ≥ −1 > τλκ+1 ≥ . . . .

Thus, we obtain∥∥(τA)2S̃(τA)v
∥∥2 =

κ∑
j≥1

|(τλj)2|2|S̃(τλj)|2|vj |2 +
∑

j≥κ+1
|(τλj)2|2|S(τλj)|2|vj |2. (4.14)

By Lemma 4.4(i) and (2.5) (with α = 0), we get the following bound,
κ∑

j≥1
|(τλj)2|2|S̃(τλj)|2|vj |2 ≤

∥∥∥(τA)2eτAv
∥∥∥2

≤ τ4∥∥eτA
∥∥2
∥∥∥A2v

∥∥∥2
≤ Cτ4. (4.15)

Equivalently, for the second sum, we have by Lemma 4.4(ii),∑
j≥κ+1

|(τλj)2|2|S̃(τλj)|2|vj |2 ≤ 3
2
∑

j≥κ+1
|(τλj)2|2|vj |2 = 3

2τ4
∥∥∥A2v

∥∥∥2
≤ Cτ4. (4.16)

Therefore, Lemma 4.2 permits to conclude the proof of (4.13) using v = f − q. For proving (4.12), we
consider S(τA) instead of (τA)2S̃(τA) and proceed the same way as in (4.14). Furthermore, instead
of (4.15), again by Lemma 4.4(i) and (2.5) (with α = 1), we get

κ∑
j≥1

|(τλj)3|2|S̃(τλj)|2|vj |2 ≤
κ∑

j≥1
|(τλj)3|2|eτλj |2|vj |2 ≤ τ6

∥∥∥AeτA
∥∥∥2 ∥∥∥A2v

∥∥∥2
≤ Cτ4.

For the second term in (4.14), we use the same estimate as in (4.16), which terminates the proof
of (4.12).

We may now prove the main result of this paper and show the global third order convergence for
the splitting method (1.11) by following the proof of [7, Proposition 4.10].
Proof of Theorem 4.1. The global error en = un − u(tn) satisfies

en+1 = ϕC3New
τ (un) − u(tn+1) = ϕC3New

τ (un) − ϕC3New
τ (u(tn)) + δn+1.

Applying (4.1), we observe that ϕC3New
τ (un) − ϕC3New

τ (u(tn)) = eτAen. Thus, we have the following
recursion formula for the global error,

en = enτAe0 +
n−1∑
k=0

e(n−k−1)τAδk+1.

Since we choose the same initial condition for un and u(tn), there holds e0 = 0. Additionally, by
Lemma 4.6,

n−1∑
k=0

e(n−k−1)τAδk+1 =
n−2∑
k=0

e(n−k−1)τAδk+1 + δn =
n−2∑
k=0

e(n−k−1)τAAO(τ4) + O(τ3). (4.17)
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Furthermore, by the parabolic smooting property (2.5) of the operator A, we obtain
n−2∑
k=0

∥∥e(n−k−1)τAA
∥∥ ≤ C

τ

n−2∑
k=0

(n − k − 1)−1 ≤ C

τ

n−1∑
k=1

k−1 ≤ C

τ
(1 + |log(τ)|). (4.18)

We obtain the desired estimate (1.12) by means of (4.17) and (4.18).

Theorem 4.1 states that the splitting method (1.11) avoids order reduction when applied to equa-
tion (1.1) with source term f = f(x). Since the naive method (1.9) suffers from an order reduction
already when integrating in time problem (2.6) with f vanishing on the boundary ∂Ω, we state the
following result.

Corollary 4.7. Consider problem (2.6) under the assumptions of Section 2 with source function
f ∈ H4(Ω). Then, if f ∈ D(A), the splitting method (1.9) satisfies the error estimate

∥un − u(tn)∥ ≤ Cτ2(1 + |log(τ)|) for 0 ≤ tn ≤ T, (4.19)

for all τ > 0 and C a constant, which is independent on τ and n.
If additionally f ∈ D(A2), then method (1.9) satisfies (1.12), that is

∥un − u(tn)∥ ≤ Cτ3(1 + |log(τ)|) for 0 ≤ tn ≤ T.

Proof. Consider the local error δ0
n+1 = ϕC3Naiv

τ (u(tn)) − u(tn+1) of method (1.9) when applied to
problem (2.6). We obtain equivalently to (4.2), δ0

n+1 = τS(τA)f . Furthermore, f ∈ D(A) satisfies
(H1) with q = 0. Therefore, following the lines of the proof of Lemma 4.6 shows δ0

n+1 = AO(τ3) and
δ0

n+1 = O(τ2). Finally, we get (4.19) by following the proof of Theorem 4.1. If additionally f ∈ D(A2),
then (H1) and (H2) hold true for q = 0, and we can proceed as for the proof of Theorem 4.1 with f
instead of f − q.

In the next section, we confirm the results from Theorem 4.1 and Corollary 4.7 by numerical
experiments. Furthermore, we give examples for more general problems which suggest that the global
third order convergence of method (1.11) numerically also perstists for nonlinear source terms and
solution-dependent boundary conditions.

5. Numerical experiments

In the following, we compare several splitting methods, where we use the notation StrangNaiv for
the Strang splitting (1.5) and StrangCorr for the corrections made in [7], [14, 15] respectively, which
coincide for a source term independent on the solution. Moreover, we denote by C3Naiv the naive
method (1.9) and by C3New the new method (1.11). For the methods of formal order four, we use
C4Naiv for the composition (1.13) and C4New for the new method (3.6). In the splitting schemes
of formal order higher than two, complex time steps appear, which involve complex arithmetic. The
extra computational costs are compensated by a higher accuracy, see Figure 5.1–5.4, 5.6, 5.7.

Firstly, we apply the suggested correction C3New of the splitting method C3Naiv to several nu-
merical examples in dimension d = 1, 2. On the one hand, we confirm the theory proved in Section 4
by the performance of C3New to equations of the form (2.6), i.e. problems with solution-independent
source functions f . Thereby, we distinguish three different types of source terms (see Table 5.1). On
the other hand, we illustrate that C3New does neither suffer from an order reduction when applied
to nonlinear problems of type (1.1). In the splitting algorithm, the operator D is approximated by
finite differences and the diffusion problem (1.3) is solved exactly up to round off errors using the
algorithm based on Krylov basis described in [28]. We use analytical formulas for the solution of the
source equation (1.2) and for the flows of the correction functions qn.
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Table 5.1. Convergence order p of the naive splitting methods StrangNaiv and C3Naiv
and the new method C3New applied to problem (2.6) for different source functions f .

Splitting Method f ∈ D(A) ∩ D(A2) f ∈ D(A), f /∈ D(A2) f /∈ D(A)

StrangNaiv (1.5) p = 2, see [7, 14, 15, 17] p = 2, see [7, 14, 15, 17] 1 ≤ p < 2
no order reduction no order reduction order reduction

C3Naiv (1.9) p = 3, see Corollary 4.7 p = 2, see Corollary 4.7 1 ≤ p < 2
no order reduction order reduction order reduction

C3New (1.11) p = 3, see Theorem 4.1
no order reduction

f(x) = sin(2πx), f ∈ D(A) ∩ D(A2) f(x) = x2 sin(2πx), f ∈ D(A), f /∈ D(A2)

Figure 5.1. Convergence error of the corrected method C3New applied to prob-
lem (5.1) for two different source functions inside the domain of the diffusion operator.
Comparison to the naive third order method C3Naiv, the Strang splitting StrangNaiv
and its corrected version StrangCorr. Reference slopes of order one, two and three are
given in dotted lines.

A solution-independent source term in 1D (Figures 5.1 and 5.2). In this first numerical
experiment, we consider a parabolic equation on the interval Ω = (0, 1), with solution-independent
source term f = f(x) and Dirichlet boundary conditions,

∂tu(x, t) = ∂xxu(x, t) + f(x), u(0, t) = u(1, t) = 0, u(x, 0) = sin(2πx). (5.1)

Problem (5.1) was chosen to illustrate the results given in Section 4. It can be solved exactly in
time without any splitting. For the performance, we choose three different source functions f . The
observed convergence orders are summerized in Table 5.1. We mention that the method StrangNaiv
only suffers from an order reduction if we choose a general source function which is not in the domain
of the diffusion operator, while C3Naiv converges with reduced order if f ∈ D(A) but f /∈ D(A2), see
Figure 5.1 and 5.2 (left). Moreover, the new method C3New converges with order three in any case
and has a better error constant compared to the other splitting methods we processed. Furthermore,
from Figure 5.2 (right) we deduce that the error for the naive methods StrangNaiv and C3Naiv is
maximal at the boundary of the domain, which was already observed in [22] in the context of the
Strang splitting method StrangNaiv. In contrast, the corrected method C3New is 104 times more

280



Overcoming the order barrier two in splitting methods

f(x) = cos(2πx), f /∈ D(A)

Figure 5.2. Convergence error of the corrected method C3New applied to prob-
lem (5.1) for a source function f(x) = cos(2πx) outside the domain of the diffusion
operator. Comparison to the naive third order method C3Naiv, the Strang splitting
StrangNaiv and its corrected version StangCorr. Left: Error in terms of the time step
τ . Reference slopes of order one, two and three are given in dotted lines. Right: The
pointwise error at final time T = 0.1 for time step τ = 10−2.

accurate on the boundary than its naive version. Since the pointwise error is presented in a logaritmic
scale, we observe some “bumps” in the points where the error changes its sign.

For this experiment, we set the final time T = 0.1, and time steps τ = 0.02 · 2−k for k = 0, 1, . . . , 5.
For the reference solution, we use the naive method StrangNaiv with a very small time step τref = 10−6.
The domain Ω = (0, 1) is discretized in a uniform mesh with mesh size ∆x = 2 · 10−3.

Remark 5.1. In the previous experiment (5.1), the source f = f(x) and its derivatives are available
with an explicit analytical formula, and therefore no numerical differentiation is required. Precisely, as
stated in (3.5), we set q = f and r = f ′′ on the boundary ∂Ω. Furthermore, to discretize the domain
Ω, we consider the uniform mesh Ω̃ = (xi)N

i=1, where N + 1 = 1/∆x. We use finite differences to
approximate the Laplacian ∂xx in Ω̃. Thus, for i = 1, . . . , N , the correctors r and q are obtained by
the formulas

∂xxr(xi) + δi1f ′′(0) + δiN f ′′(1) = 0 and ∂xxq(xi) + δi1f(0) + δiN f(1) = r(xi),
where δij denotes the Kronecker delta. The derivative f ′′ can be evaluated analytically or numerically.
Analogous calculations are made if we consider a similar problem in a two-dimensional domain.

A solution-independent source term in 2D (Figure 5.3). We consider the following parabolic
problem with Dirichlet boundary conditions and solution-independent source term f(x, y),

∂tu(x, y, t) = ∆u(x, y, t) + exy7 + 1,

u(0, y, t) = y, u(1, y, t) = 1 + y u(x, 0, t) = x, u(x, 1, t) = 1 + x,

u0(x, y) = x + y.

(5.2)

In Figure 5.3, we compare the convergence of the new method C3New with the splitting methods
StrangNaiv, StrangCorr and C3Naiv. We observe that C3New converge with order three while we
note a convergence order between one and two for C3Naiv. Additionally, for example for a time step
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Figure 5.3. Convergence error of the splitting methods StrangNaiv, StrangCorr,
C3Naiv and C3New in dependence of the time step (left) and of the total number
of flows (right), applied to problem (5.2). Reference slopes of order one, two and three
are given in dotted lines.

τ = 10−3, we note in the left picture that the error is 104 times more accurate for the corrected
method C3New, compared to C3Naiv. On the right picture, we recover that C3New requires less
evaluations of the flows for a given precision and is therefore more accurate than the other considered
splitting methods StrangNaiv, StrangCorr and C3Naiv. Additionally, the error in dependence of the
total number of flows coincide for the naive methods.

We process this experiment with the same time parameters τ, τref and T as in the first example.
We choose a uniform mesh of size ∆x = 10−2 for the two-dimensional square domain Ω = (0, 1)2.

The Fisher–KPP equation (Figures 5.4 and 5.5). For a third example, we apply the methods
C3Naiv and its corrected version C3New to the Fisher–Kolmogorov–Petrovski–Piskunov equation [1,
29]

∂tu(x, y, t) = ∆u(x, y, t) + F (u(x, y, t)) in Ω × (0, T ],
u(x, y, t) = 1/2 on ∂Ω × (0, T ],
u0(x, y) = sin(2πx) sin(2πy) + 1/2 in Ω,

(5.3)

with nonlinearity F (u) = Mu(1 − u) for M > 0. Problem (5.3) models the wound heeling process
when only biological feature are considered. The solution u represents the cell density.

We compare in Figure 5.4 the convergence of the splitting methods C3Naiv and C3New. For M = 1,
we observe third order convergence of the modified splitting method C3New, while the naive method
C3Naiv converges with order one and thus, suffers from an order reduction. Furthermore, C3New
has a better error constant compared to C3Naiv. In the right picture, we note additionally that the
new method C3New requires less evaluations of the flows for a given precision and is therefore more
accurate than the naive method C3Naiv.

In Figure 5.5, we plot the pointwise error in the domain Ω of the naive method C3Naiv and its
modification C3New for fixed time step τ = 10−2. On the left picture, we recover that the error of
C3Naiv is concentrated on the boundary of the domain Ω, which was already observed in [22] for the
Strang splitting method StrangNaiv. In contrast, on the right picture, we note that the error of C3New
is reduced by three orders of magnitude (from 10−4 to 10−7) and is located in the interior of Ω and
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Figure 5.4. Convergence error of the splitting methods C3Naiv and C3New in de-
pedence of the time step (left) and of the total number of flows (right), applied to
problem (5.3) for a cell proliferation rate M = 1. Reference slopes of order one, two
and three are given in dotted lines.

Figure 5.5. The pointwise error of the methods C3Naiv (left) and C3New (right) at
final time T = 0.1 applied to problem (5.3) in the domain Ω = (0, 1)2 for time step
τ = 10−2. The error of the naive splitting is concentrated on the boundary ∂Ω, where
the error of the new method vanishes.

vanishes on the boundary. Therefore, the observation we made in Figure 5.2 for a solution-independent
source term seems to persist in the context of a nonlinear f .

For the implementation of this experiment, we use the same final time T and time steps τ, τref as
in the first experiment. Furthermore, we choose the same discretization for the domain Ω = (0, 1)2 as
in the second experiment.

Remark 5.2. If we consider solution-dependent source terms f = f(u), numerical differentiation is
required to get boundary conditions (3.1) and (3.4). In particular, again for N +1 = 1/∆x, we consider
the uniform mesh Ω̃ = (xi, yk)n

i,k=1 of Ω. Then, denoting v
(j)
n = ϕf

τj
(ω(j)

n ) − ω
(j)
n , to evaluate values on
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the boundary, we use the finite difference scheme

∂xxv(j)
n (0, yk) ≈ 2v

(j)
n (0, yk) − 5v

(j)
n (x1, yk) + 3v

(j)
n (x2, yk) − v

(j)
n (x3, yk)

∆x2 , k = 1, . . . , N, (5.4)

and analogousy for ∂xxv
(j)
n (1, yk) as well as for ∂yyv

(j)
n (xi, 0) and ∂yyv

(j)
n (xi, 1), i = 1, . . . , N . Addition-

ally, we approximate ω
(j)
n ≈ b on ∂Ω. Similarly to Remark 5.1, we use finite differences to implement

the Laplacian ∆ = ∂xx +∂yy. Then, for i, k = 1, . . . , N , we obtain the corrector functions q
(j)
n by means

of the identities
∆r(j)

n (xi, yk) + δi1∂xxv(j)
n (0, yk) + δiN ∂xxv(j)

n (1, yk) + δk1∂yyv(j)
n (xi, 0) + δkN ∂yyv(j)

n (xi, 1) = 0
and

∆q(j)
n (xi, yk) + δi1v(j)

n (0, yk) + δiN v(j)
n (1, yk) + δk1v(j)

n (xi, 0) + δkN v(j)
n (xi, 1) = r(j)

n (xi, yk).

Solution-dependent boundary conditions (Figure 5.6). To emphasize that the new method
C3New performs well also for solution-dependent boundary conditions b(u), we consider the following
nonlinear problem in Ω = (0, 1),

∂tu(x, t) = ∂xxu(x, t) + cos(u(x, t)) in Ω × (0, T ],

u(0, t) =
∫ 1

0
ρ(x)u(x, t) dx, u(1, t) = 0 in (0, T ],

u0(x) = sin(2πx) in Ω,

(5.5)

with ρ(x) = −(x − 1/2)2 + 1/4. In Figure 5.6, we compare the convergence of the corrected schemes
StrangCorr, C3New with their naive versions StrangNaiv, C3Naiv respectively. We observe that the
new method C3New converges with full order three when integrating problem (5.5) and thus does not
suffer from an order reduction, in contrast to the naive schemes StrangNaiv and C3Naiv. Moreover,
it has a better error constant compared to the other splitting methods we processed. Furthermore, as
already observed for problem (5.1), we note that the error for the methods StrangNaiv and C3Naiv
is maximal at the boundary of the domain, for fixed time step τ = 10−2, see Figure 5.6 (right). In
contrast, the corrected methods StrangCorr and C3New are much more accurate on the boundary
∂Ω. We conclude that, even if the convergence analysis of Section 4 does not apply in the context of
problem (5.5), the third order convergence of C3New seems to persist for solution-dependent boundary
conditions.

For the performance of this experiment, we use the same time parameters τ and T as in the previous
examples. The flow of the source term cos(u) is obtained by the fourth order Runge Kutta method
RK4 with time step τf = 0.02 · 2−14 ≈ 10−6. The domain Ω = (0, 1) is discretized in a uniform
mesh with mesh size ∆x = 2 · 10−3, we refer to Remark 5.1 for the notation. The Laplacian ∂xx was
approximated by finite differences, while we use the trapezoidal rule to implement the solution of (5.5)
in x = 0. For the corrector functions q

(j)
n , we set boundary conditions

q(j)
n (0) = v(j)

n (0) − ∆x
N∑

i=1
ρ(xi)v(j)

n (xi) and q(j)
n (1) = v(j)

n (1),

where we denote v
(j)
n = ϕf

τj
(ω(j)

n ) − ω
(j)
n . Furthermore, we consider r

(j)
n = ∂xxv

(j)
n on ∂Ω, where we

use the approximation (5.4) without the dependence on yk. The reference solution corresponds to
StrangNaiv, with a very small time step τref = 0.02 · 2−15.

These numerical results suggest that the new method C3New converges with order three also in the
context of a solution-dependent source term f , and seems to avoid order reduction in general when
applied to the class of semilinear parabolic problems (1.1), even in the context of solution-dependent
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Figure 5.6. Convergence error of the corrected method C3New applied to prob-
lem (5.5). Comparison to the naive third order method C3Naiv, the Strang splitting
StrangNaiv and its corrected version StangCorr. Left: Error in terms of the time step
τ . Reference slopes of order one, two and three are given in dotted lines. Right: The
pointwise error for time step τ = 10−2.

boundary conditions b. We now show numerically that the analysis from Section 4 seems to persist
for order four by illustrating the convergence of the introduced method C4New.

The fourth order splitting C4New (Figure 5.7). For the numerical performance of C4New, we
consider firstly a parabolic equation in the two-dimensional domain Ω = (0, 1)2, with linear source
term f(x, y) and homogeneous Dirichlet boundary conditions (Figure 5.7, left),

∂tu(x, t) = ∆u(x, t) + cos(2πx)y7 + 1 in Ω × (0, T ],
u(x, t) = 0 on ∂Ω × (0, T ],
u(x, 0) = sin(2πx) sin(2πy) in Ω.

(5.6)

We compare the convergence of the splitting methods C3Naiv and C4Naiv with their corrected
versions C3New, C4New respectively. We observe that C4New converges with order four, while its
naive version C4Naiv suffers from an order reduction and is not more accurate than C3New. Around
time step τ = 10−3, we note a switch of the error constant of C4New, which is possibly caused by
the transition from the ODE regime to the PDE regime. Compared to C3New, the new method is 10
times more accurate.

In a second experiment (Figure 5.7, right), we illustrate the convergence of method C4New for the
Fisher–KPP equation (5.3) in Ω = (0, 1) and compare it to the splitting schemes C3Naiv, C3New
and C4Naiv. We note that the new methods C3New and C4New converge with full order three, four
respectively. In this case, also the naive method C4Naiv avoids order reduction and we obtain the
same error constant as for C4New. As already observed in dimension two (Figure 5.4), C3Naiv suffers
from an order reduction and converge with reduced order one.

Analogous to the previous experiments, we set the final time T = 0.1 and choose time steps
τ = 0.02 · 2−k for k ∈ {1, . . . , 7}. For the reference solution, we use the corrected method C3New with
a small time step τref = 10−5. The one-dimensional domain Ω = (0, 1) as well as the two-dimensional
square Ω = (0, 1)2 are discretized in a uniform mesh with mesh size ∆x = 2 · 10−2.

These numerical experiments suggest that the correction techniques, which where introduced in [7,
14, 15] for order two, and in the present aricle for order three, can be generalized to construct higher
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linear source term f nonlinear source term f

Figure 5.7. Convergence error of the corrected method C4New applied to prob-
lem (5.6) with solution-independent source function f(x, y) = cos(2πx)y7 + 1 in 2D
(left) and to the Fisher equation (5.3) with nonlinearity f(u(x)) = u(x)(1 − u(x)) in
1D (right). Comparison to the naive method C4Naiv, the splitting scheme C3Naiv and
its corrected version C3New. Reference slopes of order 1, 2, 3 and 4 are given in dotted
lines.

order splitting methods which integrate in time the class of semilinear parabolic problems (1.1) without
order reduction.

Conclusion

We introduce a new splitting scheme what overcomes the order barrier two when integrating in time
semilinear parabolic problems in the context of non-periodic boundary conditions. While we show
third order convergence in the setting where the source term does not depend on the solution of the
problem, numerical experiments suggest that the third order convergence remains true for nonlinear
functions. Moreover, we observe numerically that the correction techniques introduced for order three,
can be generalized to get a scheme of order four.

Such techniques might be generalized to compute splitting schemes of arbitrarily high order. Another
direction of interest and topic of future work is to study high order splitting methods for hyperbolic
problems, where the parabolic regularity properties are not available.
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