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Abstract. This work focuses on the numerical performance of the Nitsche-based Finite Element Method for dynamic
unilateral contact problems combined with two implicit one-step time-marching schemes. The non-linear contact
boundary conditions cause irregularities, which may lead to unstable performance and potential divergence during
simulations. By focusing on the discontinuities inherent in dynamic contact problems, we provide new stability
results for the proposed methods.
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1. Introduction

Contact and friction in elastodynamics are usually solved using the method of lines, combining the
Finite Element Method (FEM) in space and a Finite Difference Method (FDM) as a time-marching
scheme [53, 57]. This paper is focused on this aforementioned approach and investigates more in depth
some aspects for a particular class of FEM-FDM approximation methods. Notably, for frictionless elas-
todynamic contact, practical challenges are to avoid spurious oscillations on the displacement, velocity
and stress, and to preserve the mechanical energy of the system [38]. For the sake of exhaustibility,
let us mention a few alternatives, like space-time discretization techniques [4, 43, 55], techniques from
non-smooth rigid bodies dynamics [2, 3, 60] or smoothed particle hydrodynamics [21, 59]. For the space
semi-discretization of contact, the FEM can be substituted with other discrete variational methods
such as Boundary Element methods [8, 9], Isogeometric methods [36, 50|, Discontinuous Galerkin
methods [44, 64, 65], Virtual Element methods [6, 34, 39, 47, 56, 70, 71, 72, 73] or Hybrid High Order
(HHO) methods [22, 24].
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Originally devised for the Dirichlet boundary conditions [23, 62, 67], Nitsche’s method has been
introduced in [26] for Signorini’s problem in elastostatics, and later on extended to elastodynamics [29,
30]. It has been combined with various time-marching schemes, first the families of f-scheme, of
Newmark schemes and a new hybrid scheme in [30]. Later on it has been combined with the explicit
Verlet scheme [33], implicit-explicit IMEX schemes (the implicit term being linear) [16] and to the
Hilber-Hughes-Taylor HHT-« scheme and Bathe TR-BDF2 scheme [51].

Signorini contact in elastodynamics, when discretized in space with a standard finite element
method, leads to an ill-posed differential inclusion with multiple solutions [52]. If this differential inclu-
sion is combined with a standard time-marching scheme like Crank—Nicolson, this ill-posedness leads
to poor numerical results, with spurious oscillations and no energy conservation. Notably, this effect
is more important when the time-step is reduced. This ill-posedness at the semi-discrete level can be
fixed using a specific treatment of contact, such as the modified mass method, a penalty /regularization
or Nitsche’s method [29, 38, 52]. Moreover, these methods preserve a semi-discrete counterpart of the
mechanical energy. However, even in this situation, standard time-marching schemes such as Crank—
Nicolson do not preserve a fully discrete energy, due to the Signorini contact conditions, and some
special numerical schemes can be designed to remedy to this issue, see for instance [48] for penalty
or [30] for Nitsche.

In this work, we study the mathematical properties of two families of time-marching schemes com-
bined with Nitsche-based finite element method for frictionless unilateral contact problems. Namely,
we consider theta-schemes and Newmark schemes. The enforcement of contact conditions is carried
out with the symmetric Nitsche method. Initially introduced by J.A. Nitsche in [62] (see also [23, 67]),
the Nitsche method has been extended in [26, 31] for the Signorini problem (unilateral contact problem
in elastostatics), and then [28, 29, 30] for elastodynamics. For the derivation of Nitsche formulation
in the context of inequalities and the link with other methods, see, e.g., [13, 18, 20, 25, 31, 32, 50].
Nitsche’s method is closely related to stabilized mixed methods, specifically to the Barbosa—Hugues
stabilization [10, 11, 12, 49]. However it does not introduce a Lagrange multiplier as an extra unknown
conversely to mixed/mortar methods [1, 14, 69] or Augmented Lagrangian technologies [5, 19, 66]. It
differs also from penalty techniques [27, 37, 40, 45, 53, 54, 63] because it preserves consistency and is
more robust with respect to the numerical parameters.

Particularly we revisit stability results provided in [29, 30]. We take advantage of a new semi-
discrete energy proposed by E. Burman, M.A. Fernandez and Stefan Frei in [17], that we will call BFF
energy for the sake of conciseness. This discrete energy has the remarkable property of being always
nonnegative whatever the values of the discretization parameters are, notably the Nitsche parameter
that does not need to be large. In [17] a stability bound has been proven at the semi-discrete level.
We propose an adaptation of this energy at the fully discrete level and provide new bounds for the
evolution of energy for the aforementioned fully discrete methods. We complement this stability study
with some new numerical experiments.

We first introduce the definition of several discrete energies in Section 2, then we define the time-
marching schemes used in Section 3. In Section 4, we present a stability analysis of fully discrete
schemes considered previously. Finally, we provide some numerical illustrations in Section 5.

2. Nitsche-based finite element method for elasto-dynamic unilateral contact prob-
lems

We consider an elastic body Q ¢ R%,d € {1,2,3}, see Figure 2.1. On the boundary 99 := T'pUT yUT¢

of 2, Dirichlet, Neumann, and Signorini boundary conditions are applied respectively on the disjoint
subsets I'p, 'y, and T'¢.
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STABILITY FOR CONTACT FORMULATED WITH NITSCHE’S METHOD

Fi1GURE 2.1. Elastic body occupying the domain 2, with the boundary 0f2.

We seek the displacement field u : Q x (0,7) — R? where T' > 0 is the final time, verifying the
equations (2.1):

pu —div(o(u)) = f, in Q x (0,7), (i)
o(u) = Atr(e(u)I + 2ue(u), in Q x (0,7), (ii)
u=0, onI'p x (0,7, (iii)
o(u) -n=fy, on I'y x (0,7), (iv) (2.1)
Up <0, onp(u) <0, wupop(u)=0,on e x(0,7), (v)
o(u) -n—o,(u)n=0, on I'c x (0,7), (vi)
u(-,0) =ug, u(-,0) = wy, in Q. (vii)

The equations (i)—(iv) describe the problem of elastodynamics in small deformation, where p is the
mass density, f is the volumetric source term, fy is the surface charge, A and u are Lamé coefficients,

tr(-) denotes the trace of a matrix, e(-) := %(V( )+ VI )) is the small deformation tensor and

I is the identity matrix of dimension d. The equations (v) and (vi) denote Signorini’s condition for
frictionless contact, where u,, = u-n, o,(u) = (o(u) - n) - n are respectively the normal displacement
and the contact pressure at boundary I'c. The initial conditions at the time ¢ = 0 on the initial
displacement and velocity fields are given in equation (vii). We also introduce the bilinear and linear
forms

a(u,v) = (a(u),(v))g,
(£(t), V) + (En (1), V)1,

where the notation (u,v)g := [ou-vdQ and (u,v)p, = [ u-vdl are the L2-products defined on Q2

(2.2)

~
~—~
~
N—r
-
<
N—r
I

1
and I'p respectively, with I'p € {0Q,T'p, 'y, I'c}. The associated norms are denoted by || - ||, :== (-, )3
1

and [+ |Ip, = (+,-)f,-
The total mechanical energy associated with the solution u of dynamic Signorini Problem (2.1) is:

2 1
p%ﬁHQ + —a(u,u), Vtel0,T]. (2.3)

E(t):%’ 2

Moreover, with the persistency condition [7, 48, 58] (¢(u) -n)-u = 0 on I, and when [(¢) vanishes,
the energy is conserved:
d

SE(®) =0,
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2.1. Space discretization and enforcement of contact conditions

Let V" be the Lagrange finite element space to discretize the displacement, of degree one or two (k = 1
or 2), and based on a mesh 7" of the domain

V.= {vh c (%O(Q))d : v|hFD = 0; v‘}ﬁ_p =P(T), VTE€ Th}.

The enforcement of contact conditions is introduced at the semi-discrete level (semi-discretization
in space). We focus on the symmetric Nitsche approximation of contact and follow [32].
We define the space-discrete weak formulation of the Nitsche-FEM method. First, we introduce the
linear discrete operator
vV — L}(I¢)

P@N»'YN : ) (2'4)

v @Nan(vh) — YNV,
where O € {—1,0, 1} is a fixed parameter and «y is a positive function independent of v, such that

_
IN|TTe = Ev

for each triangle T intersected with I'c, where hy is the diameter of the triangle T" and ~q is a positive
constant (the Nitsche parameter). The primal discrete problem is as follows:

Seeku” : [0,7] — V", s.t.

(" (0):3") , + G0 (0 3) (= [P (0 ()], o <"h)>rc = UB)(v),

for every vi € V! and where ag, -, (u", v") := a(u”,vh) — (C;)—vavan(uh),Un(vh))F . The notations
C

[-]g- := min(0,-) and [ g+ := max(0, - ) denote the projection on the half-line formed by negative or

positive real numbers. The static counterpart of this method is well-posed and optimally convergent

when the mesh size h vanishes, provided that the Nitsche parameter 7 is large enough. Subsequently,

by using Riesz’s representation theorem, the mass operator M : V* — V" and the nonlinear operator

By : V" — V" are defined such that
(M(Vh),wh)Q = (pvh,wh>ﬂ, v wh e v

1
(BN(Vh)th)Q = doyan (Vh,Wh) + ('YN |:P17'YN (Vh)} R,’P@NWN (Wh)>r , v w' e Vi,
c

The vector L(t) € V" is then defined such that
(L(t),wh)Q =1{t)(wh), VvwheVh
Then, the compact form of (2.5) is
Seeku” : [0,T] — V", s.t.
M(it"(t)) + Bn(u"(t)) = L(1),
u’(0) = ug, 0"(0) = 1,

which is a system of Lipschitz differential equations and its well-posedness has been proven in [29].
Note that, though the standard convergence analysis in the static case requires, for technical reasons,
extra regularity assumptions [31], there is no extra regularity required to write a Nitsche method (and
the assumptions in [31] can be weakened in fact, see [42, 46]).
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STABILITY FOR CONTACT FORMULATED WITH NITSCHE’S METHOD

2.2. Preliminary results
The following two properties are classical for the negative part:
[alg- <a, alag- =[az-, Ya€cR,
([alg- — [ble-)(a = b) = ([a]g- — Ble-)* 20, VabeR.
The lemma below is helpful as an intermediate result.

Lemma 2.1. For a,b € R, the following inequality holds:
1
0 < ~[algs - < 3o~ b)° (26)

Proof. When a <0 or b > 0, we have —[a|g+ [b]g- = 0 < 1/4(a — b)2. For the case a > 0 and b < 0,
it leads to —[a]g+[b]g— = |a| - |b| > 0. With the relation

(lal + [b])* — 4lal - [b] = (la] — [b])* > 0,
we can conclude that for this case:
1 1
~lalg+ [Ble- = laf - [b] < 7 (jaf + b))% = 2l b). u

Another useful property is the following;:

Lemma 2.2. Fora:tw— a(t) a differentiable function the following equality holds:

- T8 — o) 9 (2.7

Proof. First if a(t) = 0, then the equality 2.7 holds. Suppose that a(t) # 0. We introduce H(-) the
Heaviside function: for z € R,

H(z)=0if z <0, H(z)=1ifz>0.
Since [a(t)]g- = H(—a(t))a(t), we use the chain rule and there holds

- T4 (1) = a0l 55 (T (—a(0)a(0) = a(Ola- (F(-a(0) 0 + a0 =0 0).

We finally use the properties dH(—a)/dt = 0 and [a|g- H(—a) = [a]g-:

(Ol T (1) = [a(t) - H(~a(t) S2(0) = [a0)]a- 2 0).

This ends the proof. [ |

We need the following inequalities for the space discretization. The first discrete trace inequality
has been proven in [31] (see alternatively [68, Lemma 2.1] for the scalar case).

Lemma 2.3 (First discrete trace inequality). There exists Cy > 0, independent of the parameter ~o
and of the mesh size h, such that:

1
7N20n(vh)

2
Vvt e v (2.8)

< G|V

2
e HY(Q)’

The inverse inequality below is proven for instance in [41, Corollary 1.141, Remark 1.143, p. 76-77].

Lemma 2.4 (Inverse inequality). Suppose that the mesh T is quasi-uniform, then there exists Cipy >
0 independent of the mesh size h, such that:

vh < Cinph V" Vvl e v (2.9)
[+ [+

HY(Q) Q’

We finally prove a second discrete trace inequality.
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Lemma 2.5 (Second discrete trace inequality). Suppose that the mesh T" is quasi-uniform, then

there exists C' > 0, independent of vy and h, such that:

2
<ot \ v vh e vh (2.10)
T'c

1
5 h
vavvn
and that:

i <070H HHI(Q Vvt e v, (2.11)

1
5. h
H’YNUn

Proof. We use [15, Theorem 1.6.6] and inverse inequality (2.9) to have the first inequality:

h 0
i N N e T A e R
Moreover, we use the relatlon [ llg < Il | g2 to prove the second 1nequahty
R sl = T o .
HY(Q Q

We can also bound the operator Pg, -, as follows.

Lemma 2.6 (Bounds on the operator Pg, y). Suppose that the mesh T is quasi-uniform, and that
Yo s large enough, then there exists C > 0, independent of o and h, such that:

1 2 2
-3 70
HyszemN (vh) < cﬁth‘ L Yhevh, (2.12)
C
and that:
ViR <Cc2|v Ve vh 2.13
TN @N:’YN( )’ v e : (2.13)
Proof. We start with the triangular inequality:
_1 2 _1 12
i Poan ()| <2fitont)| +2fakel]
C C
then we use the first and second discrete trace inequalities (2.3), (2.5), and the fact that 7 is large
enough, to conclude the proof. [ |

We finally have the coercivity of the bilinear form ag, y:

Lemma 2.7 (Coercivity of the bilinear form ag, ). Suppose that the mesh T" is quasi-uniform
then there exists C > 0, independent of h, such that:

aoy (v, V") 2 (C‘l - @NCtr’Yo_l) HVthil(Q)7 vvhe Vi

Moreover, for vy large enough if Oy =1 or vy > 0 if O =0 or O = —1, then there exists C > 0,
independent of h (and also independent of vo for Oy =0 or Oy = —1).

h h h
ae (VI V") > CHV HHl(Q)’ vVvtevr

Proof. Since the operator a(-,-) is coercive (i.e., 3 C, > 0, s.t. a(v", v?) ‘@)’ for all

v € V), using the definition of ag ~yn and the first discrete trace inequality (2.8), we have
_1 2
a0y o (V! V") = a(v!,v") = eNHmn(vh) > (Ca—OnCur ) [V 219
e (@)
Hence, for 7 large enough, i.e., 7o > OnCy.C, L, we have C, — © NCtr’yO > 0. [ ]
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STABILITY FOR CONTACT FORMULATED WITH NITSCHE’S METHOD

2.3. Discrete energy notations
Let us define the discrete energy as follows:

B'@) = 3 ota o)+ ge @) w0

which is associated to the solution u”(¢) of Problem (2.5). Note that this is the direct transposition
of the mechanical energy E(t) of the continuous system. Set also

+ O3 [Py )],

Bl (1) = E"(t) - QQNHVN_;Un(uh(t))HiC
= EMt) — Oy RM1),

which corresponds to a modified energy (also called augmented energy) in which a consistent term
is added. This term denoted R}](,(t) represents, roughly speaking, the nonfulfillment of the contact
condition (2.1)(v) by u”(¢) [25, 29]. When [(t) = 0 and Oy = 1, we can prove that this modified
energy is conserved: E3 (t) = E§_(0), see, e.g., [29, Theorem 2.10, Corollary 2.11].

ol

Remark 2.8 (Modified energy as an energy). The aforementioned energy EgN(t) is positive for 7
large enough, by direct application of the discrete trace inequality (2.8). For an arbitrary value of ~p,
there is no guarantee this energy remains positive. See [33, Proposition 8] for more details.

The BFF (Burman—Ferndndez—Frei) energy is a non-negative energy, irrespectively of the value of
the Nitsche parameter vy and even for small values of this parameter. It has been recently introduced
by E. Burman, M. Ferndndez and S. Frei in [17] for Nitsche-based fluid-structure-contact interaction
problems. The BFF energy is defined as follows:

1 2
I ([Pry (0" — on(u))

Bher(t) = E0) + 5|
We observe that this energy is also augmented with a consistent term. We expect that these supple-
mentary terms vanish under mesh refinement. This can be proven in the static case when the solution
is regular enough (in H*(€;R?), s > 3/2). In the dynamic case, and from the theoretical viewpoint,
we do not know if this property still holds and under which assumption on the solution. However,
in practice, we can at least observe these supplementary terms are small (see the numerical section
below).

Proposition 2.9. Let u be a solution of Problem 2.5 with l(t) = 0, ©Ox = 1, and assume that
Yo > 4Cy,.C L, then the BFF energy remains bounded for t € (0,T):

3 (0) < Bhpp(0) + (-0 (0). (Piow (4" O)]x- = on(u”(0)))

Te

re
Proof. We adapt the proof of [17] to our problem where there is no fluid. Firstly using the definition
of Pg, ~, multiple times and 8/6tHaH%c = 2(a, a)r,, we have,

1 h b On h B
(55 P (e Poyn () = (ot on(it)
_ (9 u —op(u”)),on(0 (L u U
= (S P (e o), 00l)) (P (e i)
_ (O~ u” —op(uM)), op (0" 1 u” ) — o, ("
= (S Py (s = oa( ) 0()) (S Pro (0, Pro (8 — (i)
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= (TP 0 = 00 u) (TP (0 B Pry ()~ ()
= (TP (0 = o0 a8 (P (0 B[P (0 — ()
= (2P = ant @) 3 SR P e = ot
+ (0 (0"), ([P (W) = on(u™))
— ol (P s = (oo, Py (o - ()

+ (G)]YYN_ 1([P1mv(uh)]R* - an(uh)),an(uh))

where Lemma 2.2 has been used in the fifth line.
Secondly, testing (2.5) with v? = u”, integrating in time on (0,t) C (0, T] and using previous equality,

we get,
O:/t(pﬁh,ﬁh dt—l—/ta(uh,uh)dt—/Ot(i]vvan(uh),an(ﬁh))rcdt
b [ (P (0 Py () at
_ ;U péﬁhHQL+ %[a(uh,uh)r —/0t<®Nan(uh),on(1'1h)) dt

0 YN To

trl h h

+/ [Pl,’YN (u )]R—aP@Nﬂ/N(u ) dt
0 \TN I'c

e

ot K + Mttt + 2

1 2 1t
Hm‘waPmN(uhnR ~on(u) ]
T'elo

t
+

1 h h "
(wan(u )s ([P (W)lg- — on(u ))>Fc]0

b [ (P P e — o)) o)) at

For the symmetric version (©y = 1), the last term vanishes and we have:

Bl (t) = Elyope(0) + (lan<uh<o>>, ([P1 (0" (0)) - — an<uh<o>>>)

TN T'c

~ (S O [Py () —ou(at©)

TN
Applying the Cauchy—Schwarz inequality and the Young’s inequality, we have:

(oo @) (P (0 (@) = (1))

TN

2

2 (P O — auu(®)

2 H 1
re 4

< |t outat @)
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Using the first discrete trace inequality (2.8), we have:

Bl (t) < Elyope(0) + (lan<uh<o>> ([P1 o (0" (0) - — an<uh<o>>>)

TN T'c

+ G a0 1 (P @)l - ot @)

2
t HHl(Q) + 4

(2.15)

¥}
From the definition of the BFF energy, the coercivity of the bilinear form a(-,-) and under the

assumption that v > 4Cy.C; !, the following holds:
2

25} (1) = a(u (1), u" (1)) + 020 (1) + [ (11 (0 ()] — o (u” (1)) )
2
> au (1) (1) + [ (Prow (" () — ol @)
o : Nt (2.16)
> a0 g, + [ (P 80l =)
2
> 4Cu [0 + [ (P O — o)
Combining (2.15) and (2.16), we have
37 (0) < B (0) + (——ou(u(0). (Piop (4" O] — o))

The right hand-side terms depends only on the initial condition and thus, the BFF energy Eg pp(t)
remains bounded. n

3. Time discretization

In this work, we focus on two time-marching schemes: the #-scheme and the Newmark scheme. Let
At > 0 be the time-step and consider a uniform discretization of the time interval [0, 7] : (t%,... V),
with t" =nAt,n=0,...,N. The schemes consist of solving a nonlinear problem for each time instant
t"*1 using the displacement u", velocity u™", and acceleration "™ of instant ¢” as known variables,
where w1 Pt and M "+1 are the displacement, velocity, and acceleration to be solved, and
Ll = L(¢"*!). The initial conditions are u"? = u}, 0" = af, i"° = @f. We note that the initial
acceleration is calculated by the relation Mi? 4+ By (uY) = LY.

3.1. f-scheme

The fully discrete formulation for Problem (2.5) is such that:

Seek uP" !t gl e vhog

uh,n+1 — uh,n + At((l _ a)uh,n + 01‘1’“”“), (1) (3 1)
alntl = ghn 4 At((1 — H)flh’n + eﬁh,nJrl)’ (ii)
M+ 4 By (uhm ) = Lot (iii)

with the parameter 6 € [0,1]. The two classical schemes are forward, respectively backward, Euler
schemes for value 6 = 0, respectively § = 1. We recall that ©p is the parameter for the Nitsche’s
variant.
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3.2. Newmark scheme

The Newmark scheme [61] is another classical scheme for elastodynamic problems. Its fully discrete
formulation reads:

Seek uh,n-i—l’ ilh,n+17 uh,n+1 e Vh S. t
At?
dt — g + Atllh’n 5 —((1-2pB)u shon + Qﬁuh n+1)7 (i) (3.2)
ahntl = ghn 4 At((1 - C)ﬁh,n + Cﬁh,nJrl)‘ (ii)
Mﬁh,n-H + BN<uh,n+1) — Lt (iii)

The parameters (3,() determine the numerical performance of the method, including the stabil-

ity, accuracy, and damping properties. 5 = 0, { = yields an explicit central difference scheme;
Crank—Nicolson scheme is obtained by taking g = 4, ( = 5 (Whlch is equivalent to f-scheme with
0 = 7) The Crank—Nicolson scheme is unconditionally stable and has a second-order accuracy for

linear elastodynamic (without contact conditions). However, in the presence of contact, it can be more
complicated and can introduce additional oscillations and numerical energy [30]. The Newmark scheme
could be seen as the case of a = 0 for the HHT-« scheme (Hilber-Hughes-Taylor-a scheme).

The well-posedness of Problem (3.1) (f-scheme), respectively Problem (3.2) (Newmark scheme), has

been proven in [29] under the condition (140 y)%y, " < pr<1 + %) with C,), a positive constant,
respectively (1 + @N)nyo_l < Cup (1 + ;Th;).
Remark 3.1. In the literature of the Newmark scheme, most of the time, the parameters used are

(8,7), but to avoid confusion with Nitsche’s parameter 7y, -y is replaced by ¢ here.

4. Energy estimates and stability

The mechanical energy E(t) is conserved for a zero external force (for continuous case only). However,
this property no longer holds for the fully discrete formulations (3.1) and (3.2). Let us define the fully

discrete mechanical energy associated with the solution u”":
2 1 hn ~hn
EM 2‘p2u “0,Q+§a(u ,ua"),
the fully discrete modified energy:
h,n h,n @N _l h,n h n 2 h,n h,n
Eg. :=E"" — ||~ 2o, (u™™) +77N [P1yy (0™")|p- =FE"" —QNR"™
0,I'¢ 0,I'c
2 1 hn __hn N _§ h,n 2
2’[’2“ "I, + 5oy (W ub) + ==y ? [Py (@ )]e-|
0l
and the fully discrete counterpart of the BFF energy:
1 2
h, . 1h, h h,
Blite = B + 3 it (Prow (@) = on(a)| (@)
C

Note that these energies E™" Eh " and Eh Brp are the fully discrete version of the energies introduced
in Section 3. The evolution of the modified energy for the #-scheme (and Newmark scheme) and its
unconditional stability for § = 1 (and § = %, ¢ = 1, respectively) has been proven in [30]. Here, we
complete the analysis of the evolution of the BFF energy.
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4.1. Properties of discrete acceleration

In order to simplify the notations, the following conventions are used: P" = P 5, (u), o = o, (um)

for all n > 0. The following two Lemma will be used for the analysis of the boundedness of the discrete
energies.

Lemma 4.1. Assume that the mesh T" is quasi-uniform and u” is the solution of Problem (2.5), then
there exists C' independent of vo, h and At, such that the following inequality holds:

Proof. This proof is a rearranging of [33, Proposition 15 and 21]. Taking vh =" in (2.5), we have:

l.n 2 h -h 1 h .. h
’p2u HQ = _a@N77N(u ) — ([PLWN(U- )]R*vP@NQ’N(u )) : (4.2)
YN T'e
Then, we use the continuity of a( -, - ), the Cauchy—Schwarz inequality, the first discrete trace inequal-
ity (2.8), and the inverse inequality (2.9) to bound the first term:

(73" on(u), o))

l..hH o
21 <C—
4 q = h%

uhHHl(Q)'

6 7y (0", )| < Ja(u”, )| + (O]

e
< 0[5y + 101t oty
c c
< OhH o, g[8+ 1031C06 6" g[8 1

<Ch (14 ’Yo_l)HuhHHI(ﬂ)HﬁhHﬂ’

Similarly, for the second term, we use the Cauchy—-Schwarz inequality and the boundedness of the
operator Pg, »y (2.12)-(2.13):

(55 P ()l Poyn ()

I'c |Ne]
1 1
< H"YN PL"/N(u )’ 7N2P®N7’YN (u )
c I'e
Sl P L
pa il lav@ll™ e
We combine the previous inequalities to deduce the following one:
2 3
. hy -1 —17-1 -3 h . ]y Y0 ..h ‘ ‘ h”
< <(C— .
e e e ) | P L T L
where we have used that ~g is large enough. |

Lemma 4.2. Assume that the mesh T" is quasi-uniform and 0 < n < N, uP” is the solution
of (3.1)(iii) or (3.2)(iii), then there exists C' independent of vy, h and At, such that the following
inequality holds:

Lo hntl __hn H
p2 (1 )|

R

HY(Q)
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Proof. Taking v = i""*! — @ in (3.1) (iii) or (3.2) (iii):

‘ p3 (! - ﬁh,n)Hi

= —Gey,yN~ (uh,n—&-l’ uh’n—H - uhﬂ) - ([Pn—i_l}RvP@N,'YN (uh’n+1 — uhﬂ))
TN I'e
+ AONn N (uh,n7 uh,n—l-l - uh’n) + ([PH]R_7P@N7'YN (uh,n—l-l - llh’n))
YN I'e

h,n+1 hn hn+1 - h.n
S’a@NﬂN(u —u""a -1 )’

(P T = [P ) Poy (@51 — ) |
YN T'c

Proceeding as in the previous Lemma (4.1), we have :

. . B .
’GGN:’YN (uh’nH —ulr - uh’n>‘ <Ch 1(1 + % )Huh’nﬂ - uh’nH

_|_

)

uh,n+1 _ ﬁh,n‘

ol 0
and we continue with the Cauchy—Schwarz inequality and the boundedness of the operator (2.12):

|(<[P o~ [PYas), Poy oy (@ — it >)
YN I'c

1
2

gc%‘) i

ot (P e~ (Pl .

Combining these two terms concludes the proof. |

shn+1l ﬁh’n H

4.2. Stability of the #-scheme

The evolution of the modified energy for the #-scheme and its unconditional stability for # = 1 has
been proven in [30]. We complete here the study of the conditional boundedness of the modified energy
in the case 6 € (3, 1].

Proposition 4.3 (Boundedness of the modified energy for 6-scheme). Suppose that L"=0,0<n <N,
Ony=1,0¢€¢ (%, 1], and o large enough such that the following condition holds

n2\’
77 < Yo < C?up (1 + p) ’ (43)

with C' > 0 independent of 6, vo, h and At. Then, the modified energy Egﬁ remains bounded, i.e., for
all 0 <n < N, there holds

C(—3)(1-9) (0 —3)(1—0)%~
h,n+1 2 2 0 h,n
Eg, < (14—\/ )i 1+ — 0 Eg - (4.4)
Proof. According to (3.1), we have
2

uh,n—&-l + ilh’n — Kt(uh,n—‘rl _ uh,n) + (1 _ 20)(uh,n+1 _ ilh’n), (4'5)

and
ul = gAY 4 (1 0) At (4.6)
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Firstly, using the definition of Egz and (4.5), we get:

h,n+1 h,n
EeN — EGN

1 1
_ = (p(l-lh,n—l-l _ ilh’n), uh,n+1 + ]_-lh,n) + ~ Aoy Ay (uh,n+1 _ uh,n’ uh,n—i—l + uh,n)
2 Q 2
1 _% n—+1 2 1 _% n 2
oW P k| S| P R
I'c Te
_ 1 - h,n+1 - h,n h,n+1 h,n 1 L hntl - h,n 2
—E<P(u —u""),u —u )Q+ 5—9 ’PQ(U —-u )HQ
h hn . h h L|| -3 2 3 2
+ Saey yy (@ =t a4 ‘ W P " e || = S P e
2 ’ 2 T'c 2 I'c
Then, we use (4.6) with (3.1) (iii) and Pg vy = P" for O = 1, to have
NyYN
(p(l-lh,n—l—l . l-lh,n)’ uh,n+1 . uh,n)Q
_ hn+1l . hn - hon+1 o hn+1l . hn - h,n
—O(p(u u™), At )Q—i—(l 9)(p(u u™™), Ati )Q
1
— —Atf a6 5 7y (uh,n+17 uh,n+1 . uh,n) + ([Pn+1}R7Pn+l . Pn))
YN T'e
1
_ At(l _ 9) (a@N,’YN (uh’n, uh,n—H _ uh,n) + ([PnhRaPn—H _ Pn)) )
YN Tc
So,
hon+t1 h,
Egy Egr
1
- (CL@NWN (uh,n—Hv uh,n+1 - uhﬂl) + <{Pn+1]R— ) prtt— Pn)) )
TN I'c
1
_ (1 _ 0) a0y 7 (uh,n’ uh,n+1 _ uh,n) + <[PH]R—,PH+1 _ Pn))
YN T'c
1 1 hntl h,n 2
+(2—9)’p2(u —u )HQ
1 h,n+1 h,n - hn+1 h,n 1 n+1 2 1 5 n 2
+ e (@ - gt g 2o E ety |2 P
2 2 r, 2 re
and

2hntl ﬁh,n)HQ + aoy Ay (uh,n—H _ uh,n’ uh,n—f—l o uh,n))

o 9(1([Pn+1]R [Pn]Ri)’Pn-i-l o Pn) (1[PH]R,PTL+1 . Pn)
TN I'c TN I'c
1 1 1 2 1 2
L ™ I o™
e |6}
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Since, we have P"[P"]g- = [P"]2_, P" = [P"]g- + [P"]g+, and [P"]g- [P"|g+ = 0, we get finally
h,n+1 h,n
1 L hn - hon |12
—(5-0) (bt =t} + ey

S TR Gar S R C A R N

=0yl 1P e ) = (P e 1P e ) = (P (P )

2 2

hn+1l uh,n’ uh,n+1 _ uh,n))

1] -1 1] -1
+ 2”%\/2[Pn+1]R— + 2‘ ' [P~
T'c T'c
_ 1 L hn+l - h,n 2
—<2‘9)<P2<u -ut,
_1 2
+ a@]\wN(uh’”‘H - uh’”,uh’”+1 — uh’n) + H’YN2 ([Pn+1]R— = [P"]r-) . )
C
1 n+1 n 1 n+1 n
+ 0 —[P" g, [P"p+ ) H(O =1 —[P"" g+, [P"]r-
YN e YN o

<0
The last term is bounded using the inequality (2.6), the boundedness of operator P (Lemma 2.6) and
the definition of the f-scheme (3.1):
1
€= (= (P" e, [P]s- )
TN

|Ne]

_ 1 2
< (1 9) "7N2 (Pn-H _ Pn)
Te
2
< C(l -0 EHuh,n-H _ uh,nHQ
At 2
C(1—0) % "+ Ao — gy + Atg? (i — uh’”)HQ
A 2 2
<o _9)70 t2 (H hnH +At292( 2Hﬁh,nHQ+At294Hﬁh,n+l _ yhn ’Q>
Now, using Lemma 4.1, Lemma 4.2 and the triangular inequality, we have
1
(0= (- [P" e, [Plx- )
TN I'c
70At2 - h,n 2 73At202(1 B 9)2 h,n 2
< 00855 (fatef + BEEEE= e
+C(1-9)8t 02h4 <<1+701)2H“h’ 1 \Hl( 0| ([P — [P"-) ; )
C
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Hence, using previous inequality, Lemma (2.7) and condition (4.3) for v large enough, we have
Eh,n+1 B Eh,n
On On

(1)

Lo Q)VOAtQ (Huh’nH; n 7§At292(1 — 9)2 "uh’n”i{l(g))

1 2
pz (1

~hnt+l ﬁh,n)H
Q

12 02h3
1 2 4 1 2
-+«§—@+c%u—®92ﬁ>%N (P g = [Pl-)

T'e
2
’Hl(Q)

-1 1 —0\(C —-C C 1-0 9 At4 hn+l _ __hn
+’70 ( a”Y0 tr)+ ( +’70 ) ( ) 2h4 u u

2
<o G)VOAR <’ p%ﬂhvnHi N ’Y&Aﬁi?h(?)l —6)° H“h’nHiﬂ(m)

ph?
Then, the modified energy is bounded using its definition

h,n+1 h,n ’}’()AtQ 1. nnl? ’)/(2)92(1 — 0)2At2 honll?
, < s , ’
E@N = EGN c(1-9) p2u HQ+ Hu H 1)

ph? ph?
WAL (3621 = 02A2\
< <1+C(1—9) P <1+ e Eg.,
and we conclude the proof using again (4.3). ]

Remark 4.4. The left part of the condition (4.3) can be seen as a CFL condition since it implies an

upper bound to -3%. The right part is the well-posedness condition.
p2 h

Remark 4.5 (Unconditional stability). From (4.4), we conclude that we have no unconditional sta-
bility except for § = 1 (see above Corollary) however taking 7o small enough limits the augmentation
of the modified energy between two time-steps (though it needs to be large enough to ensure well-
posedness).

Remark 4.6 (h-dependency). The constant in (4.4) depends on h, hence the time discretization error
is influenced by the space discretization. This dependency comes from Lemma 4.1 which has a factor

h. This is suboptimal and improving this result remains an open question.

The unconditional stability of the backward Euler scheme (f-scheme with = 1) proven in [30] is
recovered here

Corollary 4.7 (Unconditional stability of backward Euler scheme). Assume that L™ =0,0<n < N,
and o is large enough (to ensure well-posedness). Then, with § = 1 and ©On = 1, the solution of
Problem (3.1) is unconditionally stable in the sense of the modified energy, i.e.,

h,n+1 h,n
Eg" — B <0, ¥n>0.

Proof. It follows directly from

(1%—\/0(0_94)1(1_9)(“'\/(9_%)(21_9)37}5)):1' .

Then, we state the evolution of the BFF energy for #-scheme.
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Proposition 4.8 (Evolution of the BFF energy for #-scheme). Suppose that L™ = 0 and that Prob-
lem (3.1) is well-posed. The following identity holds for all n > 0:

1
h,n+1 hn
Bhi - Bgre = (3 -0)

+(5-0) e te - (e

2
P% (uh,n—l—l _ l-lh,n)HQ + a(uh,n—l-l . uh,n’ uh,n—i—l . uh,n)>

2

|Ne]

1 -1 2 1
+(5+ewt) tortt=an| @y n(onrtt o)
el

I'c TN

L (1-6y) (;unw“m- + (1= 0[P ), (08 — o

33
N
SN—
—
Q

+ 9(%[13”“]]@, [P”]R+)FC +(6-1) (,;V[P"“]w, [P”]R>

1 1
= (P o) (P
N T'c TN ¥el

Proof. The definition of Eg’; r gives:

h,n+1 hn 1 - h,n+1 - h,ny s hntl - h,n 1 hn+1 h,n . hn+1 h,n
Egrp _EBFF—§(P(U +u""),u —u Q+§a(u +u"" u —u™")

Te

2

1] -2 2 1] —
L s S I Ehl( Pl
I'c el

Then, we use (4.5), (4.6), and the fact that Pg, (V") = Piyy (V1) + (On — 1)o,(V):

1 1 )
h,n+1 h, chon+l _ h, hyn+1 h, 1ohmtl o
Prrr _EBgF:At(p(u Tt ut n)g+<2_e>‘p2(“ "-a ")H

2
Q

1
+ 5a(uh,n—‘rl + uh,n, uh7n+1 o uh,n)

1] -t 1 2 1] _1 2 10 _1 . 2
+ H’YNQUZJr - H’YNZUZ + H’YN2 [P" -
2 o 2 ro 2 T'o
1 _% n 2 1 n+1 n+1 1 n n
_5 TN [P ]R* - 7[P ]R*agn + 7[]3 ]R*)Jn
T'c TN I'c TN T'c

2
,0% (ﬁh’n+1 _ uh,n)HQ + a(uh,n-i-l _ uh,n’ uh,n+1 _ uh,n))

+0x (200 (1= 07, (o7 — o)
TN e

1 _% n+1 2 1 _% n 2

+§ YN On 5| N n
T'o T'o
1
= (o OP e+ (1= O)[P"x), Py u™)
TN I'c
2 2

1 P} Pn+1 71 ;PTL
+ sl Ir- Y [P -

2 Te 2 T'o

1 1
- < [Pn—‘rl]R_ao-Z—i_l) + ( [Pn]R—70{1L>
TN I'c YN T'c
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-0

+(3-9) (Hw‘é(@"*lm— - [P"lg-)

2
,0% (ﬁh’n+1 _ uh,n)HQ + a(uh,n-i-l _ uh,n’ uh,n+1 _ uh,n))

2
el

1
O+ 1)t lon o))
TN I'c

2

1 -1 2
+ (2 + ®N0> HW (on " = on)

e

— (1= 0x) (0P + (1= 0P )0 =) )

(P 1Pl )+ 0= D P e (P )
1

1
- ( [Pn—‘rl]RvUZ—i_l) + ( [Pn]R7O—Z> . u
YN I'c YN I'c

For the symmetric Nitsche’s method (©x = 1), we state a boundedness result for the f-scheme.

Te

Proposition 4.9 (Boundedness of the BFF energy for #-scheme). Suppose that L™ = 0,0 < n < N,
Ony=1,0¢ (%, 1], and vy large enough such that the following condition holds

1 0)6% A 2\ 2

2
0=¢ 6—1 pnt = NE

with C' > 0 independent of 0, On, Yo, h and At. Then, E%FF remains bounded, i.e., for all0 < n < N,

0+3 0-3)(01-0 \/(9—1)(1—9)37
h,n+1 2 -1 2 2 0 h,n
Eipr = (HC(H (29—1)70 * 2007 L 2C p ||| Frree (48)

Proof. In what follows, we denote C' > 0 a generic constant that can change at each occurrence.
According to Proposition 4.8, we have

h,n+1 h,n
EBFF - EBFF

-0

# (5-0) (patarme - 2

,0% (uh,n+1 _ uh,n)H; + a(uh,n+1 _ uh,n’ uh,n+1 . uh,n))

2
*
Fe

20 co( Lipe 1P, )

1 _1
+ (2 + 9) H7N2 (UZH —oy)

r TN I'c
1
+O =) P e (P )
TN I'c
1 n n+1 n 1 n—+1 n+1 1 n n
+2 —Op, (Un - Gn) - 7[P ]R‘van + 7[P ]R—>Un
TN T'c YN I'c YN T'c
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and thus
h,n+1 h,n
Egrr — Egrp

2
NGl

+O-1) (;V[P““]Rh P"ls- )

< Fc 1—‘C
1 1

(oo (P e = 1P)) = (2P e = [Pe), (o = o)

TN T'c YN T'c

11 12

1 1
(P =i =) (oot - o) (4.9)

YN I'c YN I'c

Ig 14
where we have used that 9( [P )R- [P"]R+)F > 0. Then, we use Young’s inequality to bound
C

the module of the last four terms, with positive constants C; and Cs:

Cr]| -3 n 2 1 -3 n+1 n 2
|| < 5 IO, + 20, o ([P r- = [P"]r-) -
c
Cs _% n+1 n 2 1 _% n+1 n 2
12| < —~|vw” (om™ = om) 26, ([P"" g~ — [P"]r-) g
c (4.10)
1) _1 2 1 2
L (L N 0] IR | SelCea il
2 T'c 2 T'ec

2

11 _1
< gwtor| i -am
e

Then, we continue with the inequahty (2.6), the boundedness of operator Pg, ~, (Lemma 2.6), the
definition of the #-scheme (3.1) and the triangular inequality:

0= 1P s [P )

Pe

|
Te
) ] CRa el
—C(1-0) OAt Huh" + A(1 — )" + Arg? (i — h’”)Hi
I o (1 ETI e  EE )

Now, using Lemma 4.1, Lemma 4.2 and the triangular inequality, we have

0-1) (,;V[P”“]Rﬂ [P”]R-)F

<ol gy oA O P%"‘h’"H; | AL -0 Huh,nH;(m>

oh? ph3

(P - — [P]g-)

170AL —1\2|| i hontl )
Lo )8 %AQHWOWP o

2
). (4.11)
o]
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Then, combining (4.9), (4.10), (4.11) and using the first discrete trace inequality (2.8), we get
h,n+1 h,n
Egrr — EBrr

< <; _ 0> ( P (a1 l-lh,n)H2 b a(ubmt — ghn et uh,n)>

’ (i ~0+ 55y + 30 + O @f) 0P (P i

+ (3 +o+ CZ)H ot = o) FC+C’(1+70 )2(1 9)94702?; [t — gt ;(9)
k= L0 Wl o

+ (C( 9)392702@2 +(%+CI)CMY )H hnHHl(Q) o

Now, the first three lines of (4.12) are bounded using the fact that o7+l — g7 = g, (u?"+l — uhn),
the first discrete trace inequality (2.8) and the coercivity of the bilinear form a(-,-):

)0k

2
%(l-lh,n-i-l _ uh,n)HQ + a(uh,n-i-l _ uh,n’ uh,n+1 _ uh,n))

1 1 VALt 2
S — 4 — 1—0)9*2 H ([P" g — [P")g-
+<2 +201+202+C( 2h4> [ ]]R)FC
3 Cy o+l n 470At hn+1 b2
+(2+9+ )H ) FC+0<1+70 P06 o =t
1 3 Co . JAN 1 it 2
< ((2—9)Ca+<2+9+ )Ctﬂo +C(1+7 )1 -0)0 2R Hu —u HHI(Q)
1 11 wBAt 2
T 1_ 410 Pn+l [P
+<2 b+ 56+ 50, + -0 2h4>H Pl
) ) Att 1 1+2(6 — 3)
=~y ((1(1 +7% D21 - 0)0* 5 i~ 0-3) (Ca’yo — Cyy (1 t e
0 —3)
y Huh,n—l—l _ uh,n’ 2
HY(Q)
, N AN Y[ Ik
+ {1 —0)0 2\ 3) )| (P lr- = [P"]r-) FCSU-
where we have taken ﬁ = ﬁ = 1(0 — ) and used the condition (4.7) to conclude. It remains

to bound the last two lines of (4.12) as follows using the coercivity of ag, ~, (Lemma 2.7) and the

definition of Eg;ﬁ P
2

cit-0228 ||

Q

1| =1
+ 5| @l = o

e

3 4
270 AL 1 Ch
+<C<1—9>9 o T G 5w |t d

HY(Q)

o+ 3 oAt AL
< 1 2 —1 1— 1 2 1— 270 Eh,’l’l )
_C< + <20_1>’Yo +(1-6) o +6°(1-0) P BFF
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Hence, combining previous terms gives :

0+ 3 A2 AL
h,n — "o Vi h,n
Eppit < <1+c<1+<29_21>701+(1—9) = <1+02(1—9)2 2)h3 )))EBFF

p
We conclude using again (4.8). [ |

Remark 4.10 (backward Euler scheme). Contrary to the modified energy, we did not manage to
prove that the BFF energy yields an unconditionally stable method for 8 = 1. However, a larger value

of g increases the stability since the constant becomes (1 +C (1 + %'70_ 1))

4.3. Stability of Newmark scheme

We state the conditional boundedness of the discrete energy for the Newmark scheme.

Proposition 4.11 (Boundedness of the modified energy for Newmark scheme). Suppose that L™ =
0,0<n<N,Ony=1,(=23,C€ (%, 1], and ~ large enough such that the following condition holds

2
=0 At _ 5 o 2ph?

with C' > 0 independent of ¢, vo, h and At. Then, the modified energy Eg; remains bounded, i.e., for
all 0 < n < N such that

h,n 70At2 72At2 h,n
Bl < (1 +C1-0T (1 + (;)h3 ES™. (4.14)

Proof. Using the definition of the modified energy Eg’g’, we get

h,n+1 h,n
E@N - E@N

1 _1
- ( _ c) <a@N,w (Wbt g gt gy Hw (P s — [P"]a-)

(P, [P"1R+)FC + (¢~ D P e [P"LR)FC

1 1
< (5-¢) <a@N,w (o ) o (P [P

2
Fc)
1

2
y
+ (=P e PR

The last term can be bounded using the inequality (2.6), the boundedness of operator Pg . (Lem-
ma 2.6) and the scheme (3.2) as follows

(€ =D (1P e [P )

o]
1_C -3 n n 2
S( 1 )H’YNQ(P +1_P)
Te
_ 7 hn+1l _ __hn 2
< O = Qg futtt ]

308



STABILITY FOR CONTACT FORMULATED WITH NITSCHE’S METHOD

2

At? At .
_ca _<)70h2 ’uh,n+ hn+AtC( ot _ gy
2 Q
VAL (1 )2 | A 2 flhmt1 i
<c- o <Hu [+ A fa o+ a2 P). s
Using Lemma 4.1, Lemma 4.2 and the triangular inequality, we get:
1 7 n
€= (P e [Pl )
YN I'c
70At2 - h,n 2 /YgAt2 h,n 2
<00 - 025 e} + oo,
(1-¢)¢% yoAt! —1\2||ohntl Rl nt1 n 2
+ O 20t (g Rttt o (P e = (P )

The evolution of the modified energy becomes then
Eg,n-i—l _ Eg,n
N N

1 n n n n -3 n n
<(37¢) (a@qu’“ ottt [y e~ (P
'70At2 1, h,n 2 73At2 h,n 2
+C(1_C) ph2 (‘pQU HQ—FWHH HHl(Q)

(1= ¢)¢% yAt! 12|y kit k|2
+C 4 p2ht (T+%") Hu e HHl(Q)_‘_FYO
Using Lemma 2.7 and the condition (4.13) on v, we get:
iy -y

_ ¢)¢* At! 1 . 2
< Y0 (C(l + Yo 1) (4) 2h4 (C - 2) (Ca70 - Ctr) Huh7 LR uh’ HHl(Q)

N2 A4 _1
+98 (c“fxp%fﬁ - (¢- ;)%—2) o (s = 1P7)s)

2
Te

T (P g — [P )

2
el

2

Te
WAL (11 %At 2
R (W = R
fYOAtQ 1. hn 2 73At2 h,n 2
(e W
Finally, using the definition of the modified energy
hon+1 WA (11 a2 | WA a2
B < B 00 = O G ([ HQ+ R L P
Yo At? At
<1 1-— 1+ 0= ) | EL
and we conclude the proof using condition (4.11). |

Contrary to the linear case, where we have the unconditional stability of the Newmark scheme for a
range of parameters, we have in the non-linear case only the unconditional stability for the following
parameter Oy = 1,3 = 5 L and ¢ = 1. This is proved in the following Corollary and this case coincides
with [30, Corollary 3.5].
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Corollary 4.12. Assume that L™ =0, 0 <n < N, and 7 is large enough (to ensure well-posedness).
Then, with 8 = %,C =1 and On = 1, the solution of Problem (3.2) is unconditionally stable in the
sense of the modified energy, i.e.,

By~ EET <0, Vn>0. (4.17)

Proof. This is a direct application of Proposition 4.11 with v =1 and § = % since in this is case:

C4¢-2)(1-Q) [4¢=2 )\ _
<1+\/ o <1+ W}?»_L (4.18)

Similarly to the modified energy (Lemma 4.8), we study the evolution of BFF energy during the
simulation:

Lemma 4.13 (Evolution of the BFF energy of Newmark scheme). Assume that L™ =0,V n > 0 and
that Problem (3.2) is well-posed. Then, the following property holds for all n > 0:

h,n+1 h,n
EBFF o EBFF

1 1 -1 2
_ (2 _ C>a(uh,n+1 - uh,n7 uh,n—‘rl _ uh,n) + (2 + CGN) H,yNgo_(uh,n—&-l - uh,n)

NG}
2

+ (5=t - 1m0

NG}

IN YN

1 1 1
+ron) (o @it —on) = (S P ) (P o)
I'c I'c e

+ (0P [P”1R+)FC + =P e, [P"]R)FC

TN TN TN
(1= 00 (P e = [P ). (27 =)+ (1= 0m) (Pl (o =)

At . .
+ 7(25 _ C)CL@N/YN (uh,n—i-l _ uh,n’ uh,n+1 _ uh,n)

At 1 n n - h,n - h,n
+ 5 (28— C)(([P e = [Pr-): Poy y (0" — ™ )) :
2 IN T'o
Proof. Let v € V", Firstly, from equations (3.2) (i) and (ii), we deduce
2
- h,n+1 - h,n h .~ hn+1 - hn h _ ~hntl  hn h
(b ahm) ) = = (p(u "), v+ A —28) (p(i i), v*)
Then, we use (3.2) (iii) (applied for time " and t"*1) to have
(p(ilh’n+1 + l-]_h,n)7 Vh)

o

Q

= é (p(uh,n—l-l - uh’n)’ Vh)Q + At(¢ — 25)“@N,“/N (uh,n+1 - uhma Vh)
+ 8 =28 (P"a = [Pl ), Poyon (7)) (1.19)
TN T'c
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Similarly, using (3.2) (ii) and (iii), we get

(platn st~ ah) W) = Ak 1) <aew (W V) (P Py (7)) )
— At (aewmhv"“,vh) + (,;V[P"“]R,P@w <vh>)r ) (4.20)

According to the definition of BFF energy and using (4.19) and (4.20), we have
Eh,n+1 o Eh,n
BFF BFF

Ly . . X . 1
_ 5 (p(uh,n—i-l + uh,n), uh,n—i—l o uh,n) + §a(uh,n+1 + uh7n7 uh7n+1 _ uh,n)

Q
L[ S L -3 2 1| ~% o] 1| -1 .|
+ QH’YN2 [P R~ - 2”’)’1\72 [P"]Rr- + 2”’71\/203 - QH'YNZUQ
T'c T'e I'c Te
1 1
() (o 1Psor)
YN I'c YN T'e
and
h,n+1 h,
Egrr — Egrr
1
— (C _ 1) <a(uh,n’ uh,n-‘rl _ uh,n) — Oy (O.;LL, (0.24-1 o UZ)) )
TN I'c
1
(= D2 1P e Pon (1 — ) )
TN T'c
1
o C(a(uh’n+l, uh,nJrl _ uh,n) _ @N(O.Z:LLJrl7 (O_Z+1 . O_;JL)) )
TN T'c
1
YN T'c
At
+ 7(26 _ C)aGN,A/N (uh,n+1 _ uh,n’ uh,n—H _ uh,n)
T
At 1 n . .
+ 5200 (P" = [Pl ). Py (6 — "))
TN I'c
Ts
1 1 1
ol ) (P ) (P o)
YN I'c TN e
Ulspny ° s 3pm |F o L ctgnst|” — 230l
+ S|l IR~ Y2 [P ]Rr- T 5IPN %n IN"Onl|| -
2 I'c 2 I'e 2 Ie 2 N6}

Then, we rearrange and use the relation Py ~y (V) = Py (VP) + (On — 1), (V") to get

h,n+1 h,n
EBF - EBF

2

_1
— —Ca(uh’"'H _ uh,n’ uh,n+1 _ uh,n) + C@N“7N2 (0.7711—&-1 _ O_Z)

INe;

1
— C(([P"“]R— — [P"]g-), Poy py (! — u"’")) + T4 Ty
TN To
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1 1
+ 7a(uh,n+1 _ uh,n’ uh,n+1 _ uh,n) + Oy (JZ’ (UZ-H _ aZ))
2 YN T'c
1
a <VN[Pn]R7P@Nﬂw(uh’n+1 uh7”)>r
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1 % n+1 2 1 é n 2 1 -3 n+l 2 1 *% n 2
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i I'c YN I'c
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1
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Finally, we conclude that

h,n+1 h,n
EBF - EBF

n

1 _1
_ (2 _ <>a(uh,n+1 _ uh,n, uh,n-{—l _ uh,n) + CGNH’7N2 (Un—i—l _ O_Z)

+ (5= PP 1P|

|Ne]

(P [P )

TN T'c TN

(6= )P e [P%-)FC

1 2

_1
U R CHRy

1
@y +1)( 2ot (on - o))
I'c TN I'c

1 1
- ([PnH]R,UZH) + ([Pn]RJZ)
YN I'c YN I'c

+T+To + T3+ T

As previously, we study to which extend the BFF energy is bounded.

312



STABILITY FOR CONTACT FORMULATED WITH NITSCHE’S METHOD

Proposition 4.14 (Boundedness of the BFF energy of Newmark scheme). Suppose that

1
LnZOa O§n<N7 6N217 szﬂa <€(271:|7
and g large enough such that the following condition holds

(1-¢)n* At!

0ol AR o (), 2007 (4.21)
2C—1 p2ht =0 = Tup CARZ ) ‘

with C' > 0 independent of ¢, vo, h and At. Then, the BFF energy EZ;F remains bounded, i.e., for
all 0 <n < N, there holds

. 3\ - c@¢-1a- 201 n
Eg;F;1<<1+c<1+<2<;_21>701+\/ % 42)( O(” M?)))EZW (1.22)

Proof. Using Lemma 4.13 and simplifying with assumptions on the parameters, we have:

Eh,n+1
2
NG}

h,n
BFF EBFF

1 _1
= (2 — Q) <a(uh’”+1 —uhr urtt - uh’") + H’YN2 ([P" g~ — [P"]g-)
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r TN I'c
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YN

1 1 1
v2(an et =)~ (lPaor) 4 (o 1Pseo)
TN I'c I'c I'c
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2
FC>

h,n+1 h,n
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1 1
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=D P e (P )

I'c te
~ (o e = (P0)) = (S0P e = (P 03 )
I f
B (;V([Pnh@ — ™), (o™ - 02)>FC + (’;VO'Z, (ot — UZ))FC .
A Iy

The terms I, Is, I3 and Iy are treated in the same way that in Proposition 4.9, so we get
Eh,n-i—l B Eh,n
BFF BFF

< <; o C) (a(uh,n—l—l . uh,n7 uh,n+1 . uh,n))

2

1 L1 A= OCwA | -3 ot "
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o]
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2

n 1 n (1 — C)C 70(1 + 7_1)2At4 h,n+1 h,n 2
+< +C+)H T rc+C 2 p224 Hu T-u HHl(Q)
Yo At?
ph? ‘

v (ca —o12E (L Dy )H o'

p2hd 2 " HY(Q)
with C7 > 0 and Cy > 0. The following part of this proof is similar to Proposition 4.9. Tacking
ﬁ = ﬁ = 1(¢ — 1) and using the first discrete trace inequality (2.8), the coercivity of a(-,-) and
the condition (4.21), the first three lines are negative:
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The last two lines are always bounded as follows using the coercivty of ag, ~, and the definition of

Egrr
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3 A 44
WoAt 1 Cl h,n 2
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3 2 2 2
h, h, C+5\ _ oAt VAt .
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2¢ ph3
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3 2 2 A 42
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We conclude using condition (4.21). |
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5. Numerical results

This section presents the numerical simulations of an unidimensional elastic Signorini problem. Both
f-scheme and Newmark scheme are used for the benchmark with the symmetric Nitsche variant
(©n = 1). An initial acceleration field is needed and computed from the initial displacement and
velocity fields, using the relation i° = M~ (L° — By (u”)). We consider the test-case proposed in [35,
Section 5|, which is described by the following dynamic problem:

Seek u(z,t) : [0,1] x (0,T) — R s.t.
Pu  0u 0
o2 o9z2 7
u(1,t) =0, (5.1)
u(0,t) >0 %(O t) <0, u(0 t)@(o t)=0
T QT o ’
u(z,0) = % - g, %(m,()) = 0.

The problem admits a unique periodic analytical solution.

5.1. 0-scheme

For the #-scheme, we present in Figure 5.1, the simulations with different mesh sizes and a fixed
ratio % = 1, with Nitsche’s parameter O = 1, 79 = 15, and 6 € {0.51,0.7,1}. We observe important
oscillations for § = 0.51, particularly with the coarse mesh (h = 0.1, as shown in Figure 5.1a and 5.1b),
due to its lower dissipative properties compared to the other variants. We note that using vy = 5 can
improve the performance and reduce oscillations for § = 0.51 (see purple line in Figure 5.2). The case
0 = 1 gives smoother results, but the energy loss is important. The numerical results confirm that the
different energies (mechanical, modified, BFF) are strictly dissipative. The case § = 0.7 corresponds
to a balance between dissipation and oscillations.

Proposition 4.9 shows that the scheme with 8 = 0.51 is stable, but the boundedness of the discrete
energy is highly dependent on the value of the parameter o (for % = 1 fixed). We illustrate the
influence of 9 with h = At = 0.025 in Figure 5.2. It can be observed that for § = 0.51, a larger value
of 79 introduces more oscillations during impacts, so moderate value of 7 is needed to prevent them
and decreasing energy (7o must be sufficiently large to ensure well-posedness), however for § = 0.7 or
0 = 1 there is almost no dependency to 7.

Simulations using a fixed mesh size of h = 0.05, 79 = 50, and different time-steps are plotted in
Figure 5.3. For the case § = 1, we note that smaller time-steps give a better accuracy by reducing
energy loss without introducing additional oscillations as expected. A zoom on the first impact in
Figure 5.4 illustrates the evolution of the BFF, modified, and mechanical energies. It confirms that
the modified energy remains non-increasing, contrary to the mechanical and BFF energy. Moreover
the differences between the three different energies are of small magnitude.
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FIGURE 5.1. f-scheme with 79 = 15 and (top) h = At = 0.1; (middle) h = At = 0.05;
(bottom) h = At = 0.025. Left: displacement, velocity and contact stress. Right:
energies (mechanical, modified, BFF).
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stress. Right: energies (mechanical, modified, BFF).
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5.2. Newmark scheme

Next, we present the simulations of the Newmark scheme in Figure 5.5 for different mesh sizes and a
fixed ratio % = 1. 79 = 50 is used for the highly dissipative scheme (8 = %,C = 1) and vy = 5 for the
other two schemes: the Crank—Nicolson scheme and the scheme g = 0.3, = 0.6. Even if the schemes
are well-posed, energy can be amplified between two time-steps by a factor proportional to 43, resulting
in increased parasitic oscillations with larger -, as discussed in Proposition 4.11 and 4.14. The case
of 5 = 0.3, = 0.6 produces smoother results than the Crank—Nicolson scheme as the parameters
and ¢ help dissipate a part of the high-frequency oscillations. This represents a potential compromise
between reducing parasitic oscillations and minimizing energy loss. The case of § = %, ¢ =1 ensures
unconditional stability, similar to the #-scheme with 6 = 1, but it dissipates less energy than the
#-scheme.

We also show the influence of the parameter +y for the Newmark scheme in Figure 5.6, with h =
At = 0.025. Notably, the Crank—Nicolson scheme is conservative for linear elastodynamics, but with
the presence of Signorini’s conditions, its numerical stability is not ensured: from Figure 5.6a and 5.6b,
we can observe important oscillations during the simulation, especially after several impacts. Using a
dissipative scheme improves accuracy and gives smoother results (see Figure 5.6 middle and bottom).
We also note that compared to the 6-scheme, the Newmark scheme with ( = 25 and ¢ € (%, 1] preserves
more kinetic energy, see Figure 5.2 and 5.6.

Similarly to the 6-scheme, we examine the dissipative Newmark scheme (5 = %,C = 1) with a
fixed mesh size of h = 0.05 and a variable time-steps (yy = 50), as shown in Figure 5.7. As with the
f-scheme, smaller time-steps result in better accuracy. Additionally, Figure 5.8 demonstrates that the
modified energy does not increase, while there is an observable increase for the BFF energy at the
first impact. As previously, the difference between the mechanical energy, the modified energy and the
BFF energy are of small magnitude.
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energies (mechanical, modified, BFF).
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6. Conclusion

In this study, we investigated the stability and performance of the #-scheme and Newmark’s scheme
using symmetric Nitsche’s method. Moreover, we have realized a serie of numerical simulations pro-
viding insights into the behavior of these schemes under different parameter values which confirms
theoretical results. Our main findings can be summarized as follows:

e The backward Euler scheme (6-scheme with # = 1) and Newmark’s scheme with 5 = % and

¢ = 1 demonstrate unconditional stability. This means that the modified energy Eg’z is non-
increasing, ensuring that these schemes are both dissipative and non-amplifying.

e For both modified energy and BFF energy, the #-scheme with 6 € (%, 1) and the Newmark
scheme with ¢ =283, ( € (%, 1) satisfy a property analogous to the discrete Gronwall lemma.

e For highly dissipative schemes, i.e., # ~ 1 or { ~ 1, using a larger value of 7 increase stability.

e For low dissipative schemes, a moderate value of vy helps to reduce parasitic oscillations and
improve stability. However, 79 must be large enough to ensure well-posedness.

e Smaller time-steps generally improve numerical accuracy and reduce energy loss without in-
creasing oscillations (this confirms particularly the results of [30] and [33]).

In conclusion, the f-scheme and Newmark’s schemes are effective for stable and accurate simulations of
elastodynamic Signorini problems discretized with finite elements and Nitsche’s method with carefully
chosen parameters.
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