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Abstract. Many industrial problems require the use of black-box numerical simulators, for which it is essential to
determine the set of so-called feasible input parameters. A set of parameters is feasible if the output of the code on
these parameters satisfies given constraints, for example, by remaining below a certain threshold. Active learning is
an effective approach to solve this type of problem, by sequentially enriching a design of experiments using a well-
chosen acquisition criterion, based here on a Gaussian process surrogate model. In this work, we focus specifically
on simulators with vector outputs. We propose several enrichment strategies to simultaneously explore the entire
collection of feasible sets associated with each output component. These enrichment strategies are first tested and
compared on analytical test functions, before being applied to the pre-calibration of a simulator dedicated to wind
turbine design. The aim is to identify input parameter configurations that respect the vibration constraints imposed
on the simulator outputs. Numerical results demonstrate the efficiency of the three proposed strategies, which are
compared against two baseline strategies (random sampling and Sobol’ sequence).

2020 Mathematics Subject Classification. 60G60, 60G15, 62P30.
Keywords. Gaussian process regression, excursion set estimation, multi-output black-box functions, active
learning, sequential design of experiments.

1. Introduction

Estimation of feasible sets is a key issue in many industrial fields, particularly for the optimal design of
complex systems. When optimal design is done through the use of a numerical simulator, identifying
a feasible set comes down to searching input parameters that lead to outputs which respect a given
constraint, such as not exceeding a certain threshold. This type of problem is met, for example, for the
tuning of a vehicle pollution control system [23]. Similar techniques are also applied in environmental
monitoring, such as optimizing the trajectory of an autonomous underwater vehicle for oceanographic
data collection, as explored in [26].
Mathematically, in the following, a feasible set, also called an excursion set, is defined by

M= {xeX g(x) < T}, (1.1)

where g : X — R is a costly to evaluate black-box model, X the space of inputs (called design space)
and T a given threshold. To best estimate the set I'*, function g is approximated from a limited number
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of evaluations obtained by an initial design of experiments (DoE) which is then relevantly enriched in
areas of interest. The aim is to extend the design progressively and minimize the number of evaluations
of g necessary to discover the targeted set I'* (see for example [6, 32]). In this active learning approach,
new points are iteratively selected through the optimization of an acquisition criterion that leverages
information provided by a computationally efficient surrogate model of g. Among the substitution
models, we use Gaussian process regression (GPR) [53], which models g as a realization of a Gaussian
process (GP). This model is popular because it offers both prediction and associated prediction error.
Acquisition criteria for estimating an excursion set include classical criteria, such as Bichon criterion [8],
which aims to estimate the boundary of the set I'*.

This work focuses on vector black-box models, which provide, for each set of input parameters, sev-
eral quantities of interest produced simultaneously (isotopic data). In this framework, the vector black-
box model is denoted g := (g1,...,9p)" : X — RP, and for a vector of thresholds T := (Ty,...,T})"
€ RP, the partial excursion sets are defined for i = 1,...,p by

I = {xeX, gi(x) <Ti}, (1.2)

and the global excursion set I'* is defined as the intersection of all partial excursion sets
P
= {x e X, g(x) < T} = ()T}, (13)
i=1

where the symbol < between two vectors means that each component of the first vector is less than
or equal to the corresponding component of the second vector. Equations (1.2) and (1.3) correspond
to two different vector generalizations of the initial problem (Eq. (1.1)).

In literature, existing works target the global excursion set I'*. For example, [26] focuses on the
estimation of the global excursion set I'* using extensions of the stepwise uncertainty reduction (SUR)
criteria, such as the reduction of the excursion measure variance (EMV) and the integrated Bernoulli
variance (IBV) [6]. These criteria are based on a substitution model defined as a multi-output Gaussian
process (see for example [41]) and a generalization of the coverage probability. The advantage of using
this model (see [49] for Bayesian optimization context) lies in its ability to take into account correlations
between simulator outputs, given that in practice, the different outputs of a numerical simulator are
rarely independent. Here in this work we focus on the estimation of each partial excursion set I'}
which differs from that of the global set, as it requires the discovery of the boundaries of each partial
set rather than those of the global set. To this end, three enrichment strategies are proposed, all
related to Bichon criterion. The first two use scalar criteria with independent substitution models,
while the third one relies on a multi-output Gaussian process, taking the correlation between outputs
into account. These three strategies are compared against two baseline methods: random sampling
and Sobol’ sequence-based sampling. These strategies are first evaluated on analytical test cases, then
applied to a real problem.

The application that motivates our work, concerns the calibration of a numerical simulator for wind
turbine design. This simulator analyzes the vibration frequencies and deformation modes of a wind
turbine structure at standstill, in response to wind loads. The aim is to determine the values of the
input parameters of the simulator, so that the vibration frequencies \;(©) and deformation modes
Mod;(©) are sufficiently close to the reference frequencies A¥ and modes Mod; based on experimental
data. The specification for this application is the simultaneous estimation of partial excursion sets for
several output components. For this application, all output components are evaluated simultaneously
for the same input point; such a setting is called isotopic setting.

The rest of this article is structured in four main sections. Section 2 presents the framework for
estimating excursion sets for scalar models, recalling the use of Gaussian process regression. It also
discusses the main challenges encountered for vector output modeling. Section 3 introduces three
experimental design enrichment strategies inspired by Bichon criterion, adapted to the simultaneous
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estimation of partial excursion sets for each model output component. These strategies are compared
against two baseline methods (random sampling and Sobol’” sequence-based sampling) on analytical
examples in Section 4. Finally, in Section 5, these methods are applies to the pre-calibration of a
wind turbine simulator, in order to identify the input parameters guaranteeing the correspondence of
simulated frequencies and modes with experimental references.

2. General framework

2.1. Reminders on excursion set estimation for scalar models
2.1.1. Sequential design of experiments and surrogate model

Let X € R? a compact set, g : X — R a black-box function and T a given threshold. The objective is
to estimate accurately the excursion set defined as

M= {x €X, g(x) <T}, (2.1)

with a limited number of costly evaluations of g.

A sequential enrichment strategy is used to build the experimental design, consisting of points where
the function g is evaluated. This active learning approach is well known in the context of black-box
optimization. It relies on a substitution model, built from the available number of evaluations of g, to
select new points to evaluate at each iteration. The main steps involved in building a sequential DoE
are described below.

The first step is to define an initial space filling DoE with few points well spread in the input
space. The Latin hypercube sampling (LHS) method introduced by [43] and various improvements
of it (see [15, 20]) can be used for this first experimental design. A substitution model, less costly to
evaluate than function g, is then built from the evaluations of g at the points of this initial design.

An acquisition criterion (also known as an enrichment criterion), based on the substitution model,
is optimized to determine a new point to be added to the DoE. The funtion g is then evaluated on
that point and the substitution model is updated accordingly. We then alternate optimization of the
acquisition criterion and update of the substitution model, until a stopping criterion is verified. This
may correspond, for example, to a predefined simulation budget or to a residual uncertainty threshold
calculated according to the target objective. Figure 2.1 provides a synthetic scheme of this sequential
strategy.

Acquisition criterion based
on the surrogate model

Initial design of Update of the l New point +
experiments surrogate model evaluation by g

Ficure 2.1. Construction of a sequential DoE.

Stopping
criterion

erified 7,

Last update of the
surrogate model

In the sequential strategy for enriching a DoE, the substitution model plays an essential role. In this
article, we focus on Gaussian process regression (kriging), whose basics are reviewed in the following
subsection. The main advantage of Gaussian process regression lies in its ability to provide not only
a prediction, but also an estimation of the error associated with that prediction. Other substitution
models, such as polynomials chaos (e.g., [62]), regression trees (e.g., [27]) or neural networks (e.g., [7]),
can also be mentioned.
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2.1.2. Gaussian process regression

Gaussian Process Regression (GPR) is based on the concept that the black-box function g can be
viewed as a realization of a Gaussian process (GP) &, expressed as:

E(x) =m(x)+Z(x), VxeX (2.2)

with m the trend of ¢ (deterministic part) and Z a centered GP with covariance kernel k : X? — R
(stochastic part).

The choice of the covariance kernel k is crucial, since it determines the regularity of the predictor
(see [48]). Typically, the covariance kernel is selected from a family of stationary kernels parameterized
by one or more hyperparameters. These hyperparameters are subsequently estimated using methods
such as maximum likelihood (e.g., [29, 33, 35]) or cross-validation (e.g., [35]). In the following, we will
employ a Matérn 5/2 kernel class (producing trajectories of class C?), with hyperparameters estimated
via maximum likelihood (see Section 3.3).

To limit the difficulty of estimating the mean function m, it is common practice to set m as a linear
combination of given basis functions f := (f;)!{_, with coefficients 8 := {#;}._; to be estimated. Let
us define the following notations:

o = (xM) ... x() represents the initial DoE;

g(xn) and &(xn) are the vectors of evaluations of g and £ on xp;

En is the event £(xn) = 9(Xn);
o K — (k:(x(i),x(j))hgi,jgn denotes the covariance matrix of £(xy);

e k(x) is the cross-covariance matrix between £(x,) and £(x), defined as

k(x) := (k(x,xD), .. kxxM)T vVxeX;
o f(x):= (fi(x),..., fi(x))" represents the evaluation vector of f on x;
e F € R™! is the matrix whose i*" row is f(x())T.

When § is known, the conditioned process | &, remains Gaussian [46]. Expressions of posterior
mean, variance, and covariance can be found in [19], using the same notation. These formulas align
with those of the Best Linear Unbiased Predictor (BLUP) with respect to the mean squared error.

When 8 is unknown, its maximum likelihood estimator (MLE) is given by

Bi=F K 'F) 'FTK g(xn).

The formulas for the best linear unbiased predictor, as well as the corresponding mean squared error
and covariance error functions, are given by:

mn(x) = £(x) "B +k(x)" K~ (g(xn) — FB), (2.3)

ol(x) = o%(x) — k(x) K k(x) + (f(x) - k(x) " K~'F) (IFTK_IF)_l(f(X)T— k(X)TK_IIF)T, (2.4)

kn(x, %)) = k(x,x') — k(x) K 'k(x) +(f(x) " — k(x) K 'F)(FT K 'F) ' (f(x') - k(x)TK'F) .
(2.5)

Within a Bayesian framework with non-informative prior on parameter §, quantities in (2.3), (2.4)
and (2.5) can still be interpreted as conditional expectation, variance and covariance [37].
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2.1.3. Scalar Bichon criterion

The choice of the acquisition criterion is also crucial in the framework of Figure 2.1, and depends
on both the employed substitution model and the final objective: global exploration, optimization,
excursion set estimation, etc. Among the multiple criteria for sequential enrichment of a DoE (see for
example [6, 22, 39, 40, 50]), Bichon criterion [8] is specifically tailored to excursion set estimation.
It is built from the Expected Improvement (EI) criterion from [40], originally developed for global
optimization. This adaptation considers both the variability of the surrogate model and the potential
improvement in the characterization of the excursion set boundary.

The new points selected based on Bichon criterion are those that maximize the Expected Feasibility
Function (EFF), i.e.,

x("1) ¢ argmax EFF (x), (2.6)
xeX
where EFF is defined by
EFF(x) = E| (kon(x) - |T = €))7 | &), (2.7)

with (-)* := max(-,0) and & a fixed parameter. The influence of the proportionality coefficient x is
small [8] and can be set to 1. The function EFF represents, on average, the distance of the surrogate
model to the limits of the interval [T' — ko, (x),T + kop(x)] only if the surrogate model belongs to
this interval and vanishes otherwise. Maximizing the criterion in Equation (2.6) focuses on selecting
points either near the estimated boundary of the excursion set (approximated via GPR), or associated
with large values of 0,(x), i.e. a high model uncertainty. This approach balances exploitation and
exploration of the design space. A statistical interpretation of Bichon criterion has been proposed
in [19] establishing a connection with statistical test theory [14].

2.2. Main challenges for models with vector output
2.2.1. Ezcursion set in the case of several outputs

Vector-valued black-box models are widely used in industry to optimize and calibrate complex systems.
They provide several critical quantities of interest as outputs, such as mechanical stress and acoustic
response in automotive, or mechanical stress and production cost in industrial manufacturing. These
models can be leveraged for improving system performance and efficiency, after a calibration step
on experimental data. It is sometimes crucial to check, for a given set of input parameters, which
constraints on the outputs are respected, to ensure that the system meets desired specifications or
performance levels.

In the framework under study, simulator data are assumed to be isotopic, meaning that all output
components of the simulator are evaluated simultaneously. This property has to be taken into account
when selecting a new point for the design. In this context, the vector-valued black-box model is denoted
by g := (g1,---,9p) ", and the partial and global excursion sets are defined in Equations (1.2) and (1.3).

In this work, we aim to simultaneously estimate each of the partial excursion sets I'}. As already
mentioned in the introduction, this problem is quite different from that of estimating the global
excursion set [26], since it requires discovering each of the boundaries of partial excursion sets. To
illustrate this difference, we consider the following 2D function where the first component is the
Branin function

(x) = (X _5}_(%4_5}_{1—6)24—10<1—1>COS(X)+1O (2.8)
9 T 2 472 T 8 ! .
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and the second component is a modified version of the Branin function (see [41])
3x7 | 4% ? 1
go(x) = ()_(2 LS 6) + 10(1 . ) cos(X1) + 2%; — 9%s + 32 (2.9)
472w 87

with x; := 15x; —5 and X5 := 15xs. Figure 2.2 shows for this function the level sets for each component
(left and middle), and global excursion set (right) for 77 = T» = 10.

— g:(x)=10 — gi(x)=10
®  Global min — gx(x)=10
™

7
©
60 24
50~
0~

R —

7

— gi(x)=10 -
®  Global min
= ©
o @
—
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w0 S
30 70
o
50
o -~

x2
x2
x2

04

0.0

30~
208
/\Q/ ]
S
Qm,
T T T
0.6 0.8 1.0
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(A) g1 and T'% (B) g2 and T3 (c) T~

FIGURE 2.2. (A) Level sets for the first component of the 2D function and boundaries
of the partial excursion set I'] for threshold 77 = 10. (B) Level sets for the second
component and boundaries of the partial excursion set I'5 for threshold 75 = 10.
(¢) Comparison of these partial excursion sets with the global excursion set T'*.

To the best of our knowledge, no existing criterion is specifically designed for the simultaneous
estimation of each partial excursion set I';. We propose three novel enrichment strategies based on
Bichon criterion to address this objective. The first two strategies rely on scalar criteria built on
independent surrogate models. The third strategy introduces an innovative criterion utilizing a multi-
output Gaussian process, exploiting the correlations between the different output components. To
assess performances of these three strategies, they are also compared to two baseline enrichment meth-
ods: random sampling and Sobol’” sequence-based sampling. Before detailing the proposed strategies,
we introduce multi-output Gaussian processes.

2.2.2. Multi-output gaussian processes

Gaussian process regression for vector-valued functions, also known as multi-output Gaussian pro-
cess (MOGP) regression is a generalization of Gaussian process regression to build a surrogate of a
deterministic vector-valued function g : X ¢ RY — RP. The use of MOGPs is based on the fundamen-
tal belief that the output components are correlated in some manner. Therefore, a crucial aspect of
MOGPs is to take advantage of correlations between output components to mutualize the informa-
tion acquired on each output and obtain more accurate predictions than if the output components
were modeled independently. In the following, we are interested in a framework where the evaluation
points are the same for each component of model output (isotopic data). This often occurs when the
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p output responses at a point x can be obtained through a single simulation (see for example [41] for
more details on MOGPs).

Let us assume that g := (g1,...,gp) " is the realization of a vector-valued GP & := (£1,...,&,)". This

process is characterized by its mean M := (M, ..., M,) : R? — RP and covariance K = (K; ;)1<ij<p :
R? x R? — SF(R) functions defined for (i,5) € {1,...,p}? by
Mi(x) :=E(&(x)) and  Kij(x,x) := Cov(&(x),&;(x), (2.10)

with S;f (R) denoting real symmetric positive semi-definite matrices of size p. We note ¥(x) := K (x,x)
the covariance matrix of £(x). Let x,, := (x(1),...,x(™)T denote the DoE at step n. We define

E0x) = (axM), e (x™), g (x W), g (x ™) T e R (2.11)
g(xn) = (g1 (x), .., g1(x ™), gp(x D), gy (x™)) T e R, (2.12)
and &,, the event &(x,) = g(Xxn)- The Gaussian random vector &(x,,) is characterized by
M(xn) == (My(xD), . My (x™), . My (xD), .. My (x™)) T e ReXE (2.13)
and
Kii(Xn,xn) -+ Kip(Xn: Xn)
Ky, xn == . : € RPXp (2.14)
Kpl (Xn: Xn) T Kpp(Xru Xn)

with Ky (Xn, Xn) = E[(&(Xn) — EI& (X)) (€ (xn) — E[€i(xn)]) 7] € R™ ™ the cross-covariance matrix
between &;(xn) and &;(xyn). Similarly, we note K, (x) € RP"*P the cross-covariance matrix between
&(xn) and &(x) defined from blocks

Kiir (%, xn) = (Kiwr (3, xW), .| Ky (3, xM)) T € R, (2.15)

Surrogate update formulas, which extend the scalar case formulas (Section 2.1) to the vector case
(with 8 known), are provided as follows (see for example [41] for derivation):

My (x) = M(x) + Ky, (%) "KL (900) — M(xa)), (2.16)
Sa(x) = 2(x) — Ky, (x) 'K ' Ky, (%), (2.17)
Kn(x,x') = K(x,x) - K,, (x) 'K K, (x). (2.18)

where M,,, 3, and K,, denote the mean, variance and covariance functions, respectively, of the process
£, =€E|E,.

In the case where the a priori trend is no longer known, but assumed to be a linear combination of
basis functions with coefficients to be estimated, there are also update formulas [38]. The sequential
procedure in the vector case is similar to the scalar one (see Section 2.1, Figure 2.1): an initial DoE
is generated and an initial MOGP is fitted, then they are followed by a succession of MOGP updates
and DoE augmentation from a well-chosen enrichment criterion.

3. Three new criteria for estimating partial excursion sets for vector-valued black-
box models

3.1. Two natural extensions of scalar Bichon criterion

In this sub-section, for the sake of clarity, the two natural extensions of scalar Bichon criterion are
presented in the context of a black-box function with p = 2 output components, but can be theoretically
generalized to p > 2 output components.
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3.1.1. Alternating Scalar Bichon criterion

The first criterion we introduce, denoted in the sequel Alternating Scalar Bichon criterion, consists
in alternatively maximizing Bichon criterion of each output component with the associated &; surro-
gate model. For ¢ = 1,2, Bichon criterion associated with surrogate model & and threshold T; (see
Section 2.1.3) is noted EFF;. Alternating Scalar Bichon criterion is then expressed as follows:

(D) ¢ {argmaxxex EFF;(x) ifn+1iseven (3.1)

argmax,x EFFo(x) otherwise.

Alternating Scalar Bichon criterion places equal importance on exploring partial excursion set as-
sociated to each output component, regardless of the complexity of their respective estimation. While
straightforward to implement, this criterion appears somewhat limited when there may be a significant
disparity in the complexity of estimating the two partial excursion sets.

3.1.2. Pareto Scalar Bichon criterion

Instead of alternately maximizing one of the Bichon criteria, it is possible to select a point that offers
an optimized trade-off for simultaneously improving knowledge of both outputs near their respective
thresholds.

To achieve this, we solve a multi-objective optimization problem where each objective corresponds
to Bichon criterion associated with surrogate model & and threshold T;. The Pareto solution set is
defined by:

Pi={xeX| VyeX,3ie{1,2}, EFF,(y) < EFF,(x)}. (3.2)

Let denote Pgrrr the Pareto front, i.e., the outputs associated with the Pareto solutions. Pgrpp is the
set of points that are not dominated by any other point, meaning no other point offers better values
for all objectives simultaneously. Each point on the Pareto solution set represents an optimal balance
between the different objectives (see, for example, [42] for more details and Figure 3.1 for illustration).

Several methods can be used to select a unique point on the Pareto front. A common approach
involves optimizing scalar aggregation functions, which combine multiple objectives into a single cri-
terion [56]. We use a specific example of such a method that minimizes the Euclidean distance to
the ideal point, defined as the point with the maximum value for each output [60]. This method was
chosen for its simplicity and adaptive behavior: it naturally favors balanced solutions when both objec-
tives can be improved simultaneously, and automatically prioritizes one of the components when they
conflict. To illustrate this, consider a 2D example where the goal is to improve the estimation of two
partial excursion set boundaries. When the estimated boundaries are close or intersect, the method
naturally selects their intersection, improving both components simultaneously. When the estimated
boundaries are distant, it favors an extreme point on the Pareto front, focusing on one boundary to
achieve significant improvement on at least one component.

In summary, Pareto Scalar Bichon consists in selecting x(™ 1 such that

x("+1) ¢ argmin{\/ (EFF;(x) — I;)? 4 (EFFy(x) — 12)2}. (3.3)
xeP

with (11, Iz) := (maxxep EFF;(x), maxxep EFF2(x)) the ideal point obtained through two single-
objective optimizations. To ensure fairness and avoid biasing the selection towards a particular com-
ponent due to differences in their magnitudes, the output components are normalized based on the
initial DoE (see Section 3.3 for more details). For our analysis, we wanted to visualize the Pareto front,
so we chose to optimize on P since the set of Pareto solutions was available. However, in practice, to
reduce computation time, it is preferable to optimize on X in Equation (3.3).
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FiGurE 3.1. Example of a Pareto front.

If the Bichon criterion of one of the two output components is relatively flat, corresponding to an
already well-identified excursion set, this will lead to an enrichment oriented more towards the other
component. Compared to Alternating Scalar Bichon, Pareto Scalar Bichon offers a compromise for the
simultaneous estimation of both sets of partial excursions, taking into account the potential uneven
difficulty estimation.

3.2. A Vector output extension of Bichon criterion

In this section, we look at a generalization of Bichon criterion (Section 2.1.3) in the context of MOGP
regression, again with the aim of estimating the partial excursion sets simultaneously.

Recall that Y,,(x) is the covariance matrix of £,,(x) 1= (£,,1(X), - -+, &np(X)) T = &(x) | E,. We extend
the scalar Bichon criterion (Section 2.1, Equations (2.6) and (2.7)) to the vector setting as follows:

x("*1) ¢ argmax VEFF(x) (3.4)
xeX
with
: T -G\
VEFF(x) :=det(X,(x))? E| | k — min| ———— En (3.5)
7 Un,i (X)
and oy, ;(x) = 1/(X,(x));,;. The minimum in (3.5) allows to select a point that improves knowledge of,

at least, one of the partial excursion sets. The multiplicative term o, (x) of the scalar Bichon criterion,
which helps improving the exploration ability, is replaced by the determinant of the covariance matrix
Yn(x) raised to the power 1/(2p). This multiplicative term gives a smaller weight to points x for
which the components of £,(x) have strong correlation. The 1/(2p) power ensures homogeneity with
the scalar case. This term is simplified to 0, (x) when all marginal variables are independent. It is
important to note that the correlation of £ plays a role not only in the multiplicative term with the
determinant, but also in the expectation, as the latter involves a minimum over random variables,
thereby depends on the correlation structure. In addition, the statistical interpretation introduced in
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Section 2.1 and detailed in [19] can be extended to this new criterion by defining
T — &
Uy 1= min(|€(x)|> ‘ En. (3.6)
7 am-(x)

In this perspective, the quantity x in Equation (3.5) is interpreted as a quantile of the distribution of
Ux-

In the following, we restrict ourselves to the case of a vector-valued black-box model with two output
components (p = 2). In this context, Proposition 3.1 presents an explicit formulation of Vector Bichon
criterion, used for its practical implementation. The proof of this proposition is given in Appendix A.

Proposition 3.1. Noting F,,, the cumulative distribution function of vk, we have
1 K
VEFF (x) = det(Sa(x)) % / P, (t)dt. (3.7)
0

Furthermore, when p = 2, for every x € X and everyt € R,

2
F, (t) = Z(¢(t o) — p(—t + ai)) —P((U1, ) € [oy —t a1 + 4] x [aa —t,an +1]),  (3.8)

i=1
with oy == %T(’;)(x), ¢ c.d.f of N(0,1), (Uy,Us) ~ N((g), (,1) f)) and p the correlation coefficient

between &, 1(x) and &, 2(x).

It should be pointed out that the values «; and p, defined in Proposition 3.1, are functions of n
and x, although this dependence is not explicitly stated in the simplified notation. Note also that in
Equation (3.8), F,, depends only on «; and p. A substitution model depending only on «; and p is used
to calculate the integral of F,, in Equation (3.7) (see Appendix B for more details on the calculation
of this model, performed outside the enrichment loop). The generalization of Proposition 3.1 to p > 2
is conceivable, keeping Equation (3.7) unchanged and modifying Equation (3.8) to include orthants of
probabilities of sizes ranging from 2 to p.

3.3. Implementation choices

The implementation choices adopted for the numerical tests of Sections 4 and 5 are detailed below.

3.3.1. Model selection

For both scalar Bichon criteria (Alternating and Pareto), the &;s are assumed to be GPs with constant
mean and Matérn 5/2 covariance:

d

]C(X,X/) = 0—2 H RMatérnS/? (hj, 0]')7 v (X7X/) S X27 (39>
j=1

with a vector of parameters 6 belonging to Rid, estimated by maximizing the likelihood at each

iteration, h; = [x; — x;\ for j € {1,...,d}, o. a hyperparameter to set or estimate and
V5|hi|  5h3 V/5|h;
RMatérnS/Z(hjvej) = (1 4 (9|]| 4 ﬁ exp —M ) (3.10)
J j J

Moreover, & and & are assumed to be independant from each other. This is referred to as a single-
output Gaussian process (SOGP).

For Vector Bichon criterion, we use a MOGP with an ICM-type separable kernel (see [34]). Separable
models provide a structured approach to handling output correlations, which can facilitate parameter
estimation and improve computational efficiency in certain cases. They can also offer flexibility in
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MOGPs, as discussed in [3, 41]. They can be expressed as a product of a kernel function in the input
space and a kernel function that encodes inter-output correlations. Specifically,

(K(X,X/)i,j)1§i7j§p = k(x, XI) B, (3.11)

where k is a scalar kernel on X? and B is a p x p symmetric positive definite matrix. Hyperparameters
of the covariance structure can be estimated using maximum likelihood (see, e.g., [9]).

As outlined in [3, 41], different structures for the matrix B can reduce the number of parameters to
estimate. The choice of B in our case follows [49], which corresponds to a special case of the “spherical
parametrization” introduced in [47]. For p = 2, the matrix B is parameterized as:

_ 2 1 cos(Oxout)
B = OkOut <COS(9kOut) 1 ) (312)

where oxout € R is a scaling factor common to all components (homoscedasticity), and 0oy € [0, 7
is the parameter controlling inter-output correlation under the spherical parameterization. The scalar
kernel k is selected as in Equation (3.9), with o, = 1.

The scalar and vector models presented above are implemented using the kergp package from [17].
Hyperparameter optimization is performed using the local derivative-free optimizer COBYLA algo-
rithm [52] with a multistart of 10, on the following search ranges: 6; € [0.1,500], Oy0u: € [0,7],
02 € [1071,10°] et 02y, € [1071,10°], assuming normalized inputs and outputs.

In the following, we will refer to the two scalar strategies associated with Alternating and Pareto
Bichon criteria respectively as “Alternating Scal” and “Pareto Scal”. Vector strategy associated with
Vector Bichon criterion will be referred to as “Vect”. In addition to these three proposed strategies,
we consider two baseline enrichment methods for comparison: “Random”, which selects new points
uniformly at random in the design space X, and “Sobol”, which sequentially extracts points from a
Sobol’ sequence with an initial position randomly chosen between 1000 and 100 000. For both baseline
methods, scalar surrogate models (similar to those used for Alternating Scal and Pareto Scal) are
maintained and updated at each iteration to ensure fair comparison.

3.3.2. Criteria implementation

The implementation of Alternating Scal and Pareto Scal are respectively based on Equations (3.1)
and (3.3), with k = 1 for the construction of EFF;. Pareto Scal requires scaled data, that are obtained
using the mean and standard deviation of the values of the initial DoE. The Pareto solutions of
problem (3.2) are obtained using the NSGA-II algorithm (a widely used multi-objective evolutionary
algorithm; [16]) in the mco package [57], with 150 generations of size 100, these choices correspond to
the recommended default settings in mco. Convergence checks are reported in Appendix C.

The implementation of Vect is based on Equations (3.7) and (3.8) of Proposition 3.1. As in the
scalar case, the coefficient x is set to 1. As previously discussed, according to Equation (3.8), Fy,
depends solely on «a; and p. We thus propose to approximate the function

RxRx[-1,1] — R

T e TR
0

(3.13)

beforehand and then replace the integral calculation by its surrogate in the enrichment procedure. The
function H is approximated with a Gauss—Legendre quadrature method (see Appendix B for details on

interpolation and quadrature methods). Then at each iteration of the enrichment, the approximation
of H is evaluated at (a1, a9, p) with a; := %’&(x)

and &, 2(x).

and p the correlation coefficient between &, 1(x)
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3.3.3. Other parameters

Criteria are optimized with the genetic algorithm Genoud (with pop.size = 1000) (package rgenoud,
mebane2011genetic). The BFGS quasi-Newton option is enabled (BFGS = TRUE, BFGSburnin = 2) to
perform local refinement on the best candidate every two generations, combining global exploration
with gradient-based local optimization. Initial designs of experiments are Latin Hypercube Sampling
(LHS) designs optimized from Maximin distance [20], whose size is given in the next section.

4. Numerical experiments on toy examples

We present here the numerical experiments carried out on two analytical test functions in order to
compare the different criteria proposed in Section 3.
The performances of the different criteria are compared after n iterations by computing the partial
relative approximation error
*
Err; := LX(DAR)
Px(I7)

on each output component, where Px denotes the uniform distribution over X, and [, is defined as
the naive estimator

(4.1)

[ii={x € X, My;(x) <Ti} (4.2)

where M,, ; denotes the i*h component of M,,. Each partial relative error measures, for the it" output

component, the relative volume of the symmetric difference between estimator [; and true partial
excursion set I'7 defined in Equation (1.2). The sum of partial relative errors, defined by

_ v Px(IGATY)
Errgym : ; P (Tr) (4.3)
is also computed to analyze performances of the various acquisition criteria.

Partial relative errors Err; and their sum Errg,, (Equations (4.1) and (4.3)) require computing
the probability Px of various subsets of X. For the 2D-input Branin example, these probabilities are
computed through a deterministic 400 x 400 grid (quasi-exact integration). For the 4D-input Hartmann
example, we use a quasi-Monte Carlo approximation with a Sobol” sequence of size 10000 (package
randtoolbox [21]), which yields estimation errors of order 1072 to 10~* [13, 45], one to two orders
of magnitude smaller than the target relative errors (10~2). This precision ensures that data profile
classifications (Sections 4.1 and 4.2) based on the threshold C' = 10% reflect genuine algorithmic
performance.

4.1. Performance tests on 2D-input Branin-modified function with two outputs

We assess the performance of the proposed criteria using 2D-input Branin function. The first output
matches standard Branin function (see for example [51, 55]), while the second is a modified version
as in [41]. This is the same test case as in Figure 2.2, defined by Equations (2.8) and (2.9), with a
threshold vector T := (10, 10). The first partial excursion set has three connected components, while
the second has only one. Figure 4.1 shows the level sets of the test function and the corresponding
partial excursion sets.

4.1.1. Standard performance tests

We repeated the enrichment for forty different initial LHS Maximin DoE of size five. Thirty enrichment
iterations are carried out for each of the DoE enrichement strategies and their respective partial relative
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FI1GURE 4.1. Representation of the model based on 2D-input Branin function with the
first component on the left and the second one on the right and the contour of excursion
sets in blue (for T' = (10, 10).

errors and their sum (Equations (4.1) and (4.3)) are monitored. Figure 4.2 shows, in logarithmic scale,
the evolution of average errors over the 40 initial DoEs as a function of the number of iterations (top),
along with boxplots illustrating the distribution of the error, at selected iterations (bottom). The
results show good performances for the three proposed strategies, with errors decreasing significantly
as the number of iterations grows, and clearly outperforming the two baseline methods (Random and
Sobol). Note that for all five strategies, the relative partial error associated with the second component
decreases faster than that associated with the first component, in line with the relative simplicity of
the partial excursion set I'5 compared to I'} (see Figure 4.2). Despite an apparent slight advantage
for the Vect strategy at the start of enrichment, Figure 4.2 shows similar results among the three
proposed enrichment strategies (Vect, Alternating Scal, and Pareto Scal).

4.1.2. Data profiles as a function of total computing time

These results must be set against the different computation times of the various enrichment strategies.
Figure 4.3 shows that the computation time for the Vect strategy sharply increases with the number
of iterations. Occasional spikes in computation time are observed for a few runs, particularly for
Pareto Scal strategy, due to the combined challenges of Gaussian process hyperparameter optimization
and Pareto front computation via NSGA-II. These rare outliers have minimal impact on average
performance. In the following, we focus on an indicator that assesses the precision level of a method
while accounting for its relative computation time.

Inspired from classical data profiles for optimization [44], the proposed analysis involves examining
the percentage of curves, representing the relative error, that consistently remain below a fixed thresh-
old from a given computation time onward. These graphs, referred to as “data profiles”, are functions
of the total computation time, which includes both the time needed for enrichment (acquisition cri-
terion optimization and surrogate model updates) and the time spent on evaluating the black-box
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FIGURE 4.2. Partial relative errors and their sum with respect to the number of iter-
ations when estimating excursion sets of the enhanced 2D-input Branin test function
with T" = (10, 10). The five enrichment strategies Vect, Alternating Scal, Pareto Scal,
Random and Sobol are performed from an initial DoE of size 5 and with 30 enrichment
iterations. Top: Evolution of average errors over 40 LHS Maximin initial DoEs ran-
domly chosen. Bottom: Boxplots (whisker diagrams) showing the distribution of errors
at selected iterations across the 40 repetitions.

model g. They offer a clear visualization of how well the data conforms to a specified threshold. This
method is particularly suited to industrial contexts where maintaining errors below a defined tolerance

level is critical.

The calculation time required for the output of the toy example is negligible. Therefore, to illustrate
the efficiency and computation time behavior of the proposed methods in real-world scenarios (i.e.,
when dealing with high simulation times, such as in actual industrial problems), we will consider three
different settings. Each setting will correspond to the assumption that the output calculation times
for the toy problem are: 3 hours, 10 minutes, and 1 minute. More precisely, let ¢ denote the given
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FIGURE 4.3. Enrichment calculation time (assuming that the evaluation time of g is
negligible) for the different criteria, in the case of enrichment of 40 LHS Maximin initial
DoEs of size 5 with 30 iterations, for the model based on 2D-input Branin function
with T = (10, 10).

calculation time and C' the threshold value for the errors, the partial data profile for the i output
component represents the percentage of curves for which the errors for the i component is definitively
below the threshold C' is defined as:

#{5 € {1,...,Npepet}, V£ > t, Bt () < C}

DP;(t,C) := 100 x
NRepet

(4.4)
where Ngepet is the number of repetitions, Errl(-j ) is replaced by the estimated relative error given in
Equation (4.1) for the i component and the ;" repetition, and #{A} denotes the cardinality of the
set A.

The total data profile represents the percentage of errors definitively below the threshold C' across
both output components from time ¢ and is expressed as:

#{5€{1,... ,Nrepet}, V6,V £ > t, Err? () < C}

NRepet

DPtot(t, C) := 100 x (45)

Using Equations (4.4) and (4.5), we represent both partial and total data profiles for a fixed threshold
C = 10%. The results obtained (Figure 4.4) show that for long evaluation times of g (3 hours), Vect
strategy seems to perform slightly better than the other two proposed strategies, as its data profiles
reaches 100% more quickly. However, when the evaluation time of g is shorter, Vect strategy becomes
less advantageous and the strategy associated with Alternating Scal seems much more interesting. This
is due to the significant computation time (a few minutes) required to update the vector surrogate
model, which is negligible when the evaluation time of g is 3 hours. It should also be noted that
the strategy associated with Pareto Scal is more expensive in computation time than that associated
with Alternating Scal (Figure 4.3), which explains its inferior performance when the computation
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time of g is very short (1 minute). When the evaluation time for g is 10 minutes, we find ourselves
in an intermediate setting where the Vect strategy retains a slight advantage. Regarding the two
baseline methods, while their performance in terms of accuracy is clearly inferior to the three proposed
strategies, they demonstrate competitive computational efficiency for relatively short evaluation times
of g (e.g., 1 minute), thanks to their negligible enrichment computation time.

4.1.3. An example where Alternating Scal fails

We look at a modified 2D test case with a specific threshold value T' for which Alternating Scal fails.
The test function is still based on 2D-input Branin function, but we choose T' = (10,10000) instead
of T'= (10,10). The partial excursion set associated with the first output component is the same as in
the previous setting (Figure 4.1a), while that of the second component corresponds to the full design
space X.

We are still considering the enrichment of Nyepet = 40 initial LHS Maximin DoEs of size 5, with 30
iterations. Figure 4.5 shows the evolution of mean partial relative errors and their sum (top), along
with boxplots at selected iterations (bottom). The results reveal that Alternating Scal performs much
worse than the other two proposed criteria, with jerky improvements, and even underperforms the
two baseline methods in this specific case. This is consistent with the fact that Alternating Scal go on
enriching the DoE with respect to the second component (one in two) while the excursion set associated
to this component is already fully identified. Moreover, for all strategies, the error associated with the
second output component is zero, since the partial excursion set I'5 is very simple to identify.

Unlike the other two proposed strategies, Alternative Scalar criterion is more sensitive to the balance
between the difficulty of estimating different sets of partial excursions.

4.2. Performance tests based on 4D-input Hartmann-modified function with two outputs

The test function used is based on 4D-input Hartmann function, and is composed with two output
components. The first component is 4D-input Hartmann function [51] defined by

1 4 4
Vxe 0,1} gi(x) = 0139 [1.1 - Zai exp ( ZAij(ﬂsj — Bj)z)
. =

i=1

; (4.6)

with matrices A and P given by

10 3 17 3.50 1312 1696 5569 124
A— 0.06 10 17 0.1 P =104 2329 4135 8307 3736
B 3 35 17 10 ) N 2348 1451 3522 2883

17 8 0.05 10 4047 8828 8732 5743

and a = (1.0,1.2,3.0, 3.2)T. The second output component is obtained by modifying 4D-input Hart-
mann function, adding noise, generated as uniformly distributed over the interval [—1, 1], to the coef-
ficients o and A :

A = A+54,0 and o =a+ anoise.

No modification of P is made to preserve a certain correlation between the two output components.
Rounding the values of 5A,0ise and apeise to the hundredth and the unit respectively, we finally obtain

7 -2 14 050
;.| =095 9 19 51 ;L T
(Al) = s e and o = (0.44,0.25,2.41,2.63)7.

16 13 4.05 5
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FIGURE 4.4. Data profiles as a function of total computing time of partial relative
errors for evaluation times of g of 3h, 10min and 1min, with C' = 10%, for the different
criteria, in the case of enrichment of 40 LHS Maximin initial DoEs of size 5 with 30
iterations, for the model based on 2D-input Branin function with T' = (10, 10).
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FIGURE 4.5. Partial relative errors and their sum with respect to the number of iter-
ations when estimating excursion sets of the enhanced 2D-input Branin test function
with T' = (10,10000). The five enrichment strategies Vect, Alternating Scal, Pareto
Scal, Random and Sobol are performed from an initial DoE of size 5 and with 30
enrichment iterations. Top: Evolution of average errors over 40 LHS Maximin initial
DoEs randomly chosen. Bottom: Boxplots (whisker diagrams) showing the distribution
of errors at selected iterations across the 40 repetitions.

The choice of the threshold vector, T = (—1, —1.6), yields relative volumes around 9.5% (relatively
to the volume of the total design space) for each partial excursion set, while the volume of the global
excursion set represents 5.67% of the total design space. Clustering tests has been carried out on a
large data set and show that each of the partial excursion sets is structured in a single connected
component.
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4.2.1. Standard performance tests

In the context of the enrichment of 40 LHS Maximin initial DoEs of size 20, we compare over 200
enrichment iterations the different DoE enrichment strategies by studying the partial relative errors
and their sum (Equations (4.1) and (4.3)). Figure 4.6 shows, in logarithmic scale, the evolution of
averaged errors over the 40 DoEs as a function of the number of iterations (top), along with boxplots
at selected iterations (bottom). The results show good performances for the three proposed strategies,
with errors decreasing significantly, and significantly outperforming the two baseline methods (Random
and Sobol).

Alternating Scal performs well in estimating the partial excursion set associated with the second
component. However, this increased performance on the second component seems to be detrimental
to the estimation of the partial excursion set associated with the first one. Vect manages better the
trade-off between simultaneous learning of both components, by concentrating efforts where they are
most needed, i.e., on the first component. Pareto Scal performs slightly worse than the other two
criteria in estimating partial excursion sets, but is nonetheless relatively efficient.

4.2.2. Data profiles as a function of total computing time

These results must be set against the higher computation times of Vect strategy compared with
Alternating Scal and Pareto Scal strategies (Figure 4.7). With increasing dimension (4D versus 2D),
the computation time gap between the baselines and Alternating Scal narrows, as surrogate model
update time becomes relatively more significant for the baselines. In the following, we plot data
profiles in terms of total computation time (enrichment and g evaluations) in a similar way to what
was done in Section 4.1 (see Equations (4.4) and (4.5)). The threshold is fixed to C = 10% and the
different evaluation times of g are 3 hours, 10 minutes and 1 minute. The results obtained (Figure 4.8)
show that for large evaluation times (3 hours), the curves are analogous to standard data profiles
(Figure 4.7). However, when the evaluation time of g is shorter, Alternating Scal strategy becomes
more attractive than the other two proposed strategies, due to its low computation time for sequential
DoE enrichment. The long computation time required to update the vector surrogate model of order
of a few minutes, is no longer negligible when the evaluation time of g is small (1 minute). Finally,
Pareto Scal and Vect strategies show comparable performances when the evaluation time of g is small
(1 minute), with a slight advantage for Vect strategy. Regarding the baseline methods, their overall
performance in this 4D case is less competitive compared to the 2D Branin case, as their computational
time advantage over the proposed strategies diminishes with increasing dimension while their accuracy
remains significantly lower.

5. Application to pre-calibration of a wind turbine numerical simulator

5.1. Introduction

The application that motivates our work is the pre-calibration of a wind turbine numerical simulator.
The numerical simulator outputs the vibration frequencies and deformation modes of a wind turbine
at standstill and in response to wind loads. Beyond calibration, the benefits of studying vibratory
signatures (frequencies and modes) of a wind turbine is to identify structural faults: mass or stiffness
defects, premature wear, component misalignment, etc. (see [12]).

In this context, the pre-calibration goal is to determine the set of values for input parameters, such
that the associated vibration frequencies and deformation modes calculated by the simulator match,
within specified tolerance thresholds, the reference frequencies and modes obtained from experimental
data.
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FIGURE 4.6. Partial relative errors and their sum with respect to the number of it-
erations when estimating excursion sets of 4D-input Hartmann function with T =
(—=1.6,—1). The five enrichment strategies Vect, Alternating Scal, Pareto Scal, Ran-
dom and Sobol are performed from an initial DoE of size 20 and with 200 enrichment
iterations. Top: Evolution of average errors over 40 LHS Maximin initial DoEs ran-
domly chosen. Bottom: Boxplots (whisker diagrams) showing the distribution of errors
at selected iterations across the 40 repetitions.

The wind turbine under study is the DTU 10-MW Reference Wind Turbine [5]. The numerical
simulator [1] is considered as a vector-valued black-box model, taking as input system parameters ©
corresponding to the stiffness coefficients of certain materials, and returning as output the vibration
frequencies \;(0) and deformation modes Mod;(©) of the mechanical structure (Figure 5.1), for i
ranging from 1 to 26. Simulator data are isotopic, which means that the different simulator output
components are evaluated simultaneously for a given evaluation point.
Reference frequencies and modes, denoted by \* and Mod, are obtained using the Operational
Modal Analysis (OMA) method (see for example [11]). From observed data, this method provides
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FIGURE 4.7. Enrichment calculation time (assuming that the evaluation time of g
is negligible) for the different criteria, in the case of enrichment of 40 LHS Maximin
initial DoEs of size 20 with 200 iterations, for the model based on 4D-input Hartmann
function with T' = (—1.6, —1).

the vibratory characteristics of mechanical structures, such as wind turbines, without the need for
controlled excitation. Unlike classical modal analysis [28], OMA is based on random excitation modeled
as a stochastic process, such as wind, and uses only measured responses to determine the vibration
frequencies and modes of the structure. OMA is often combined with algorithms such as the SSI-
Cov method, which exploits correlation matrices to estimate state matrices and extract vibration
frequencies and modes (see for example [54, 59]). The OMA method used to calibrate numerical
simulators by reducing the discrepancy between measured and simulated data is described in more
details in [12].

5.2. Pre-calibration as a multiple excursion set estimation problem

We begin by recalling that we use a black-box simulator, which takes as input the © stiffness parameters
of the wind turbine blades (flap and edge) and returns as output the vibration frequencies \;(0) and
the associated deformation modes Mod;(0), for ¢ ranging from 1 to 26. As these frequencies and modes
are conjugated in pairs, we limit our study to odd values of ¢ ranging from 1 to 13. According to the
information provided by the mechanical experts, the design space, corresponding to the set of simulator
input parameters, is defined as X := [0.8, 1.2] X [0.6, 1.4]. The reference frequencies A} and modes Mod}
should normally be obtained by OMA analysis (see Section 5.1) in an industrial context. Since we
did not have access to these data, as proof of concept we simulated here these reference frequencies
and modes with ©* := (07,03) = (1,1). Adding noise to these values is crucial to obtain a realistic
estimation problem, as measurements are always affected by noise. We use Gaussian multiplicative
noise, multiplying the real and imaginary parts of the frequencies obtained by 1 + ¢;, where ¢; is a
realization of a centered Gaussian distribution with a standard deviation of 0.025. This guarantees
a relative error of less than 5% in 95% of cases. The same strategy noise model is applied to the
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FiGURE 4.8. Data profiles as a function of total computing time of partial relative
errors for evaluation times of g of 3h, 10min and 1min, with C' = 10%, for the different
criteria, in the case of enrichment of 40 LHS Maximin initial DoEs of size 20 with 200
iterations, for the enhanced 4D-input Hartmann test function with T' = (—1.6, —1).
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(A1(0), Mod,(©))

Black-box (2:(©®), Mod;(©))

model _
(Ap(8), Mod,p(9))

FIGURE 5.1. Schematic diagram of the black-box wind model.

simulated reference modes with a standard deviation of 0.05, ensuring a relative error of less than 10%
in 95% of cases.
Following expert opinion, proximity of modes is evaluated by:

| < Mod}, Mod;(© )>P)
| Mod [|?| Mod;(©)][1> /

with ¢ € {1,...13} and (-,-) the canonical Hermitian scalar product. This measure evaluates the
degree of proximity between two vectors, indicating their level of collinearity (evaluated as 0 in the
case of perfect collinearity and 1 in the case of orthogonality). This dissimilarity measure is combined
with tolerance thresholds (7]M°d, ... THed).
For vibration frequencies, we measure the proximity by:
—

Meas? (0) := p\l(ﬁ)))\*lz

Meas} (@) := <1 (5.1)

(5.2)

This dissimilarity measure is also combined with tolerance thresholds (7%, ..., T%y).
For this application, the excursion sets of interest, denoted as I'},q,; and I'} ;, are defined for
1< <13 as:

TYjod1 = {G) € X, gMod(0) := logit(Meas}!*4(0)) < T1M°d},

Tiod13 = {G) € X, gMod(0) := logit(Meas}y°(0)) < T%Od}, 653
Iy, = {G) € X, g7(©) := logit(Meas} (0)) < Tl’\},
s = {9 €X, g13(0) := logit(Meas{‘g(G)) < Tf\:s}v

where X := [0.8,1.2] x [0.6, 1.4] and logit denotes the function defined by logit(z) := In(x/(1—=)). This
function removes the constraint that Meas}°? and Meas? to belong to the interval (0,1), a constraint
incompatible with classic GPR.

In our study, we focus on the two principal modes:
Ttoa1 = {© € X, g1°4(0) = logit(Meas}'*!(0)) < T}, -
MMod 2 := {@ € X, g31°4(0) := logit(Meas}'*4(0)) < TQMOd},

which clearly identify ©7 and ©3. This limitation is necessary since the methods presented in Section 3
are restricted to the simultaneous estimation of only two partial excursion sets.
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The short computation times of the black-box g, around 5 seconds, allow us to represent its level sets
on a 30 x 30 grid (Figure 5.2). The dissimilarity measure for the first mode allows good identification
of ©7 but not ©3, whereas the dissimilarity measure for the second mode allows good identification of

or — o5,

14

11T - —&F 3 B - —
— 10% quantile ': = — 10% quantile

1.2

1.0

©;

69

0.8

0.6

0.8 0.9 1.0 1.1 1.2 0.8 0.9 1.0 a4 1.2
04 0,

(A) Measure on Mod, (B) Measure on Mods

FIGURE 5.2. Representation of the logarithm of dissimilarity measures Meas}1°4(©)
(left) and Meas)°d(0) (right), on a grid of size 30 by 30 for © on [0.8,1.2] x [0.6,1.4].

The vector of thresholds T has been chosen as a quantile of order 10% defined using the 30 x 30 grid
(see Figure 5.2), i.e., T = (—7.148, —7.296). Solving the pre-calibration problem with this formulation
based on the two main modes is detailed in the following section.

5.3. Solving the pre-calibration problem

Enrichment is conducted over 30 iterations starting from an initial LHS Maximin DoE of size 5, em-
ploying the three methodologies (‘Alternating Scal’, ‘Pareto Scal’, and ‘Vect’) introduced in Section 3,
as well as the two baseline methods (‘Random’ and ‘Sobol’). Implementation choices for surrogate
models and enrichment criteria are similar to those presented in Section 3.3. The search bounds of
the GP hyperparameters have been adjusted to the X design space by scaling the bounds selected in
Section 4 according to the ranges of each component of X: 6; € [0.04,250], 62 € [0.08,400]. Partial
relative errors Err; and their sum Errg,, (Equations (4.1) and (4.3) from Section 4) are estimated
from a 30 x 30 grid by comparing with the true evaluations of the black-box function g (Figure 5.2).

For an initial DoE, sequential designs and partial excursion set estimates after 30 iterations are
shown in Figure 5.3 for the different enrichment strategies. In this example, all three proposed enrich-
ment strategies show notable performance, with estimation of partial excursion sets after 30 iterations
all being visually very satisfactory. These results are significantly better than the baseline methods.
Tests with other initial experimental designs produced similar results.

Partial relative errors and their sum are shown in Figure 5.4 for 10 different initial DoEs. Overall,
the three proposed strategies significantly outperform the two baseline methods, while among the
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FI1GURE 5.3. Representation of the enrichment for an initial LHS Maximin DoE of size
5 after 30 iterations for the different enrichment criteria, for the pre-calibration using
only the two main modes with T' = (—7.148, —7.296). Boundaries of partial excursion
sets are overlaid, calculated from a 30 x 30 grid.

proposed strategies, the results are comparable, with slightly better performances for Alternating Scal
for partial error Erry and for Pareto Scal for Err;. The plateaus observed in Figures 5.4A and 5.4B for
relative errors below 0.1 underline the limits of using a grid size 30 x 30 to estimate these errors.

It is also interesting to compare the strategies in terms of hyperparameter estimation (Figure 5.5).
We refer to Equations (3.9), (3.10) and (3.12) for hyperparameter description of MOGP. For SOGP

(scalar strategies), 99 ) and 95] corresponds to the length scales for the j™ output component. These
plots highlight significant differences in range between the two output components for SOGP models
using scalar strategies, consistent with variations of the black-box function observed in Figure 5.2. The
hyperparameter evolution for the two baseline methods (not shown here) yields very similar figures to
those obtained for Alternating Scal and Pareto Scal strategies, as they all use the same SOGP models.
This heterogeneity between output components cannot be captured by MOGP model (Vect strategy)
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FIGURE 5.4. Line plots and means of partial relative errors and of their sum with the
number of iterations when estimating excursion sets of the pre-calibration using only
the two main modes with T' = (—7.148, —7.296). The five enrichment strategies Vect,
Alternating Scal, Pareto Scal, Random and Sobol are performed from an initial DoE
of size 5 and with 30 enrichment iterations. Means are evaluated over 10 LHS Maximin
initial DoEs randomly chosen.

as the separable covariance model imposes a common range for both output components. This specific
constraint of MOGP explains that the performance of Vect strategy is slightly behind, underlining
the limitation. It is also relevant to note that the 0o, parameter of MOGP (Figure 5.5F) is close to
7 /2, indicating a low correlation between the variables.

In summary, the performance of the three proposed strategies evaluated on this industrial applica-
tion provides very satisfactory estimates of the excursion sets after 30 iterations, significantly outper-
forming the two baseline methods. The coarse grid of black-box function evaluations is not sufficiently
precise to differentiate significantly the evolution of errors among the three proposed strategies. Over-
all, Vect method proves to be as effective as the two scalar strategies, although the latter benefit from
a differentiated estimation of hyperparameters for each output component. These results open up
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modes with T' = (—7.148, —7.296).

promising prospects for Vect, notably with more advanced models of MOGPs, non-separable, capable
of incorporating component-specific ranges.

Conclusion

We have developed three strategies for simultaneously estimating the partial excursion sets of vector
output models, applied to isotopic data. Two approaches are based on scalar models with dedicated
enrichment criteria (Alternating Scal and Pareto Scal), while the third uses a MOGP model exploiting
correlation between outputs in the enrichment criterion. These three proposed strategies are compared
against two baseline methods (random sampling and Sobol’ sequence-based sampling) to assess their
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performance. Tested on two and four dimensional functions with two output components, the three
proposed strategies significantly reduce partial relative errors, consistently outperforming the baseline
methods. In 2D, the baseline methods remain competitive when performance is evaluated via data
profiles, benefiting from their low computational cost. However, this competitiveness vanishes in higher
dimensions as the cost gap with the three proposed strategies decreases while the accuracy gap remains
substantial. Analysis of the results shows that Vect strategy offers a good compromise, particularly in
4D, although it is more computationally expensive. For computationally cheap simulators, Alternating
Scal strategy is more efficient, but can fail in specific cases, unlike the more robust Vect and Pareto
Scal strategies (for instance, if a threshold T} is far outside the range of the i*" output over X, then
I'' = {x € X : gi(x) < T;} is almost empty or almost equal to X, making this component trivial
while another remains difficult to estimate). Interestingly, in such failure cases, Alternating Scal can
even underperform the baseline methods. One way of overcoming the difficulty associated with the
Alternating strategy would be to adopt an alternating criterion that would automatically detect the
correct EFF; to optimize.

The sequential enrichment strategies for the DoE presented in Section 3 have been applied to
the pre-calibration of a wind turbine simulator. This simulator predicts vibration frequencies and
deformation modes under the effect of wind, from input parameters such as stiffness coefficients. The
aim is to identify input parameters that match the experimental data obtained by Operational Modal
Analysis (OMA). Simulator evaluations have been limited by the absence of real OMA and therefore
perform on synthetic data we generated. The integration of experimental data remains an essential
challenge for concrete implementation. The sequential enrichment strategies developed were applied
to the simultaneous estimation of partial excursion sets associated with the two main deformation
modes of a pre-calibration problem.

The obtained results confirm the effectiveness of the three proposed strategies compared to the
baseline methods, despite certain limitation of the MOGP model used for Vect strategy, notably due
to a simplified correlation model between outputs. To improve accuracy, more complex and adaptive
correlation structures should be explored to better model interactions between output components.
Although our tests are limited to two output components, these strategies remain theoretically gen-
eralizable to a higher number of components. However, their extension will require algorithmic devel-
opments, focused on computational time optimization, to ensure their applicability to larger numbers
of simulator outputs. Regarding scalability, the methods are applicable to higher-dimensional input
spaces, though surrogate model fitting and acquisition optimization become more expensive as dimen-
sion increases; dimension reduction techniques such as KPLS [10] could mitigate these challenges. For
the number of outputs, Alternating Scal extends naturally with linear cost, Pareto Scal faces multi-
objective optimization challenges, and Vect strategy requires generalizing Proposition 3.1 for orthant
probability computation in dimension p > 2 (TVPACK is suited to p < 3) and adapting the MOGP
coregionalization structure.

In practice, the choice between the three enrichment strategies depends primarily on the simulator
evaluation time and the characteristics of the outputs. For cheap simulators (seconds to minutes),
prefer Alternating Scal strategy due to its low enrichment overhead, though it can fail when partial
excursion sets have unbalanced estimation difficulty, i.e., when one partial set is easy to recover while
another still requires boundary-focused exploration. For expensive simulators (hours), prefer Vect
strategy as it exploits inter-output correlations to reduce the number of costly evaluations, despite
higher enrichment computation time. When a balanced, adaptive compromise is desired without strong
prior knowledge, Pareto Scal strategy is a robust compromise.

Validated in an industrial setting, these methods open up prospects for other sectors requiring high-
performance models with multiple outputs such as healthcare, automotive and aerospace, opening up
new application prospects.
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Appendix A. Proof of the integral formulation for Vector Bichon criterion

Proposition A.1. Noting F,, the cumulative distribution function of vx := mlnl(@%zg)') ’ E,, we

have
VEFF (x) = det(S,(x)) % /0 " F () dt. (A1)

Furthermore, when p = 2, for every x € X and everyt € R,

2
Fo(t) = > (60t + i) = ¢(—t + i) ) = P((U1, ) € [on —t, a1 +14] x [as — t,aa +1]),  (A2)

i=1
with o; == %’&(x), ¢ c.d.fof N(0,1), (Uy,Us) ~ N((g), (Fl, ’f)) and p the correlation coefficient

between &y, 1(x) and &, 2(x).

Lemma A.2. Let k >0 and Y be a non negative real random variable. Then we have
El(n- )" = [ A, (A.3)
0

where ()T denotes the positive part function and Fy the cumulative distribution function of Y.

Proof.
E[(k—Y)"] =E[(k — Y)Le_y>0]
= HE[lyg,{] - ]E[Y]-an]

PY1ly<, > t]dt (because Y1y<, > 0)

J
=k Fy(k) — /OiC PY1ly<, > t]dt
J

= Fy(t) dt. |

Proof of Proposition A.1. The integral formulation of Equation (A.1) follows directly from
Lemma A.2 applied with Y = vy (see initial formulation of VEFF in Equation (3.5)).
To calculate F), , we note P, :=P(-|&,). Let t € R,

F, (t) =P, lmln(‘Tl_&(X)‘> < t]

O'nﬂ'(X)

:Pn<|T1—§1(X)\ §t>+Pn<!Tz—€2(X)| <t>

Un,l(x) On,2 (X) N

O]

_pn<{’T1_§1(X)| < t}m{w < t}) . (A.4)

On,1 (X) UH,Q(X)

)
The marginal distributions of &(x) := (£1(x), & (x)) T verify

&i(x) ~ N(M,, (%), 00.:(x)%), Vi € {1,2},

)
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so for ¢ fixed,

75 — &(x)] o [, G(x) T
Pn( Un,i(x) = t) a Pn( b= Un,i(x) =t

—P, (—t + T; ; ]\4(7;;1()() < gz(x)o-_](\ir)z,z(x) <t T; ; ]\4(,;:(X)>
= o(t + ;) — o(—t + o),
with o; 1= % and ¢ c.d.f. of N(0,1). Thus,
= Z( (t+ i) — $(—t +ar)). (A.5)
Next,
()
=Py ((€1(x), () € [Ty % t 0,1 (%)) x [T5 %+ top(x)])
—]P)n< §1( 277%1( ) ( )752( )0_;2( 71)2( )) e [Ozlzl:t] > [Odg:l:t])
((Ul, UQ) S [051 + t] X [052 + t]), (A7)
with (U, Us) ~ (( ) ( )) and p the correlation coefficient between &;(x) and &2(x).
By reinjecting (D and @) from Equations (A.5) and (A.7) into Equation (A.4), we obtain the expected
result. |

Appendix B. Estimation of H : (o, ag, p) — [y Fo, (t) dt

In this appendix, we present the way in which, for a fixed x, the quantity [j' Fy,(t)dt, required to
implement Vector Bichon criterion, is estimated (see Proposition 3.1, Equation (3.7)). For implemen-
tation, k is set to 1, but retained here for generality. According to Equation (3.8), the quantity F,
(and therefore its integral between 0 and k) depend only on «; and p. We present the interpolation
method used to estimate the function

R xR x [-1,1]
- (0, a2, p) — / Fo (t)dt
0

The first part focuses on estimating H for fixed (a1, ag, p) € R? x [0, 1] using Gauss-Legendre quad-
rature at interpolation points. The second part explores the symmetries of H to optimize computation
time. The third part deals with interpolation on [—50,50]? x [—1, 1], while interpolation outside this
domain is addressed in the final part.

Estimation of H for (a1, as,p) fixed using Gaussian quadrature method

According to Proposition 3.1,
H 051,042, / va (B.l)
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and for every x € X and every t € R,

2

Fo(t) = 30 (6(t + 05) = d(—t + 1)) = P((U1,U2) € [on £ 1] x [ag £1]), (B.2)

i=1

with ¢ c.d.f of N(0,1) and (Uy,Us) ~ N((g), (ll) ’f)) The calculation of F,, (¢) in (B.2) involves
an orthant probability, in the particular case of the bivariate centered normal distribution (see for
example [4] for a recent review on orthant probabilities). This orthant is obtained using the pvtnorm
function in the muvtnorm package in R language. The calculation method used is ‘TVPACK’ from [31],
which is particularly suited to the 2 and 3 dimensions.

For (ou, a2, p) fixed, the estimation of H (a1, a9, p) := [y Fo,(t)dt is done using a Gauss-Legendre
quadrature method (see [2]) between 0 and s with the package gaussquad and nquaq = 10 quadrature
points. With ten quadrature points, the relative error is 107'¢ and increasing the number of points
does not improve accuracy due to limitations in estimating F), . The results of estimating H as a
function of a7 and as and for different values of p are shown in Figure B.1 (with x = 1). The function
exhibits a certain regularity as a function of a1, as and p. Also, when p is close to 0 the maximum of
the function H seems to be located around (aq,as) = (0,0), whereas when [p| > 0.5 it appears that
there are two maxima, symmetrically positioned relatively to point (0,0). This is consistent since, for
example, if p ~ 1 the random variables are highly correlated and so a a; and a ag small in |.| but of
opposite signs provide more information than a1 = as = 0.

Study of the symmetries of the H function

The H function has several symmetries, which is beneficial in terms of reducing the computation time
for the interpolation presented next. Let m € R? and ¥ € R?*2_ let N'(m,X) be the bivariate normal
distribution with mean m and covariance matrix . By definition of H,

H(au, an,0) = /Onp(mm(|xl|, X)) < ) dt, (B.3)

with (X1, X3) ~ N((g;),(},f)) With these notations, (X7, —X3) ~ N((fgg)7(_1p Ep>) and

(=X1,—X2) ~ N((:g;), (ll) T)), which allows us to demonstrate the two following symmetries on
the function H:

Vpe [-1,1,V (a1, a2) € R? H(ay, as, p) = H(on, —a2, —p); (B.4)
and
Vpe [_17 1]7v (a17a2) S RQvH(a17a27p) - H(—Oél,—ag,p). (B5>

Equation (B.4) represents, for a fixed aq, a central symmetry with respect to point (ag,p) = (0,0),
which restricts our study to p € [0,1]. Furthermore, Equation (B.5), for a fixed p, exhibits central
symmetry with respect to the point (aq,as) := (0,0), thus restricting our study to a; € R™.

In summary, the symmetries of Equations (B.4) and (B.5) make it possible to restrict the interpo-
lation of H function to the set R* x R x [0,1]. In numerical terms, it makes sense to leave a margin
equivalent to the interpolation step size at the boundaries (ay = 0 and p = 0) to ensure consistent
regularity of the interpolation function. We also note the presence of two axial symmetries with respect
to the lines g = a1 and ag = —a (see Figure B.1). However, these symmetries are not taken into
account to reduce the computation time required for interpolation, as their implementation would be
too complex.
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Interpolation of H on [-50,50]? x [—1,1]

Recall that our objective is to estimate the function H : (o, 9,p) — [o Fu(t)dt over its entire
domain, in order to reduce the computation time needed to evaluate Vector Bichon criterion. With
this in mind, and given the observed regularity of H (see Figure B.1), we opt for an interpolation
method, using the ipol routine from the chebpol package [30], while exploiting the symmetries of H
previously highlighted.

The interpolation methods compared are: multilinear interpolation (see, for example, [61]), the
Floater-Hormann method [24] which relies on the construction of pole-free barycentric rational inter-
polants, and the Stalker method, a spline-based method proposed in the chebpol package that preserves
monotonicity and extrema. The Stalker method preserves any existing monotonicity or, failing that,
limits overshoot, i.e., the difference between the extrema values of the interpolation points and the
extrema values of the interpolation function (see [30]).

The type of grid used for interpolation plays a crucial role in the quality of the interpolation process.
The distribution of grid points along the p component is chosen on a regular basis. For the oy and ag
components, we compare a regular grid with an irregular grid obtained by a cubic transformation on
each component (see the example in Figure B.2 for (a1, as) € [—1,1]?). The use of an irregular grid
based on a cubic transformation aims to concentrate more points in the region of interest of the H
function. This region of interest corresponds to high values of H, i.e., values of (a1, a3) not too far to
the axes a1 = 0 and ap = 0 (see Figure B.1).
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FiGURE B.2. Comparison between a regular grid and an irregular grid resulting from
a cubic transformation on [—1,1]?, with 15 points per dimension.

The various interpolation methods are evaluated on [—50,50]% x [—1,1], using the two proposed
grids (regular and cubic irregular), with 200 interpolation points per dimension. The results in term
of interpolation errors are computed over two different sets of points: 10° random points selected in
the area of interest [—5,5]? x [—1,1] (cf. Table B.1) and 10° random points selected in the global
interpolation area ([—50,50]? x [—1,1] (cf. Table B.2). These results indicate that the Stalker (cubic)
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and Floater—Hormann (regular) methods perform best. However, the Floater-Hormann method turns
out to be excessively expensive when evaluating the interpolation function at a specific point, as shown
in Table B.3. Consequently, the interpolation method chosen for the H function is the Stalker (cubic)

Method Brror Mean | Median q0.05 qo.95 | Maximum
Multilinear R 2.75¢73 | 2.20e73 | 7.66e7° | 7.34e73 | 4.15e~2
Floater—-Hormann R | 3.65¢7° | 5.27¢78 | 9.00e~10 | 9.88¢ 5 | 2.22¢2
Stalker R 8.60e™% | 3.54e* | 1.44e | 4.30e3 | 2.90e~2
Multilinear C 2.17e % | 1.40e* | 8.61e 6 | 6.25¢ % | 3.81e~3
Floater-Hormann C | 7.82e'® | 2.94e? | 1.03e'0 | 4.34e' | 2.00e'”
Stalker C 1.03e° | 7.47¢75 | 4.95¢77 | 2.70e7° | 5.93¢73

TABLE B.1. Absolute errors of different interpolation methods chosen with 200 inter-
polation points per dimension and for 10° points chosen randomly on [—5, 5]% x [—1, 1].
R refers to a regular grid and C to a cubic grid.

Method Error Mean | Median q0.05 Q0.95 Maximum
Multilinear R 3.34e~4 0 0 2.74e73 | 2.68¢2
Floater-Hormann R | 1.30e% | 3.00e~1° 0 1.35¢=5 | 7.80e~3
Stalker R 1.63¢ 4 0 0 5.02¢7% | 1.89¢72
Multilinear C 2.62¢° 0 0 1.98¢74 | 1.35¢73
Floater-Hormann C | 1.33¢%! | 1.53¢'® | 5.37¢™ | 3.57¢20 | 9.83¢%
Stalker C 1.36e~6 0 0 1.08¢7® | 1.24e 4

Interpolation of H outside [—50,50] x [—1,1]
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TABLE B.2. Absolute errors of different interpolation methods chosen with 200 inter-
polation points per dimension and for 10° points chosen randomly on [—50, 50]2 x[—1, 1].
R refers to a regular grid and C to a cubic grid.

By default, the chebpol package extends the interpolation function beyond the domain boundary
using multilinear interpolation. Tests on points outside or on the boundary show very low errors,
particularly when the values of the H function are high. Given these results, we retain the default
multilinear interpolation method for extrapolation.
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Method
Crid RO Multilinear | Floater Hormann Stalker || True evaluation
Il
regular 2.29¢72%s 3min 12s 8.95¢ % 3min 29s
cubic 6.95¢3s 2min 55s 1.86e~2s 3min 29s

TABLE B.3. Comparison of interpolation function evaluation computation times for
10* randomly selected points, between the different interpolation methods selected.

Appendix C. Convergence checks for the NSGA-II Pareto front

This appendix provides convergence indicators for the NSGA-II computation of the Pareto front
associated with the multi-objective problem in Equation (3.5). These indicators follow standard COCO
benchmarking practice for multiobjective algorithms [36, 58]. For a fixed initial DoE and fixed random
seeds, we compare the fronts obtained with the article parameters (150 generations, population size
100) to those obtained with generations and popsize both multiplied by 2, at different moments of
the enrichment (iteration = 0, 100, 200). The fronts are relatively close (slightly more dispersion at
100 and 200), which is sufficient for selecting a robust compromise point in our setting.
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1 1
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(A) iteration =0 (B) iteration = 100 (C) iteration = 200

Ficure C.1. Pareto fronts computed with NSGA-II for a fixed initial DoE and fixed
seeds, using three different values of iteration. Article parameters: 150 generations,
population size 100.

In addition, we summarize hypervolume statistics over 10 seeds for each configuration. The hyper-
volume indicator measures the volume of objective space dominated by the estimated Pareto front
with respect to a fixed reference point [25]. The same hypervolume reference point is used across
all cases. These statistics show limited variability across seeds, consistent with the qualitative front
comparisons.
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Hv Mean SD Min Max

Case
iteration = 0, Default | 7.958¢2 | 1.326e° | 7.956e 2 | 7.960e 2
iteration = 0, Double | 7.978¢72 | 6.733e¢76 | 7.977e72 | 7.980e 2
iteration = 100, Default | 4.863¢~3 | 4.065e~* | 4.022¢ 3 | 5.200e3
iteration = 100, Double | 4.583¢ 73 | 6.411e~% | 3.948¢~3 | 5.425¢~3
iteration = 200 Default | 1.046e=% | 1.717e¢ 5 | 7.696¢=° | 1.275¢ %

iteration = 200 Double | 1.140e=% | 1.842¢7° | 8.914¢~° | 1.421e*

TABLE C.1. Hypervolume summary over 10 seeds for each configuration. The com-
parison includes the article parameters (Default) versus generations and popsize
multiplied by 2 (Double). Mean, standard deviation (SD), minimum, and maximum
are reported.
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