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Abstract. We study the construction and convergence of decoupling multistep schemes of higher order using the
backward differentiation formulae for an elliptic-parabolic problem, which includes multiple-network poroelasticity
as a special case. These schemes were first introduced in [Altmann, Maier, Unger, BIT Numer. Math., 64:20, 2024],
where a convergence proof for the second-order case is presented. Here, we present a slightly modified version of
these schemes using a different construction of related time delay systems. We present a novel convergence proof
relying on concepts from G-stability applicable for any order and providing a sharper characterization of the required
weak coupling condition. The key tool for the convergence analysis is the construction of a weighted norm enabling
a telescoping argument for the sum of the errors.
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1. Introduction

This paper explores semi-explicit time integration schemes of higher order for the equations of poroe-
lasticity [11] or, more generally, for linear elliptic—parabolic problems. Among important applications
of this problem are biomechanics, where the human brain and heart are modeled as poroelastic medium
with multiple fluid networks [17, 31], and geomechanics, where poroelasticity serves as a model prob-
lem [33].

The well-posedness of the considered elliptic—parabolic problem is studied in [26]. To reduce the
computational effort resulting from the coupling, several decoupling strategies exist [12, 21, 22, 23, 27],
most of which are based on a fixed-point iteration. However, higher-order methods in the iterative
framework need many inner iteration steps and hence call for a stronger contraction [8].

Alternatively, a semi-explicit method of first order, as proposed and analyzed in [5], decouples the
system whenever a weak coupling condition is satisfied. The design of the semi-explicit method is based
on constructing a related partial differential equation with a time delay, approximating the solution
of the original system up to a desired order. An extension to second order is considered in [6] and to
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nonlinear problems in [4]. Unlike the step size restriction in explicit methods, semi-explicit methods
require a weak coupling condition, which restricts the problem class given by the material parameters.
To lift this restriction, schemes with a fixed number of relaxation steps are introduced in [2, 3].

In this article, we provide closed-form expressions for the construction of the delay systems and
develop the necessary tools to show the convergence of the semi-explicit schemes using the backward
differentiation formulae (BDF). In the standard analysis of BDF-k methods, one can construct a
weighted norm with a symmetric positive definite k x k matrix G. The weighting allows for setting up
a telescoping sum of the errors and, hence, is the key tool for the convergence analysis. Moreover, it
exploits the equivalence between A-stability and G—stability [15]; see also [20, Ch. V. 6]. For methods
that are not A-stable, one constructs additional multipliers [25]; see also [20, Ch. V. 8|. In practice,
explicitly constructing the G matrix is often tricky. Hence, the classical way is to prove that the
method is A-stable (potentially with appropriate multipliers) and then infer the existence of G. In
this paper, we proceed differently and explicitly construct the weighted norm. Our main results are:

(1) We present a novel way to construct the related delay equation of a given order, which, in
contrast to the approach presented in [6], is explicit and requires fewer delays.

e use the norm define roug assuming that it exists) to present a novel convergence
2) Wi th defined th h G ing that it exists) t t 1
proof that works for any BDF order and provides a sharper characterization of the weak
coupling condition compared to [6].

(3) We explicitly construct the weighting matrix G for convergence up to order three.

The remainder of this paper is organized as follows. After this introduction, the abstract model
problem is introduced in Section 2 with particular examples from poroelasticity. The design of semi-
explicit methods via delay systems and their well-posedness is discussed in Section 3. The main result
of this article is Theorem 4.9, which combines the convergence analysis of the decoupling multistep
methods based on BDF schemes from Theorem 4.3 with the verification of Assumption 1, which is
the basis for the telescoping argument used in the proof. Finally, we verify the theoretical results
numerically in Section 5.

Notation

Throughout the paper, we write a < b to indicate that there exists a generic constant C' > 0, inde-
pendent of spatial and temporal discretization parameters, such that a < Cb. Moreover, we denote
the Bochner spaces on the time interval [0, T'] for a Banach space X’ by LP(0,T; X) and W*P(0, T; &),
where p > 1, k € N. The L? norm is denoted by || - ||.

2. Abstract Formulation and Examples

Consider the Hilbert spaces

Vi=[H{Q)]",  Q:=Hj(Q), H,=[L*Q))",  Ho=L*),
resulting in the Gelfand triples V — H, ~ H; — V* and Q — H, ~ H} — QF, cf. [32, §23.4].
The system of interest is the following abstract coupled elliptic—parabolic problem: given sufficiently

smooth source terms f: [0,7] — V* and g: [0,T] — QF, seek abstract functions u: [0,7] — V and
p: [0, 7] — Q such that for almost every ¢ € (0,7 it holds that

a(u,v) —d(v,p) = (f,v), (2.1a)
d(t, q) + c(p, q) + b(p,q) = (9. 9) (2.1b)
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for all test functions v € V, ¢ € Q. As initial data, we assume
u(0) =u® €V, p(0) =p° € H, (2.1¢)

to be consistent, i.e., we assume a(u’,v) — d(v,p°) = (£(0),v) for all v € V. The bilinear forms a: ¥ x
Y ->R, b: Qx Q= R, and ¢: Ho X Ho — R are assumed to be symmetric, continuous, and elliptic
in their respective spaces. The corresponding ellipticity and continuity constants of a € {a,b,c} are
denoted by ¢q,Cyqy > 0, respectively. For notational convenience we introduce the b-norm |||, :=
b(-,-)Y? and the c-norm || - || := ¢( -, - )/? satisfying
G- <I < SR and &l 12 < - < 2112,

respectively. Furthermore, d: V X Hy — R is bounded, i.e., we assume that there exists a positive
constant Cy > 0 such that d(u,p) < Cqllu|lv||p|l2, for all uw € V, p € H,o. Without the coupling term
represented by the bilinear form d, equation (2.1a) is elliptic in u and equation (2.1b) is parabolic in
p. This explains why system (2.1) is called an elliptic-parabolic problem. At this point, we would like
to emphasize that ¢(p, ¢) — and similarly d(i, q) — should be understood as %c(p, q), see also [24].

Example 2.1 (linear poroelasticity). Let Q@ C R™, m € {2,3}, be a bounded Lipschitz domain
and [0,7] a time interval with 7" > 0. We consider the quasi-static Biot poroelasticity model with
homogeneous Dirichlet boundary conditions as introduced in [11], where one seeks the deforma-
tion u: [0,7] x © — R™ and the pressure p: [0,7] x © — R satisfying

—V-ow)+aVp=F in(0,7] x Q, (2.2a)
O(aV-u+ p) —V-(kVp)=g  in (0,T] x Q. (2.2b)
Here, o denotes the stress tensor
o(u) = p (Vu+ (Vu)") + A (V - u)id
with Lamé coefficients A\ and p. The permeability is denoted with x. Moreover, « derlotes the Biot—
Willis fluid—solid coupling coefficient and M the Biot modulus. The right-hand sides f and g are the

volumetric load and the fluid source terms, respectively, modeling an injection or production process.
We refer to [5] for the definition of the corresponding bilinear forms resulting in (2.1).

Example 2.2 (multiple network poroelasticity). A generalization of the Biot poroelasticity model is
given by the multiple network poroelasticity theory, where we seek the deformation u: [0,7]xQ — R™
and pressure variables p;: [0,7] x Q@ — R for i = 1,...,J where J € N denotes the number of fluid
networks, satisfying the coupled system

J
—V .- o(u)+ Zaini = f in (0,7] x €,
i=1

J
Oy (aN - U+ MLL]%) -V (Iiini) + Z &j(pi — pj) = §Z in (0, T] x €.
J#i
Given some additional assumptions on the exchange rates between the fluid networks f3;;, this model
has a similar structure as (2.1). In practice, the exchange rates are usually symmetric and sufficiently
small such that the ellipticity property of the bilinear form b is satisfied [7].

To describe the stability of the decoupling schemes introduced in this article, we define

w = G (2.3)

CaCc’

as the coupling strength between the elliptic and the parabolic equation. This value plays a crucial
role for the convergence analysis and depends on the physical coefficients of the application. We refer
to [16, Tab. 4] for concrete values appearing in poroelasticity; see also [6, Tab. 3.1].
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The abstract formulation (2.1) can also be written in terms of operators in the respective dual spaces.
For this, let A: V — V*, B: @ = Q*, C: Ho — H}, and D: V — H be the operators associated with
the bilinear forms a, b, ¢, and d respectively. This then leads to the equivalent formulation

Au—-D'p=f in V¥, (2.4a)
Du+Cp+Bp=yg in Q. (2.4Db)
Since A is invertible, we can eliminate the variable u, leading to the parabolic equation

(M+C)p+Bp=r, (2.5)

where r := g — DA™ f and M := DA-D* is a self-adjoint and non-negative operator.

3. Related Delay Equations

The key idea for the construction as well as convergence analysis of a decoupling time integration
scheme in [5] is to introduce an approximation of the coupled elliptic-parabolic problem (2.4) by
adding a time delay 7 > 0 in (2.4a), where the time delay equals the time step size. In more detail,
one considers the delay system

Au —D*p(t;1) = f in V¥, (3.1a)

Du+Cp+Bp=yg in QF, (3.1b)

where p(t; 7) is an approximation of p using the time delay 7. In the first-order case studied in [5] we

have p(t;7) = A;p(t) with the shift operator A;p := p(- — 7). Let us emphasize that, in contrast to

the original system (2.4), such a delay system calls for a history function, i.e., a prescription of p for
—7 <t<0.

If an implicit time discretization scheme of order k with time step size 7 is used to discretize (3.1),

then the equations (3.1a) and (3.1b) are decoupled in the sense that one can first solve (3.1a) for u

and then (3.1b) for p. This was done and analyzed for the implicit Euler method in [5] and for BDF-2

with a different p in [6]. It goes without saying that a higher-order scheme is only reasonable if the
delay approximation (3.1) is of the same order.

3.1. Higher-order approximation via Taylor series expansion

For a higher-order approximation, a general time delayed approximation of p(¢) is sought. This means
that we consider a delay term p(¢; 7) with

p(t) = Bt; ) + O(7°).

One straightforward possibility is to consider a Taylor series expansion of p(t) around ¢ — 7. This,
however, leads to a delay differential equations (DDEs) of advanced type — see [10] for a precise
definition — as shown in the following example, which is motivated from [29, Ex. 2.1].

Example 3.1. Consider two terms in the Taylor series, i.e., p ~ A.p + 7A,p. Solving (3.1a) for u
and substituting this in (3.1b) results the inherent delay differential equation

Cp+Bp =1 — M(Arp+TAp).

If we consider the scalar case where we replace all operators by the constant one and set f =0, g = 0,
then we obtain y + y = A,y + 7A,y. The corresponding first-order formulation

=2 Z4+5=0Z+TAZ
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TABLE 3.1. Coefficients cs5¢, £ = 1,...,46, for different values of 4.
6 | cs1 52 sz Coa
1 1
2 2 -1
3 3 -3 1
4 4 -6 4 -1

equals a DDE of advanced type, since the second equation involves A,z but not z. To illustrate the
inherent difficulties of DDEs of advances type, we set 7 = 1 and consider

o(t) = y° + Lsin(nmt)

for t € [—1,0]as history function. The solution can be obtained using Bellman’s method of steps [9,
Ch. 3.4] and yields

y* + Lsin(nmt), —1<t<0,
3(t) = ye™t + mcos(nm)e™t — mcos(nw(t — 1)), 0<t<1,
yle™! + mcos(nm)e”! — me 1 — nasin(nw(t — 2)), 1<t<2,
yle™t + meos(nm)e — me~ L + n2x? cos(nmw)e T2 — n2w3 cos(nm(t — 3)), 2<t<3.

Although the history function is uniformly bounded for all n, the solution in each successive interval
grows with an increasing factor of n. In this sense, the delay system is ill-posed.

Solving DDEs of advanced type requires a distributional solution concept even in the finite-dimens-
ional setting [28, 30]. To overcome this difficulty, we instead aim for a higher-order approximation via
multiple delays.

3.2. Higher-order approximation via multiple delays

We choose p(t; 7) in (3.1) as the Lagrange interpolation polynomial of degree § —1 for the interpolation
points sy :=t — 7 given by

Blt;T) = Y Blse) Le(t), Lot)= ]I

=1 J=1,5#¢L

Substituting the particular form of the interpolation points, we obtain

6 0
t—Sj
14 S¢ — S5

e
L(t) = (-1 <£> =icse L=1,...,0.

We would like to emphasize that p(sg) = p(t — ¢7) is not a constant but depends on ¢ and 7, whereas
the polynomial basis loses its dependence on ¢ and are constants, which we call delay coeffients; see
the examples in Table 3.1. Moreover, we have 22:1 ¢s¢ = 1 and obtain

1

plt;7) == cselerp(t) (3.2)
=1

as the delay term. The proof that this is indeed an approximation of p(t) of order ¢ is given in
Lemma A.1.
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Example 3.2. Following Table 3.1, the delay approximations for § = 1,2, 3 are given by

-~

ﬁ( i T) = Arp, ﬁ( i T) = 2A:p — Aorp, p( : ;T) = 3A:p — 3A2:p + Az, p,
respectively.

Remark 3.3. The recipe in [6] to obtain the delay system is to replace the time derivatives of the
delayed terms in the Taylor series expansion with finite differences of appropriate order such that the
resulting approximation is still of order § but of neutral delay type. For § < 3, this approach resembles
the schemes we obtain here, but for an approximation of order 74 already five delays are required. In
contrast, we obtain a closed form expression for the delay term p(-;7) with ¢ delays.

Substituting the expression for p(-;7) from (3.2) in (3.1) yields the system

)
Au — D* (Z Cg,gAng> =f in V*, (3.3a)
=1
Di+Cp+Bp=g inQ* (3.3b)

with ¢ delays. For § = 1, we recover the already mentioned delay system of order one introduced
in [5], and for 6 € {2,3} the delayed systems from [6]. In (3.3), we seek solutions u: [0,7] — V and
p: [-071,T] — Q given sufficiently smooth right-hand sides, initial data, and a history function ® €
C>°([—d7,0],H,) for p that ensures the consistency of initial conditions of the original problem (2.4).
For this, a sufficient condition reads

O(—t1) = ®(0) = p° forall{=1,---,0, (3.4)

since this implies with (3.3a) that Au(0) — D*p° = Au(0) — (X9, cs0)D*p°® = f£(0) and hence,
w(0) = P,

Proposition 3.4 (Distance to delay solution). Assume sufficiently smooth right-hand sides f, g, con-
sistent initial data (2.1c), and a history function ® € C*°([—d7,0],Ho) which satisfies (3.4) such
that the solution (u,p) of the delay problem (3.3) satisfies p € WoTL(0,T;H,). Then the solutions
of (2.4) and (3.3) only differ by a term of order ¢, i.e., for almost every t € [0, T] it holds that

_ _ 5) _
() — ()} + 1) = p@) 1D S 7 H(1BIRys1.00 (0.1300) + 1@ [Frs 4100 sm0900) )

Proof. For details on the existence and stability of p, we refer to [5, Prop. A.4]. Now define e, := p—p
and e, := u—wu. Taking the difference of (2.4) and (3.1) as well as the difference of the time derivatives
of (2.4a) and (3.1a), Lemma A.1 yields

0
a(ew, v) = d(v, ep) = (5_11), > (=) @ /t ;Tos =) d(v. () A (3.5)

/=1

4 t
aléu, v) = d(v,é) = (5_11), 2 (- @ |, =0t 00) de. (3.5b)
and

d(éy,q) + c(ép,q) +b(ep,q) =0 (3.5¢)
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for all test functions v € V and ¢ € Q. The sum of (3.5¢c) and (3.5b) tested with v = é,,q = €,
results in

1L 5\ [t
) S2 . 1d 2 _ 1\ (e=1) _oN6=1 (s =(6+1)
leull + sl + 3 lenllt = =57 () @ |, =0 (e 5 00) ac
7° 26 AW 5+1
< (5 — 1)' = <€>£ CdHeUHVHﬁ( + )HLoo(t—ZT,t;'HQ)

& =

L2 T 2 (8 (o 20 (1 =(6+1) 12
S§H6UHV+2WCC[Z:1 / ¢ ¢ Hp HLOO(t—KT,t;HQ)'

Integrating over [0,¢] and using the ellipticity properties of the bilinear forms yields

t t
[ e+ [l ds + leslid < 7016 1w ey + 19 DM Csmpe))- (36)

Similarly the sum of (3.5a) and (3.5¢) with the choice of test functions v = é,,q = e, results in

Ly 2 Ly 2 2 - 0 2 25 0 526—(6)2

iﬂneu”a + EEHGPHC + ||6P||b < 5”611”\/ + 5((5_ 1)|)QCdZ / / ¢ ”p ”L‘X’(tfér,t;%g)'
: =1

Integrating once more over [0, t] yields

t t
: 01 117(6 0 0
leally+ lepliee + [ Nepls S [ leulBas+ m 150w o i) + 19 F5r 0y (37

From (3.6) and (3.7) we arrive at the assertion. |

Similar to (2.5), we mention here the inherent delay parabolic equation

1
Cﬁ + M (Z C@gAgTﬁ) + Bp =, (3.8)

(=1

which is obtained from (3.3) by solving for @ in the first equation.

4. Summation Assumption and Convergence Analysis

As discussed before, to obtain higher-order schemes for (2.4) which decouple, we apply an implicit
discretization (of higher order) to the delay equation (3.3) with a constant time step size equal to
the delay. More precisely, we discuss the application of the well-known BDF schemes. For a sequence
(y")nez and a constant step size 7, we define the BDF-k operator

k

- 1 _

Zr(y") =~ D Chey” g (4.1)
£=0

where the coefficients ¢ are listed in Table 4.1 (cf. [19, Ch. II1.3]). Recall that BDF methods up
to order k = 6 are stable [19, Ch. II1.3]. The decoupling time discretization scheme for (2.4) is thus
obtained by replacing the time derivatives in (3.3) with the BDF-k operator, i.e., we consider the
scheme

Au" = DW(p") = [ in VY, (4.2a)
DEp(u") + CEx(p") + Bp" =¢"  in Q" (4.2b)
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TABLE 4.1. BDF-k coefficients &, ¢, £ =0, ..., k, for different values of k.

k| &o & G2 ks
1 1 -1
2 3 -9 1
17 3 1
3 5 3 2 73
with the discrete delay operator
é
Us(p") = csep™ " (4.3)
=1

Note that (4.2) defines a multistep scheme with max (k, J) steps.

Remark 4.1. Scheme (4.2) can also be interpreted as an («, 3, y)-BDF discretization of (2.4). In [1, 14]
the combination of BDF-k with an explicit multistep method of order k is considered, based on the
characteristic polynomials

k

Q)= C-1, BO=¢"  A)=¢" (-~

j=1

This means that the standard BDF-k method — represented by («, 3) — is applied to all but the extrap-
olated values. For the latter, which in our case corresponds to p in (2.4a), a multistep discretization
defined by « is used instead. Since the coefficients of v coincide with the delay coefficients given in
Table 3.1, this then yields (4.2). Unfortunately, known convergence results for (o, 3,7) schemes do not
apply for the here-considered elliptic—parabolic systems.

4.1. Equivalent formulation

To simplify the convergence analysis, we make the following observation. Solving (4.2a) for u", sub-
stituting the expression into (4.2b), and exploiting that the discrete delay operator and the BDF-k
operator commute, we obtain

CEx(p") + MUsEx(p") + Bp"™ =" (4.4)

with M = DA1D* as before and 7" := ¢g" — DA~ f*. We immediately notice that (4.4) equals the
BDF-k discretization with step size 7 of the operator delay equation (3.8). In particular, we conclude
that instead of showing that the solution of (4.2) converges to the solution of (2.4), we can equivalently
show that the solution of (4.4) converges to the solution of (3.8). Note, however, that the combination
of the delay and the BDF approximation yields a (§ + k)-step method for p. Afterwards, u can be
reconstructed.

Example 4.2. For the specific choice 6 = k we obtain the schemes
k=1: Cp" — (C— M)p" ' = Mp" > + 7Bp" = 71",
k=2:  3Cp" — (4C — 6M)p" L 4+ (C — 1IM)p" 2 + 6Mp" 3 — Mp™~* + 27 Bp" = 271",
=3:  11Cp" — (18C — 33M)p™ ! + (9C — 8TM)p" 2 + (—2C + 92M)p" 3
— 51Mp" ™t 4+ 15Mp"® — 2Mp" 0 + 67Bp" = 671"
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4.2. Summation assumption

For the ease of presentation, we introduce the following notation. Given a real Hilbert space X, s € N,
and a matrix G € S{, where S{ is the set of real-valued symmetric positive definite matrices of size
s X s, we define the welghted inner product

V|2 = (GY,Y)ps  forY e X"

Moreover, for a sequence (y"),ecz with y™ € X and numbers k,§ € N, we define

n

Y
Y" = : e xk+o, (4.6)
ynfkfzprl

For the convergence analysis, we need the following algebraic criterion that leads to G—stability.
Here, we follow the multiplier technique of Nevanlinna and Odeh [25] but formulate the criterion as
an assumption which needs to be verified afterwards.

Assumption 1 (Summation assumption). Let X' be a Hilbert space and w,T > 0. Then there exist a
parametern € [0,1) and for any p € [0,w] a matriz G € SE° and a vector v = [, . . ., Ypps] € RETOTL
such that for any sequence {y"}nez with y" € X for n € Z we have

k4o 2

> iy

where Y™ is defined as in (4.6) and Vg is the discrete delay operator defined in (4.3).

(P2Ry") + w5 (rZa (™))" =y t) = IV = Y+ (47)

)

X

Let us emphasize that Assumption 1 only formally depends on 7, since 7Z(-) is independent of
7, and that the matrix G as well as the vector v depend on p. In the forthcoming convergence proof,
we need to estimate the matrix G in terms of its smallest and largest eigenvalues and thus make the
following assumption.

Assumption 2. Let the notation be as in Assumption 1. Then

cg = inf ANG(p)) >0 and Cg:= sup AG(p)) < oo, (4.8)
H€0,w] HEO,w]

where A\(G) is the set of eigenvalues of the symmetric matriz G.

4.3. Convergence analysis

In the following, we use Assumptions 1 and 2 to prove the convergence of the BDF discretization
for the delay system (3.8). The verification of these assumptions is then subject of the upcoming
Section 4.4.

Theorem 4.3. Consider the solution p of the delay equation (3.8) for a sufficiently smooth right-hand
side r: [0,T] — Q*. Let p™ be its approximation at time step t" given by (4.4). If Assumptions 1 and 2
hold, then we get

™ = BE")1F, + 7llp" = BE") IS S 72 + Z Pt + 7 lI0" 1 =2t )IIE-
l=—6—-1

Proof. We define the error and the defect by

k
=g, A= (Z @,m(t”f)) — B(t").
/=0
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Due to the construction of the BDF operator, we immediately conclude that the defect satisfies the
n—1

estimate ||d"||#, < 7F. Considering the difference between (3.8) and (4.4) and testing with e —ne 1,
where 7 is the multiplier from Assumption 1, we obtain

<CTEk(e") + MUs(1E,(e")), e" — ne"71> + 7 (Be™, e — e 1)

=T <d" + MUs(d"),e" — ne"_1>. (4.9)
Since B is self-adjoint, we have
2(Be", e —ne" ) = [le™|§ — 0 le”HF + e —ne"HE = (e 1§ — 0P lle" 3 (4.10)
We now consider the spectral decomposition of the operator M with respect to the inner product
defined by the bilinear form c¢. This means that we seek functions ¢; € H, satisfying
M¢j = piCoj  and  (Coj, ¢i) = Jji-
Following the spectral result in [13, Thm. 6.11], this yields an orthonormal basis of H, with respect
to the c-norm. This conclusion relies on the fact that M is compact when interpreted as an operator
mapping from Q to its dual. The compactness then follows from the compact embedding V — H,.
For the eigenvalues, we obtain the estimate 0 < p; < w, since the operator C~'M is bounded by w.
Now define €' := (Ce™, ¢;) € R and EI" := [€, ..., e?_k_Hl]T € RF9 leading to the basis expansion
e" =32, el¢;. Using Assumption 1 and that all eigenvalues are bounded above by w, the first term

n (4.9) can be rewritten as
o0

(CrE(e") 4 MES(E(), e e ™) =3 (rEu(el) +mls(rE(e)) e —nd ™),
i=1

> 3 (1B gy — 1EP )
i=1

2= T2

Due to the orthonormality of the ¢; functions, we have ||e 2, (¢")2. In the same way, it holds

that

|E™|Z = <ZCE"¢>“ZE"¢3> =D (CE¢i, B} ¢j)yynrs = Z||E"||2

Hg+§ i=1j=1

where EI' € RF+% and E™ € HEO (see (4.6)). Using the weighted Young’s inequality for (4.9), we
obtain with (yet to be determined constants) d1, d2, d3, d4 > 0,

0
<d” + M (Z C(s,gdn_£> el — 176"_1>

/=1
é
— <dn’en> —n <dn’en71> + 265,4<<Mdnie,€n> - (Mdn7€7€n71>)
(=1
< (B + g ld™l1%) + 0 (e 1% + g5 14°1%)

4 1)
+ 3 lesel (Slle™ P + g 1M ) + 03 lesel (Glle™ |2 + o M)

~ =1
- 5. s
< (% + SRl + 1 ( + S e + (o + )P
J
-/
+ 2P (g + gk) 2 lesellla™™ P,
(=1
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where é5 == Y0_, |c5,¢|- Note that we have made use of |[M - | < ccwl - | in the last inequality. With
the choice
1
51 = —

C e 1
21 -n?), 5y =1 53 = =—(1 -1, 04 = Cs

2 2 2 &
we obtain together with (4.10) the estimate

oo
Z(HE?H?;(M) - HE?”II?;(M)> + g lle” 5 — grn*lle" I — groPllen
i=1

N3

§
_ —/
< (14 =i ( 4 + s 3 el !!2>

S(1+ w2) 72kt

Using Assumption 2, we observe that

oo o0 [e.e]
—1)2 ~ 1y n=1p2 _ 1 —1\2 1 1 —-1)2 1 —1)2
™" = o lle™ e = 2 | 1(6? I 1 ooy VB NG < @ZEIIE? [reTmE
1= 1= 1=
Overall, this yields the perturbed telescope sum
oo
S (1B Iy — Q4 TONET P ) + S (1712 e ) < (04?7244,
) (
i=1
where C' = n%--L—. To see that the Gronwall-type inequality from [8, Lem. 2.5] can be applied, define
2cceq
a =32 HEZLH%:(M) This then leads to
o0 o0
C k— k— k
YNEMZ gy +7le™F S e (Z 1B ey + 7 €I + 2 )
i=1 =1

Together with

o oo
Y B G = o Y_IEFN? = cal E™12 = calle |2
=1 i=1

and
o oo
k— k— k— k— —5—
SIEF M < Ca Y IEF? = CollEFY2 = Co (Il 12 + -+ e 1)2),
i=1 i=1
we obtain the desired estimate. [ |

Remark 4.4. Suppose that the assumptions from Proposition 3.4 and Assumptions 1 and 2 hold.
Let (u,p) be the solution of the original system (2.4) and (u",p"™) the numerical approximation at
time t" given by (4.2). Then the difference satisfies

k—1
™ = a5 + Ip" = ()3, S 72+ 7 + 3 9" = p(t) 3,
/=0

indicating that we obtain an optimal (balanced) error for the choice § = k.
4.4. Verification of the summation assumption

It remains to validate Assumptions 1 and 2. Since our main goal is the error analysis for the decoupling
integration scheme, we follow Remark 4.4 and consider k = 4.
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4.4.1. Casek=06=1
Rewriting (4.7) for k = = 1, we get

n—1 n

—y" T =y ) =y
_ <[911 912} { y" } { y" } _ <[911 912] [yn_l} [Z/n_l]>
g2 go2] [y y ! G2 g22) Y2y ?

+ loy™ + 1yt + a2

n n—1>

(y

which on rearranging gives
(g1 +78 = D" y") + (o =0 — g1 + g2 + 7)Yy )
+(=g22 +72) W2 0" )+ (04 2012 + 290m — i+ DY)
+ (29072 + ) (Y™ y" 72+ (s = 2012 + 21 ) (YY" E) = 0.
Equating the coefficients of each distinct inner product to zero, we obtain the system of equations
g+ =1 —gu+gm+y=nl-np), 201 + 27071 = —1+p—n,  (411a)
—g22 +75 =0, 27072 = — —2g12 + 27172 = . (4.11Db)
Solving for the variables g11, g22, g12 in terms of v, v1, 72 from (4.11a), we obtain
-3 —yom + 5(p—n—1)
=071 +3(k—n-1) =g —F+1-nu+n

and the ~;’s have to be solved from

27072 = — 1, (4.12a)
2y +2nye =np —n+p—1, (4.12b)
WA+ =1—nu+n. (4.12¢)

Summing up the equations in (4.12) yields (323_,v;)? = 0 and we conclude that
Y +71+72=0 (4.13)
From (4.12b) and (4.13) we further obtain
7 =3l +n)(1 - p).

Hence, there cannot exist a (real-valued) solution for > 1, i.e., we recover the weak coupling condition
from [5]. From (4.12a) and (4.13) we solve for vy and -2 to obtain

0= =330 +m0— )+ ia+ FL+n -,
12 = =33+ =) = B+ FL ) - ),
1= +n -
as a solution. Setting n = 0 in the above expressions, the eigenvalues of the G matrix are
M= VT= /Bt 1= 3B+ w1 = ) + 201 = )T = p/Ba+ 1+ 4,
Ay =3VT—p/Bu+1+ \/3+u)( p) +2(1 = p)/T—p/Bu+1+1

and a necessary and sufficient condition for A\q, Ag € Ry is 0 < pu < 1. We conclude that Assumptions 1
and 2 are satisfied. We refer to Figure 4.1a for a visualization of the eigenvalues.
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4.4.2. Casek=6=2

Equating the coefficients of all distinct inner products in (4.7) results in a system with 15 unknowns
and 15 equations (while treating p and 7 as free parameters). Similarly as in the previous subsection,
we can write all entries of G as functions of the 7;. The details are given in Appendix B.1. In turn,

0, - - -, Y4 have to satisfy the following five nonlinear equations
29074 = — 51, (4.14a)
2v073 + 274 = gnp + 3p, (4.14b)
29072 + 2073 + 2v274 = —3np — B+ 3, (4.14c)
29071 + 27172 + 27273 + 29371 = Hp — 20+ 3 — 2, (4.14d)
WA+ +75+7i=—3nu+2n+ 3. (4.14e)
Lemma 4.5. Consider (4.14) and assume 1 > 0. Then, (4.14) is not solvable for u > % For pu < %

a solution is given by

v/ 62 3vI=3u | 5+l v/ u+62
70:§+—“2 ) Y2 =— 14 £+ Z+ ) 7422— 5, (4.15a)
_ V/1-3p  3u—+/1-3ub _ V1-3u 3u—+/1-3ué _
Mn="">3 i 73 5 T N/ n=20 (4.15Db)

with 6 = —i(\/5,u + 1+ /1 —=3p). For this particular solution, the matriz G is positive definite for
every p € |0, %] Hence, Assumptions 1 and 2 are true for k=6 =2 and w < %

Proof. Summing up the equations in (4.14) yields (Z?‘ZO 7:)? = 0 and, hence, Z?:o v; = 0. Factoring
the sum of equations (4.14b) and (4.14d) gives
2 +73) (Y0 + 72 +74) = 6np+ 60— 20 — 2 =2(1 +1)(3p — 1).
Together with the fact that the +;’s sum up to zero, we obtain
(M +73)* = 1 +m)(1 - 3p).
We conclude that a (real-valued) solution cannot exist for p > %, which establishes the first claim. The

second claim is obtained by directly verifying (4.14). In more detail, we immediately see that (4.15)
satisfies (4.14a). For (4.14b), we compute

27073 + 27174 = 4%@ + 4@3‘2\%{? = 3u.
Observe that
(Bu — Oy/T—3m)?  §(1+10p+33u%) + 3(1+ 9p) T+ 5uy/T— 34
pt 02 - s(1+9u) + 3T+ 5uyT—3u
_ (I +6p)(149u) + p(1 +6p)yT+ 50T —3pu
a 2u(1 + 6p)

= 2(149p) + 3/1+5py/1 - 3p.
Towards (4.14c), we obtain

(’YO + 74)72 = _39\/}1—3u + 9#541,—&-1 _ 1—87,u, + \/1—3u8\/5u+17
_ 13 (3u—0/T—3)* — _ V/T=3u/5udl + 1-15u
Y173 4 4(u+62) ] ]

Vo2 + 713+ ey = S+ 2R =1 Ly
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Towards (4.14d), we have
Y2(v1 +73) + Y071 + V374 = (—SV 14_3“ + X 5Z+1)\/1 —3pu+ %\/1 —3u— % v1=du

(T30 — 0) T =35 + §/T— 35 — 2=ty=%
:—1—i—%,u.

Finally, for (4.14e), we have

4
St =2 + o) oI+ LATE) 4 (-3, gy’

=8+ L1 —3u+1+5u+2y1—3u/bu+1)
+ 58 L1+ 9p) + VT +5py/T = 3u
(9= 2Tu+ 1+ 5p — 63/T — 3uy/Bu + 1)
=1 —p+L2—20p) + 11 +9p) =3

For the positive definiteness of the G matrix, we substitute the above analytical expressions for the v;’s
and numerically compute the eigenvalues of the parametrized G matrix w.r.t. g. One can see in

Figure 4.1b that the eigenvalues are all bounded from above and away from zero. |
—\ — X\ A3 — X — s — X
1.5 T F T T T T T T
1 = [ IE—— —
i e S B R —
: 100 = 0 |
1 :f " :
| 107t} E 5
0.5 | : ] :
| 07— 1" 1072 i
| | N I
00 0.5 1 10 0 01 02 03 0 005 01 0.15
I I I
(A) k=1 (B) k=2 (c) k=3

FIGURE 4.1. Eigenvalues of G(u) for different k. The dashed lines indicate the critical

values from Theorem 4.9, ie., w =1, w = %, and w = %

Remark 4.6. The condition pu < % improves upon the existing bound g < % used in the convergence
proof in [6] and is in agreement with the asymptotic stability analysis for the delay equation. We refer
to [6, §3.5] for further details.

Remark 4.7. There exists other solutions of (4.14) such that the eigenvalues of the G matrix are not
bounded away from zero, namely

g A o2 _ 3/T93p BuFl _ 6 A mte?
70—5"1' 2 ’ Y2 = 4 - 4 V4 =3 — 2 ’
_ V/1-3u 0v/1—-3u—3u _ V/1-3u 0v/1—-3u—3u _
= 4+ O SREVAES: TR =0
4! D) 2\/u+92 y 3 P} 2\/“+92 ’ n

with 6 = 2 (\/5p+1— 1= 3p).
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4.4.3. Casek=6=3

Equating the coefficients of all distinct inner products in (4.7) results in a system of 28 unknowns and
28 equations, again treating p and 7 as free parameters. For (4.7) to hold, we obtain G as in (B.1)
such that v;, 0 < ¢ < 6, have to satisfy the following (nonlinear) system of equations

29076 = — 5/ (4.16a)

279075 + 27176 = 304+ S, (4.16b)

29074 + 27175 + 29276 = — 3N — S 4, (4.16¢)

279073 + 27174 + 27275 + 27376 = Snp + Dy — 5, (4.16d)

2y072 + 27173 + 27274 + 29375 + 2va%6 = —Bnp+ 50 — Fh+ 5, (4.16¢)

29071 + 27172 + 29273 + 29374 + 27475 + 29576 = Bnp — B0+ S -3, (4.16f)
73+7%+’Y§+7§+72+’Y§+7§:—%n,u—k?m%—%. (4.16g)

Lemma 4.8. Consider (4.16) and assume 1 > 0. Then, (4.16) is not solvable for p > 1. For p < 1,
(4.16) is solvable and there exist a positive definite matriz G for this solution. Hence, Assumptions 1
and 2 are true for k=90 =3 and w < %

Proof. Summing up the equations in (4.16) yields again (3% ;7)2 = 0 and 3% v = 0. Now
consider the sum of equations (4.16b), (4.16d), and (4.16f), since these contain terms with product of
~;’s with odd and even indices, which on factoring gives

2w+ 0+ +ru+e) = (§+ 5+ Rt G+ E+ ) -+ (-5 -3)

= Dnp+ Bp— Pn— 2

= F(1+n)(7Tp—1).
This yields

(M ++7)" =35 L +n)(1—Tw),

which establishes the first claim. For the second claim, we verify numerically that (4.16) is solvable; see
Figure 4.2 for the computed 7o, . . . , 76 and the residual norm for solving system (4.16) numerically. The
maximum of the residual norms is several orders of magnitude smaller than the minimum eigenvalue,
which is reported in Figure 4.1c. Hence, the computed eigenvalues are numerically reliable and bounded
away from zero, i.e., the matrix G is positive definite. |

4.5. Summary

We summarize the previous subsections concerning the k-step schemes (with £ = §) in the upcoming
Theorem 4.9. In the formulation including p and u, these schemes read for k = 1:

A" — Dt = fm
FD(u" —u" ) 4 2C(p" = p" ) + By =g,
for k = 2:
Au™ — D (2p" 7 — p"T?) = f,
IDBum — 20 4+ Ju" %) + Lo (3p™ — 2" + p" ) + Bp" = g",
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—% —M Y72 —— @ —7 —7 @ —% ---pu=

=

T T T T T

1

1079 - T TT— |

10—11

10-1

10715

FIGURE 4.2. Residual norm (left) for solving the system for ~ for BDF-3 with = 0.12
and the corresponding solutions 7 (right). The dashed lines indicate the critical value
w = % from Theorem 4.9.

and, for k = 3:
Au™ — D* (3pn—1 _ 3p'n—2 +pn—3) — fn,
%D(%un _ 3un—1 + %un—2 _ %un—?)) + %C(%pn _ 3pn—1 + %pn—Z _ %pn—3) + Bpn — gn‘
Theorem 4.9. Assume that one of the following applies:
(1) k=1and w <1,
_ 1
(2) k=2 andw < 3,

(3) k=3 and w <

=

Then Assumptions 1 and 2 are true for § = k. Hence, for sufficiently smooth right-hand sides f,g and
consistent initial data, the solution of the original system (2.5) and its k-th order BDF approzimation
given by (4.4) satisfy

k—1
k A l
[u™ = w3 + [Ip" — p(t™") 13, S 7%+ S 10" = ()13,
=0

Note that the results are in line with the numerical observations in [6]. A numerical verification of
the derived convergence results is subject of the following section.

5. Numerical Experiment

On the unit square Q = (0,1)? and ¢ € [0, 10], we set as exact solution

cos(mz) sin(my) 5

5
= —10e 21! = 10e " 21'si i
u(t, z,y) 10e sin(mz) cos(ry) |’ p(t,z,y) = 10e sin(7x) sin(7y)

and define the right-hand sides accordingly. The poroelasticity parameters are chosen as in Table 5.1,
which results in a coupling strength of w ~ 0.11 < 1/7. A (uniform) mesh size of 27 is chosen for
the spatial discretization. To make the errors in time dominate, it is reasonable to consider (Ps, P)
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TABLE 5.1. Poroelasticity parameters for the numerical study in Section 5.

A 1 - M e
0.5 0.125 0.05 0.27 0.5

finite elements for (u,p). Note that the polynomial degree for u is one higher than for p as suggested
in [18]. For customary verification of the convergence result, the errors from the monolithic and the
corresponding decoupled methods at the final time are plotted in Figure 5.1, showing the expected
convergence rates.

1071 ¢
Z [ ] = q —
- : - 1=z
3
| f 1072 ERN
= I 1 I 1 -
= | il —4 L 1=
ER 1077 1=
107° ¢
; A’ : : : : ; 10—6 ; : : : : : ;
277 276 275 271 273 277 276 275 271 273
step size 7 x 10 step size 7 x 10
-6~ BDF-1 (semi-explicit)  —&— BDF-2 (semi-explicit) -4~ BDF-3 (semi-explicit)
-63-BDF-1 -4 - BDF-2 -4- BDF-3
e order 1 ¢ order 2 a- order 3

FiGURE 5.1. Convergence study for the numerical experiment on the unit square at
time ¢ = T = 10 with mesh size h = 277. The solid blue curves correspond to the
semi-explicit method and the dashed red curves to the fully coupled methods (original
BDF schemes). Errors in u (left) and p (right).

6. Conclusions

The convergence of semi-explicit methods based on BDF-k schemes is proven for £ < 3. The essential
tool of the proof is the assumption on the G-stability of the schemes. In contrast to the standard G-
stability concept, the inclusion of delay terms leads to a dependence on the spectrum of the involved
operators of the problem. The evidence for this assumption is verified in this article.

In future work, we aim to show that the semi-explicit schemes are A-stable for appropriate multi-
pliers, which would directly imply G-stability. Moreover, we plan to extend the convergence proof to
the semi-explicit methods based on Runge-Kutta schemes.
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Appendix A. Auxiliary Results

Within the analysis of the elliptic-parabolic system of Section 3 we use the following approximation
property of the delay approach.

Lemma A.1. Consider p € COtY([=07,T); Ho) and p(-;7) = S0_; cs.00e:p. Then,
B(t) = pt:7) = —Ry’ =O(r°)  and  p(t) = p(t;7) = ~Ry" T = O(+°)

with remainder Ry = ﬁ S0 (=D ENE) [, —er = )P (¢) dC.

Proof. The Taylor series expansion of Ay.p around ¢ is

6—1 i

— — _ET v —(1 1 t 1 —

Aeeplt) = plt — ) = 3~ V50 - JI S RIGE
i=0 (5 - 1)' t—LT

Substituting this in (3. 2) we obtain

5—1 ;
p(t ZCMAM? => (ZW 1) (2)) (_i!T)p(i)(t) + Ry, (A1)

(=1 =0

where

Ry = )i - DA (6> /:w —tr =) 1p(Q) ¢ (A-2)

The first summand in (A.l), ie., for 1 = 0, we obtain

0
0 1) - _ _
> <€> (=D Yp(t) = (~(1 = 1) + 1) p(t) = p(D).
(=1

Observe that for 0 < i < §, we can obtain the inner sum in (A.1) by substituting z = —1 in

Z( )él =l ot -y =2ara s - S0 0y

(=1

1< (i . 5
= — 5(1*@1_’_‘%5 <_1Z<>1+1’5Z>,
Kzo@( (142 ) (-1 () )

which gives 0 for all 0 < i < 4. Therefore, p(t) — p(t;7) = _R%é = O(7%). Similarly, it can be shown
that p(t) — p(t;7) = —RY T = O( %) with
0

Rglg—i_l — ' Z (Z 1) <5> /tih-(t - C)é"flp(tprl)(c) dC n

(=1

Appendix B. G matrices

In this section, we gather expressions of the G matrix for the cases kK = 2 and k = 3.
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B.1. Case k=0 =2
The G matrix is given by

3
2 —1
4
0
1
where
B.2. Case k=06=3
The G matrix is given by
r 11 3 3 1
u-_3 3 _1
I T i B L
2 % af
G=|4% 3 5% 12 %
o 18 S af
6 41 32 63
L0 0 -5 1 —3
o -4 o 0
_u gt s 1
12 3 6
0 -3 3 -3
T 1 s
0 ! 303
1 5
00§ -3
0 o o0 ¢
where
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