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Abstract. In this paper, we apply the optimized Schwarz method to the two dimensional nonlinear
Schrodinger equation and extend this method to the simulation of Bose-Einstein condensates (Gross—
Pitaevskii equation). We propose an extended version of the Schwartz method by introducing a precondi-
tioned algorithm. The two algorithms are studied numerically. The experiments show that the preconditioned
algorithm improves the convergence rate and reduces the computation time. In addition, the classical Robin
condition and a newly constructed absorbing condition are used as transmission conditions.
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1. Introduction

We are interested in solving the nonlinear Schrodinger equation and the Gross—Pitaevskii (GPE)
equation by the optimized Schwarz method. A large number of articles and books [19, 17, 16, 18]
are devoted to this method for different kinds of equations, for example the Poisson equation [22],
the Helmholtz equation [14, 20] and the convection-diffusion equation [25]. Recently, the authors
of [21, 5, 13, 12] applied the domain decomposition method to the linear or nonlinear Schrodinger
equation. More specificaly, in [13, 12], the authors proposed some newly efficient and scalable Schwarz
algorithms for 1d or 2d linear Schrodinger equation and for 1d nonlinear Schrédinger equation. These
new algorithms could ensure high scalability and reduce computation time. In this paper, we extend
these works to the two dimensional nonlinear case.

The nonlinear Schrodinger equation defined on a two dimensional bounded spatial domain ) :=
(1, ) X (Ybs Yu), 1, Tr, Y, Yu € R and t € (0,7") with general real potential V (¢, z,y) + f(-) reads

{z’@tu +Au+V(t,z,y)u+ f(u)u=0, (t,z,y) € (0,T) x Q, (L.1)

U(O, x,y) = U0($, y)v

where ug € L?(€) is the initial datum. We complement the equation with homogeneous Neumann
boundary condition on bottom and top boundaries and Fourier—-Robin boundary conditions on left
and right boundaries. They read:

Onu = 0, (m,y) € ($l,l’r) X {ybayu}v Onu + Su =0, (az,y) € {ﬂil,l‘r} X (ybayu)a (1'2)
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where 0, denotes the normal directive, n being the outwardly unit vector on the boundary 9 (see
Figure 1.1). The operator S is given by

Su = —ip-u, peRT, (1.3)
or Su= —i\/i8t+Ap+V—i—f(u)u, (1.4)

where I' = {x;, 2} X (yp, yu). The Laplace—Beltrami operator Ar is 85 in our case.

The operator S in (1.4) is a pseudo differential operator constructed recently in [2] as an absorbing
boundary operator, which is used to approximate the exact solution of the problem defined on R?,
restricted to a bounded space domain.

Yo

FIGURE 1.1. Spatial bounded domain Q = (z,z,) X (Yp, Yu)-

Recently, the Schwarz algorithms have been applied to the one dimensional linear or nonlinear
Schrodinger equation [13]. If the potential is linear and independent of time, then an interface prob-
lem allows to construct a global in space operator. It is possible to assemble it in parallel without
too much computational efforts. Thanks to this operator, a new algorithm was introduced which is
mathematically equivalent to the original Schwarz algorithm, but requires less computation time. If
the potential is general, the authors used a pre-constructed linear operator as preconditioner, which
leads to a preconditioned algorithm. The preconditioner allows to reduce both the number of iterations
and the computation time. These new algorithms have been extended to the two dimensional linear
Schrodinger equation [12], which also shows the effectiveness of the new algorithms. In this article,
we propose to extend the results to the 2d nonlinear case and to the simulation of Bose—Einstein
condensates. Following the naming in [13], we refer to the algorithm given by (2.2) as “the classical
algorithm” and to the algorithm that will be presented in Section 3 as “the preconditioned algorithm”.

The paper is organized as follows. We present in Section 2 the classical algorithm and some details
about the discretization. A preconditioned algorithm is proposed in Section 3. In Section 4, we show
the implementation of these algorithms on parallel computers. Numerical experiments are performed
in Section 5 and we focused on simulation of Bose-Einstein condensates there. The last section draws
a conclusion and suggests some future directions of research.

2. Classical algorithm

2.1. Classical optimized Schwarz algorithm

Let us discretize uniformly with Nz intervals the time domain (0,7"). We define At = T'/Nr to be the
time step. The usual semi-discrete in time scheme developed by Durdan and Sanz-Serna [15] applied
to (1.1) reads as

Up + Un—1\ Up + Unp—1

) Up + Up—1 Vi + Va1 Un + Up—1
A n n n n n n
ar T 5 T 32 2
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where uy,(z,y), (z,y) € Q denotes the approximation of the solution u(ty,z,y) to the Schrédinger
equation (1.1) at time ¢, = nAt and V,(z,y) = V(tn,x,y). By introducing new variables v, =
(up + up—1)/2 with vg = ug and W,, = (V;, + V,,_1)/2, this scheme can be written as

L Un—1
Ly, = 2i—

R (2.1)

where the operator %% is defined by

%
Kivn + AUn + Wpop + f(vn)vn-

For any 1 < n < Np, the equation (2.1) is stationary. We can therefore apply the optimized Schwarz
method. Let us decompose the spatial domain €2 into N subdomains Q; = (aj,b;),5 = 1,2,..., N
without overlap as shown in Figure 2.1 for N = 3. The Schwarz algorithm is an iterative process
and we identify the iteration number thanks to label k. We denote by Uk the solution on subdomain

Ly =

QQ; at iteration k = 1,2, ... of the Schwarz algorithm (resp ujm). Assumlng that ug ,—1 is known, the

optimized Schwarz algorithm for (2.1) consists in applying the following sequence of iterations for
7=12,...N 0
7
ngl‘cn = Euj,n—lv (az,y

) €
On vk +S; U 8n]vf 11n—|—S V] 1n, r=aj, Yy < (Y Yu) (2.2)

n;%j,n

an] ]n+SJ jmn 8n]0]+1n+Sv+1n, x:bja ye(yb7yu)7
with a special treatment for the two extreme subdomains €1 and 25 since the boundary conditions
are imposed on {x = a1} X (yp,y,) and {z = by} X (yp, Yu)

k < ..k k < .k
8n1v17n + Sijn =0,z = aq, 8anN7n + Sijvn =0, z=by.

)
<« —
n ny
0 (97 Q3
T
= ai b1 = as by = a3 by =z,

F1GURE 2.1. Domain decomposition without overlap, N = 3.

Various transmission operator S; can be considered, such as the classical widely used Robin trans-
mission condition
Robin: Sjv=—ip-v, p€ RT. (2.3)
Traditionally, the optimal transmission operator is given in term of transparent boundary conditions
(TBCs). For the nonlinear two dimensional Schréodinger equation, we only have access to approximated
version of the TBCs given by the recently constructed absorbing boundary condition S pade [2, 3] which
is used as the transmission condition here

m m

m . _ - m N m gm _

pade 94U = —i g ag' v+ E ay'dy' pjs, = aj,bj. (2.4)
s=0 s=1

The auxiliary functions ¢;,, j = 1,2,...,N,s = 1,2,...,m are defined as solution of the set of equations
21
<At +AF +W+f( ) )‘Pj,s(xay) =1, (w,y) (ajvb ) (ybayu) (2'5>
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The operator S, [2, 3] is originally constructed by using some pseudo differential techniques. Nu-
merically it is approximated by the Padé approximation of order m

m 21 ~m m ~m m gm 2 my—1
SpadeV = — \/At—l—Ap + W+ f(v )vkﬁ(—zsz(:)as +z§asds (E+Ap].+W—|—f(v)+d8) )v,

where I'; = {z = a;,b;} X (yp,yu). The Laplace-Beltrami operator Ar, is 9y, in our case and the
constant coefficients are a7 = €%/2/(m COSQ(%)), dm = et tan%%), s=0,1,...m, 0 =7.
Let us introduce the fluxes l’? and 7“].C defined as
lk ( ) anjvyn(a]v )+SJ jn(aj7y)a ye (ybayu)v
]n( ) 81’13 ]n( )+S] ]n(b y)7 ye(ybayu)v

with a special definition for the two extreme subdomains: I§ n= =7k N = 0. Thus, the algorithm (2. 2)
can be splitted into local problems on subdomains €2;,j = 1,2,. N

ngl? :Atujn 1,
On, v, + S50k, =1k 1= ay, (2.6)
Onjv]n—i—Sv :rﬁn, x = by,

and flux problems

k .

ljjgl i 1n+2537}3 1n(bj-1,9), 7 =2,3,..., N, e
rjj;l =15 2808 (ajh,y), =12, N -1

Remark 2.1. Let us remark that the transmission operator (1.4) is singular at the corner of the

subdomains in the continuous case. Thus, we consider mostly its discrete form in this paper. In the

numerical tests, we will use a large domain such that the solution on the boundary 92 are sufficiently

small below the computer precision.

Remark 2.2. There are obviously other ways to decompose the complete domain. One way is illus-
trated in Figure 2.2 (left) for N = 4. The intervals (x;, z,) and (yp, y,,) are simultaneously decomposed
into subintervals in both spatial directions. In this configuration, an artificial cross point appears. It
is well known that the domain decomposition method with cross points is a difficult problem since
the problem becomes singular at this point [23]. Another possibility is illustrated in Figure 2.2 (right)
for N = 3. The entire domain is decomposed into an ellipsis and rings. However, this approach has
many disadvantages for parallel computing. Indeed, we would like to control the number of cells for
the meshes of each subdomains. Their sizes have to be equivalent to insure a good balance between
different processes. Thus, we restrict ourselves in this paper to the first description (see Figure 2.1).

<:::::::::::::::i::j:::> : :

FI1GURE 2.2. Two other ways of domain decomposition.

(921 Q

Q3 Q
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2.2. Preliminaries related to space discretization

Let (a,b) X (yp,Yu),a,b € R be a bounded domain, which can be the complete domain Q or any
sub domain Q;,5 = 1,2,...N. Without loss of generality, we present the space discretization of the
semi-discrete Schrodinger equation defined on

N
S0+ Av+ W,y + f(o)v = oh(a,y),

8n7)+§’l):l($,y), r=a, Yy c (ybvyu)7 (2 8)

an’U —F?U = T(xyy)a r = b7 Yy e (ybvyu)v

Onv =0, Y=Y, Y= Yu,

where W (z,y)v+ f(v)v plays the role of the semi-discrete potential in (2.1) and I(z,y), r(x,y) are two
functions. The operator S is Robin or ST, given respectively by (2.3) and (2.4). The discretization
with ST 4. 1s initially proposed in [2, 3]. The stability of the scheme is observed according to the
numerical results. However, theoretical theory of stability is still missing.

If f # 0, then the system (2.8) is nonlinear. The computation of v is accomplished by a fixed point
procedure. If we consider the Robin transmission condition, we take (° = h and compute the solution

v as the limit of the iterative procedure with respect to the label ¢, ¢ = 1,2, ...

24 _ 2¢
(R FA+W+ ()¢ = T,
OnC?—ip-C?1=1, z=a, (2.9)

OnC?—1ip-Cl=r, =0

For the transmission condition g;de, we take (* = h and ¢? =0, s = 1,2, ..., m. The unknowns v and
sy s = 1,2,...,m are computed as the limit (with respect to ¢q) of (¢ and ¢%, s = 1,2,--- ,m, which
are solutions of the following coupled system

2i 2i
2Z4A . a—yee — 22
>,
(o 4T+ Ap +d2)61 = ¢ — F(C7 o1,
m m 2.10
(I —i> al'¢I+iy alldlel =1, x=a, (2.10)
s=0 s=1
(I —iY al'¢I+iy al'dl¢i=r, x=b.
s=0 s=1

The spatial approximation is realized with the standard Q; finite element method with uniform
mesh. The mesh size of a discrete element is (Az, Ay). We denote by N, (resp. Ny) the number of
nodes in x (resp. y) direction on each subdomain. Let us denote by v (resp. h) the nodal interpolation
vector of v (resp. h), ¢? the nodal interpolation vector of (7, 1 (resp. r) the nodal interpolation vector
of l(z,y) (resp. r(z,y)), M the mass matrix, S the stiffness matrix and My the generalized mass
matrix with respect to [, Wov¢dz. Let M the boundary mass matrix, S' the boundary stiffness
matrix and MI‘:V (resp. I\\/JII‘;V) the generalized boundary mass matrix with respect to [, Wv¢dI' (resp.
Jr f(v)@dI'). We denote by Q; (resp. @) the restriction operators (matrix) from Q to {a} x (yp, yu)
(resp. {b} x (yp,yu)) and Q" = (Q;, Q) where “-7” is the standard notation of the transpose of a
matrix or a vector. The matrix formulation for (2.9) is therefore given by

2i N 1
—Mh — M -1y¢* ' - M"QT <r> , (2.11)

<A+ip-MF)Cq =5
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where A = %M — S + M. The size of this linear system is N, x IN,. If we consider the transmission

condition I’)’gde, we have
¢ A+i(X™,am)-M' By By --- B\ /¢
ol C Dy 1
Al 2| = C Dy 5
7, C Dy, ) \@%,
-1
M) = M (ga-1)¢? ML QT <1>
. 0 MF q—1 r
2i aa!
=101~ . - 0 : (2.12)
At : )
: MF g—1 .
0 fgg—hrm 0
with
By = —ia™d™M'QT, 1< s < m,
C =-QM",
Ny
D, = Q(KZMF — ST+ M5, +d™MD)QT, 1< s <m.

It is a linear system with unknown (%, @9, ..., ¢%,) where ¢? is the nodal interpolation of ¢¢ on the
boundary and ¢, is the nodal interpolation of ¢s. The vectors v and ¢, are computed by

v = qh—>I20 ¢l ps = qli)rgo ¢, s=1,2,...,m.

In addition, the discrete form of the transmission operator S is given by
Robin: Sv=—ip-v, pecRT,

m m (2.13)
bade & SV = —i Z ay'v+1i Z al'dl ps.
s=0 s=1

Remark 2.3. The ST, transmission condition involves a larger linear system to solve than the one
of the Robin transmission condition. The cost of the algorithm with the SF ;. transmission condition
is therefore more expensive.

If the potential is linear f = 0, then from the system (2.8) we have

29 |
. v v — 2 PO T
Robin: (A +ip-M")v A Mh - M"Q (r> : (2.14)
and
v Mh -
P1 o; 0 we (I'>
i
Spade: P =210 |- 0 . 2.15
Pm 0 0
Directly from the definition of A, (2.15) can be written as one equation for v
= 2i 1
; m T -1 _ e v T
(A—i—z(;as)-M —S;BSDS C,)v = KM - M'Q (r) (2.16)

Note that numerically, we implement (2.14) and (2.15) to compute v (and @5, s = 1,2,...,m).
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2.3. Classical discrete algorithm

Following what is done for a bounded domain in the previous subsection, we discretize the equa-
tions (2.6) and (2.7) on each subdomain €; at each time step n = 1,2, ..., Ny. Accordingly, on each
subdomain €25, let us denote by

o Aj, = iZtM —S; + M w, where M is the mass matrix, S; is the stiffness matrix, M w,, is
the generalized mass matrix with respect to fQj Whvodz,

Maﬂn the generalized boundary mass matrix with respect to frj Whpogdl, M?j the generalized
boundary mass matrix with respect to frj f(v)¢dl’ where I'; = {x = a;,b;} X (Yp, Yu),

Q;; and Q;, the restriction operators (matrix) from €2; to its boundary {a;} x (yp,y.) and

{b;} % (yp, yu) respectively, QjT =( jT,l, T )

B;s, Cj, D s the matrix associated with the operator Spade,

. vé?’n (resp. u ) the interpolation vectors of U » (resp. u?n)

We denote by lk (resp. r ) the nodal mterpolatlon vector of l ., (resp. r »)- The classical algorithm is
initialized by an 1n1t1a1 guess of 19 and rJ mi=12..,N. The boundary condltlons for any subdomain
(1; at iteration k +1 involve the knowledge of the Values of the functions on adjacent subdomains €2;_;
and 211 at prior iteration k. Thanks to the initial guess, we can solve the Schrodinger equation on
each subdomain, allowing to build the new boundary conditions for the next step, communicating them
to other subdomains. This procedure is summarized in (2.17) for N = 3 subdomains at iteration k.

k+1
I']f n vllc 1‘1 n + 2S<Q1 rvl n) k—tl
15, . n+28(Qa v}, 1
Solve, | vV ] " Comm. . 2.17
rg,n - V%n - _r2,n + 2S(Q2 Tv] n) E— g—zl ( )
rf, o —15,, +28(Q3,vR ) lkjll
Let us define the discrete interface vector by
BT kT kT kT kT
gn (r1n7"'71]n7jn7'”71Nn)‘
Thanks to this definition, we give a new interpretation to the algorithm which can be written as
gt = Riungh = I — (I — Rin)gh. (2.18)

where I is identity operator and Ry, is an operator. The solution to this iteration process is given as
the solution to the discrete interface problem

(I —Rhn)8n = 0.

In conclusion, the classical algorithm is written as Algorithm 1.

Algorithm 1: Classical algorithm

1: Initialize the iteration by g(l),
2: forn=1,2,..., Ny do
2.1: whlle Hg’Cle gkl >¢e,e<1do

L gn - Rh ngn

k+1
2.2: g0 =ghtl
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Remark 2.4. If f =0, the discretization of (2.6) on each subdomain is

2 1%
Robin : (Aj,n +ip - MF]')V?’,,L = KZtMu?’"_l — M Q;— (r%f") , (2.19)
7,n

= & _ 2i _ 1*
Spade: (Aj,n +i(>_alt) MY =) :Bj,sDj,,i,scj)vgin = EMuﬁn_l -MYQ[ (rﬂ,?»n> . (2.20)
s=1 s=1

Jm

3. Preconditioned algorithm

The application of the nonlinear operator Ry, , to gﬁ is expensive. In this section, we propose to add
a preconditioner P~1 in (2.18), which leads to a preconditioned algorithm

g =1-P"'(I-Run)gn (3.1)

Here P is a non singular matrix. To defined it, let us consider the free Schrédinger equation with a
zero potential V' = 0, f = 0. We show in Propositions 3.1 and 3.2 that in this case, the operator Ry, ,,
is linear

Rh,ngﬁ = Ehgﬁ +d,, (3.2)

where L, is a block matrix as defined by (3.3) and dj, is a vector (the notation “MPI j” is used in
the next section). The matrix £ is independent of the time step n. The size of each block , X7, X2,
X33 X0t is Ny x N,

l\//I_P/’&) MPI 1 MPI 2 MPI N-2 ME’_I/&—I
X2,1 X2’2
X1’4
X3’1 X3’2
X2,3 X2’4
Ly, = . (3.3)
XS’S X3,4
XNfl,l XN71,2
XN’I

XN—l,S XN_1’4
Thus, we propose here
P=1-L.

Note that since L, is independent of time step n, the preconditioner is constructed once and used for
all time steps. Thus, the preconditioned algorithm can be written with:

Algorithm 2: Preconditioned algorithm

1: Compute the preconditioner P = I — L,
2: Initialize the iteration by g(l),
3: forn=1,2,...., Nr do
2.1: while ||gF*t! —gF|| > ¢, e < 1 do
| et =1-P (I -Ryuen

0 k+1
22:g) 1 =gith.
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Proposition 3.1. For the Robin transmission condition, assuming that V. = 0 and f = 0, the
matriz Ly, takes the form (3.3) and Ly, is independent of time step n. In addition, if the subdomains
are equal, then

X2’1 :X3’1 ::XN71 X272:X372:...:XN—1,2
X2’3 — X3’3 - .= XN—1,3 X1,4 _ X2,4 - .= XN_lA. (34>
Proof. First, by some straight forward calculations using (2.19) and (2.7), we can verify that
X0t =—1=2ip- Qu(Ajn +ip M) 'MYQJ,,
X% = =2ip- Qju(Ajn +ip- M) TIMYQ], (3.5)
XI3 — —2ip - Qj,r(Aj,n +ip - MF]')—IMF] Qj,l’ .
X =T =2ip- Qjr(Ajn +ip M) 'MYQ],,
and d,, = (d, 1, dy 5 dy i esdyy ) T with
21 )
d n,J,! 22]9 Qj lr( j— 1n+2p MFJ I)Ktu] 1,n, ]:2737'-'7N7 (36)
. . 12 . )
dn,j,’r = 2Zp . Qj+1,l(Aj+1,n + p - MFH'l) IEuj-ﬁ—Ln, ] = 1, 2, ceny N — 1.
Secondly, since V = 0, then
21 .
Mj,Wn = 0, A]’J = Aj’g = ... = Aj,NT = EM] — Sj, ] = 1,2, ,N (37)

Thus, the blocks X!, X972 XJ3 and X7* are both independent of time step n.

Finally, thanks to the hypothesis of the proposition, the geometry of each subdomain is identical.
Thus, the various matrices coming from the assembly of the finite element methods are the same.
Therefore, we have

M =My =..=My, S1=Sy=..=Sy, M'=M?2=_ =MW,
Q=02 =...=Qn;, Qir=0Q2r=..=Qny (3.8)
The conclusion follows directly from (3.5). [ |

Proposition 3.2. Let us consider the transmission condition ST, .. If the potential is zero, then the

matriz Ly, takes the form (3.3) and Ly is independent of time step n. In addition, if the subdomains
are equal, then (3.4) is true.

Proof. The proof is almost same as that of the Proposition 3.1. Using (2.20) and (2.7) gives
= —I+2le(—zZa +zZamde3n5C )

m -1
X (Ajm—l—z(Zag” & _ZBJS ]ns ) Mrj ;‘ljl’
s=1

XJ,2:2QJ-J( zZa +lzamde‘7nSC)(A‘7"n+Z(

Ms

)MFJ_ZEJS j?’LSCj> MF Q]r?
s=1

Il
—

S

XJ’3:2Q]-,T( zZa —f—lZamdm]D)]ns(C)(A]n—l-z(

Ms

J_ZEJS ]ns ) MFJQJI?
(3.9)

w
Il
-
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X9 = —1+2Q;,( - zza +@Z@mde§ns ;)

X (Aj,n + Z(Z a;n) 'Mrj - Z BJ SD] n S(C ) 1Mrj QIT
s=1

Under these assumptions, we have (3.7) and (3.8). In addition, the matrix associated with the trans-
mission condition S, satisfy

Bl,s = Bg}s = ... = BN,S; (Cl == (CQ = ... = CN, ]D)l,n,s = DZ,n,s = ... = DN,n,sa s = 1,2, .M,
and Dj,, s = Qj(i—itMFf — st + M;ﬁﬁn + dg”MFJ')QjT is independent of time step n since Mg&n =0. m

Intuitively, the Schrédinger operator without potential is a roughly approximating of the Schrédinger
operator with potential:

In other words, ¥ is a perturbation of the free Schrodinger operator. According to (3.2), if ¥ = 0,
then we have
Rh,n'():d’m I_Eh:I_(Rh,n_Rh,n'O)

where 0 is the zero vector. Thus, the matrix £ could be seen as an approximation of the nonlinear
operator Ry, — Rpyn - 0 when 7 is not null:

P:I—ﬁhﬁf—('Rh’n—Rh’n‘O).

Based on the previous propositions, it is sufficient to compute only four blocks X1, X%2, X23 and
X 24 to construct the preconditioner P. It will be shown in the following section that the construction
can be implemented in a parallel way.

4. Parallel implementation

We present the parallel implementation of the classical algorithm (2.18) and the preconditioned algo-
rithm (3.1) in this section. We fix one MPI process per subdomain [24]. We use the distributed matrix,
vector and iterative linear system solver avalaible in PETSc library [6].

4.1. Classical algorithm

The discrete interface vector g is stored in a distributed manner in PETSc form. As shown by (4.1),

r’in is located in MPI process 0, lfn and r"f?n are in MPI process j — 1, j =2,3,..., N — 1 and r]fv,n is

in MPI process N — 1.

ITn\ }MPIO
1%
gh = rﬂ,?:” }MPI j—1 (4.1)
Jsm
rk ., JMPI N —1

As shown by (2.17) for N = 3, at iteration k, vﬁn,j =1,2,...,N is computed on each subdomain
locally and the boundary values are communicated.
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4.2. Preconditioned algorithm

Thanks to the analysis yielded in previous section, we can build explicitly £; with few computations.
For the Robin transmission condition, it is based on the formulas (3.5). For the transmission condition
Spade> the idea is equivalent, but involves (3.9). According to the Proposition (3.1), the column s of
X2l and X?23 are

X27les = —e; — 2ip - Q2,I(Aj,n +ip - Mrj)_lMFQQ;—,lesa

X*Pes = —2ip - Qo (Ajn +ip- M) 'M2Q] ey,

where e; = (0,0, ...,1,...0) € CN7_ all its elements are zero except the s-th, which is one. The element
MF2Q{leS being a vector, it is necessary to compute one time the application of (A;, + ip - Mrj)*l
to vector. Similarly, we have

X*%e, = —2ip- Qoy(Ajn +ip- M) 'M™Qg e,
X*e, = —e, — 2ip- Qo (Ajy, +ip - M) TIM™2Q; ey,

Let us recall that A;, = %Mj —Sj for V=0, f = 0. To know the first N, columns of X*1, X?2
X?23 and X?%, we only have to compute 2N, times the application of (A;, + ip - MFJ')*1 to vector.
In other words, this amounts to solve the Schrédinger equation on a single subdomain 2N, times to
build the matrix L£;,. The resolutions are all independent. Therefore, we can solve them on different
processors using MPI paradigm. We fix one MPI process per domain. To construct the matrix Ly, we
use the N MPI processes to solve the equation on a single subdomain (ex. (0,7") x €23) 2N, times.
Fach MPI process therefore solves the Schrodinger equation on a single subdomain maximum

2N,
Ninpi = [Ty] + 1 times,

where [z] is the integer part of z. This construction is therefore super-scalable in theory. Indeed, if N
is doubled, then the size of subdomain is divided by two and Np,p; is also approximately halved.

Concerning the computational phase, the transpose of L, is stored in a distributed manner using
the library PETSc. As shown by (3.3), the first block column of £}, lies in MPI process 0. The second
and third blocks columns are in MPI process 1, and so on for other processes. In addition, for any
vector y, the vector = := P~y is computed by solving the linear system

Pxr=y
with Krylov methods (GMRES or BiCGStab).

5. Numerical results

We implement the algorithms in a cluster consisting of 92 nodes (16 cores/node, Intel Sandy Bridge
E5-2670, 32GB/node). We fix one MPI process per subdomain and 16 MPI processes per node. The
communications are handled by Intel MPI. The linear systems related to (2.11), (2.2), (2.14) and (2.15),
are solved with the LU direct method using MKL Pardiso library. The convergence condition for our
algorithms is || gh*t! — gk ||< 1071%,n = 1,2, ..., Np. The initial vectors are

e g =0 or g = random vector,

° gg = lim gﬁ_l,n =2,3,...,Nr.

k—o00

Since the convergence properties for different time steps n = 1,2, ..., Ny are similar, we only consider
the number of iterations required for convergence of the first time step n = 1. As mentioned in [17],
using the zero initial vector could give wrong conclusions associated with the convergence. Thus, the
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zero vector is used when one wants to evaluate the computation time, while the random vector is
used when comparing the transmission conditions. The theoretical optimal parameter p (resp. m) in
the transmission condition Robin (resp. Sgéde) is not at hand for us, we then seek the best parameter
numerically for each case.

This section is composed of two subsections. The first one is devoted to the Schrédinger equation.
In the second, we consider the simulation of Bose-Einstein condensates.

5.1. Schrodinger equation

We decompose the physical domain (—16,16) x (—8,8) into N equal subdomains without overlap.
The final time T and the time step At are fixed to be T'= 0.5 and At = 0.01 in this subsection. We
consider two different meshes
Ax =1/128, Ay =1/8,
Az =1/2048, Ay =1/64,
where the size of cell is Az x Ay. The potential and the initial datum (Figure 5.1) are

V=l ugla,y) = e Y0

which give rise to a solution that propagates slowly to the negative side in y direction and undergoes
dispersion. It is possible to solve numerically the Schrodinger equation on the entire domain ) with
the first mesh (Az = 1/128, Ay = 1/8) under the memory limitation (32G). We compare in this sub
section the classical and the preconditioned algorithms, as well as the two transmission conditions.

FIGURE 5.1. Initial datum |ug].

5.1.1. Comparison of the classical algorithm and the preconditioned algorithm

We are interested in observing the robustness, the number of iterations of the first time step, the
computation time involving the Robin transmission condition and the transmission condition S .
The zero vector is used as the initial vector g(f. We denote by Npope (resp. Npc) the number of
iterations required for convergence with the classical algorithm (resp. the preconditioned algorithm).
Thope and T}, denote the computation times of the classical algorithm and the preconditioned algorithm
respectively. In addition, we denote by 77 the computation time to solve numerically on a single

processor the Schrodinger equation on the entire domain.
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First, we consider a mesh with Az = 1/128, Ay = 1/8. We make the tests for N = 2,4,8,16, 32
subdomains. The convergence history of the first time step is presented in Figure 5.2 and Figure 5.3
for N = 2 (left) and N = 32 (right) where the two transmission conditions are considered. Table 5.1
and Table 5.2 show the number of iterations of the first time step and the computation times. We
can see that all the algorithms are robust and scalable. The number of iterations is independent of
number of subdomains. This independence has already been observed for one dimensional Schrodinger
equation for not large N [21, 13]. In addition, the preconditioner allow to reduce number of iterations

and computation time.

10? 10°

10h — Classical 104 — Classical

10° . 100, o

101 - Preconditioned 101" --- Preconditioned
= 1072 = 1020\
3 107 3 107
§ 10 ﬁ 10

-5 -5

! 10.5 ° 10»6
5 10 > 10
E 107 g 107
< 10°® < 10°%

10° 107

10'10 10'10

10'11 10'11

10-12 N 10~12 N

5 10 15 20 25 30 35 0 5 10 15 20 25 30 35
Number of iterations Number of iterations

FIGURE 5.2. Convergence histories of the first time step for N = 2 (left) and N = 32 (right).
The mesh is Az = 1/128, Ay = 1/8 where the Robin transmission condition is considered.

10? 10?
10: g — Classical 103 — Classical
11(?1 \ - Preconditioned 11(?1 - Preconditioned
8 102 T 102
. ko] -
% 1073 g 1073
£ 10" £ 10*
g 10° % 10°
5 10° 5 10°
£ 107 2 107
< 108 < 8
10" 10°
10° 10°
10%° 10"
101 10"
0 2 4 6 8 10 12 14 16 18 0 2 4 6 8 10 12 14 16 18

Number of iterations Number of iterations

FIGURE 5.3. Convergence histories of the first time step for N = 2 (left) and N = 32 (right).
The mesh is Az =1/128, Ay = 1/8 where the transmission condition S} . is considered.

N 2 4 8 | 16 | 32
Nuope | 32 | 32 | 32 | 32 | 32
Npe | 6 6 6 6 | 6

Thope | 1393.2 | 694.4 | 358.2 | 191.9 | 97.5
Toe 252.2 [ 123.9 | 629 | 33.8 | 17.5

TABLE 5.1. Number of iterations and total computation time (seconds) of the algorithms
with the mesh Az = 1/128, Ay = 1/8 where the Robin transmission condition is considered.
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N 2 4 8 16 | 32
Nuope | 18 18 | 18 | 18 | 18
Npe 5 5 5 5 5

1106.2 | 571.2 | 297.4 | 161.8 | 85.2
Tpe 356.2 | 180.5 | 92.1 | 50.3 | 26.6

TABLE 5.2. Number of iterations and total computation time (seconds) of the algorithms
with the mesh Az = 1/128, Ay = 1/8 where the transmission condition ST ;. is considered.

Secondly, we reproduce the same tests with the mesh Az = 1/2048, Ay = 1/64. The convergence
history of the first time step, the total computation times are shown in Figure 5.5 and Table 5.3. The
algorithms are both robust for N = 1024 except the classical algorithm with the Robin transmission
condition, but not scalable from N = 512 to N = 1024. The classical algorithm loses scalability since
if we use more subdomains to decompose {2, then more iterations are required for convergence. Con-
cerning the preconditioned algorithm, the computational time is larger with N = 1024 compared to
N = 512 since the application of the preconditioner increases with larger N. However, the precondi-
tioned algorithm is much more efficient since it can both reduce the number of iterations and the total

computation times.

10° 10°
2 o 2 .
10° — Classical 181 — Classical
10 . -
10° - Preconditioned 10° - Preconditioned
-1
= 101 — 10
S 102 S 102
o ° -3
@ 103 a 10
o} Q 4
-4 10 < 10
% 10° % 107
S 106 2 10°
o 10 @ -7
o -7 48 10
< 10 < 108
10 10
10° 1010
10101 ¢ 101
10 1012
0 20 40 60 80 100 120 0 200 400 600 800 1000

Number of iterations Number of iterations

FIGURE 5.4. Convergence histories of the first time step for N = 256 (left) and N = 1024
(right) with the mesh Az = 1/2048, Ay = 1/64 where the Robin transmission condition is

considered.
10° 10°
2 N 2 B
131 — Classical igl — Classical
1 . .
10° - Preconditioned 100k - Preconditioned
3 10* 5 10" K
3 107 3 107
g 10° ¢ 10°
v 10° v 10*
5 10° 5 10°
g 10° 2 10°
< 107 < 107
10% 10°®
10° 10
10° . 1010
10" 101 Lt
0 5 10 15 20 25 30 35 40 0 20 40 60 80 100 120 140

Number of iterations Number of iterations

FIGURE 5.5. Convergence histories of the first time step for N = 256 (left) and N = 1024

(right) with the mesh Az = 1/2048, Ay = 1/64 where the transmission condition ST}, is
considered.
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N 256 512 1024
Classical algorithm 7124.2 | 11702.7 -
Preconditioned algorithm | 492.4 | 347.9 | 350.2

Classical algorithm 3582.4 | 2681.5 | 2516.6
Preconditioned algorithm | 596.9 | 376.1 441.9

Robin

m
pade

—: The maximum number of iterations is fixed to 1000. The residual does not
reach the convergence tolerance (see Figure 5.4).

TABLE 5.3. Computation times (seconds) of the algorithms with the mesh Az =
1/2048, Ay = 1/64.

In addition, Table 5.1, Table 5.2 and Table 5.3 also show that in the framework of the classi-
cal algorithm, the transmission condition S;’;de leads to better results than the Robin transmission
condition in the context of computation time. Indeed, the classical algorithm with the transmission
condition ST, takes less iterations to converge. Instead, it is not true in the framework of the pre-
conditioned algorithm. The numbers of iterations with the two transmission conditions are similar,
but the transmission condition S 4. gives a more costly algorithm.

Finally, we show in Table 5.4 and Table 5.5 the number of iterations with different mesh Az, Ay and
different time step size At with the Robin transmission condition and the transmission condition S,
respectively. It can bee seen that the preconditioner is efficient to reduce the number of iterations.

Nuope Npc
Az =1/64, Ay=1/4 32 6
At=10"2 | Az =1/128, Ay=1/8 32 6
Az =1/256, Ay=1/16 33 6
Az =1/64, Ay=1/4 32 5
At=10"3| Az =1/128, Ay=1/8 34 5
Ax =1/256, Ay=1/16 34 5
Ax=1/64, Ay=1/4 26 4
At=10"*| Az =1/128, Ay=1/8 33 4
Az =1/256, Ay=1/16 35 4

TABLE 5.4. Number of iterations of the first time step with different mesh Az, Ay and dif-
ferent time step size At where N = 32 and the Robin transmission condition is considered.

5.1.2. Comparison of transmission conditions

m
pade

the two algorithms. The initial vector g? here is a random vector to make sure that all the frequencies
are included. The time step is fixed to be At = 0.01 and the mesh is Az = 1/128, Ay = 1/8.
Figure 5.6 and Figure 5.7 present the convergence histories of the first time step in the framework
of the classical and the preconditioned algorithms with Robin and S7; 4, transmission conditions for

N = 2 and N = 32 respectively. It can be seen that in the framework of the classical algorithm,

In this part, we compare numerically the transmission conditions Robin and in the framework of
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Nnope Npc
Ar=1/64, Ay=1/4 18 6
At=10"% | Az =1/128, Ay=1/8 18 5
Az =1/256, Ay=1/16 19 6
Ar=1/64, Ay=1/4 14 5
At=10"%| Az =1/128, Ay=1/8 18 5
Az =1/256, Ay=1/16 19 5
Az =1/64, Ay=1/4 14 4
At=10""| Az =1/128, Ay=1/8 17 4
Az =1/256, Ay=1/16 14 4

TABLE 5.5. Number of iterations of the first time step with different mesh Az, Ay and dif-

= 32 and the transmission condition S™ , is considered.

ferent time step size At where N ade

the transmission condition S, allows the algorithm to converge faster, while in the framework of
preconditioned algorithm, they have similar histories of convergence. This observation indicates that
the preconditioner P is a good approximation of the nonlinear operator I — (Rp , — Rppn - 0). The
influence of the transmission conditions is eliminated by the preconditioner. In addition, we could
confirm the conclusion of the previous subsection: the preconditioner reduces a lot the number of
iterations required for convergence.

10? 10°
10 —  Robin(p=29) 10? —  Robin(p=28)
o) b 10t "
10° 1+
107 | - Spaac(m=13) 10‘1’ - Spaae(m=12)
= ' = 10
T 102} ! S 2
=] 3 10
7 10° 2 10°
£ 10" g 1o
g 10° g 10‘2
S 10° 5 10°
3 107 2 107
< 10 < 107
o 10°
10lo 1010
Lo
107 50 100 150 200 1075 1 2 3 4 5 6

Number of iterations Number of iterations

FIGURE 5.6. Convergence histories of the first time step of the classical algorithm (left) and
the preconditioned algorithm for N = 2. The mesh is Az = 1/128, Ay = 1/8.

5.1.3. Influence of parameters
In this subsection, we study the influence of parameters in the transmission conditions:

m

e the parameter m (order of Padé approximation) in the transmission condition pade’

e the parameter p in the transmission condition Robin.

The time step and the mesh are fixed to be At = 0.01 and Az = 1/128, Ay = 1/8.
Firstly, we consider the influence of m in the transmission condition bade: We present in Figure 5.8

and in Figure 5.9 the number of iterations in relation to the order of Padé approximation (m) in the
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FIGURE 5.7. Convergence histories of the first time step of the classical algorithm (left) and
the preconditioned algorithm for N = 32. The mesh is Az =1/128, Ay =1/8.

framework of the classical and the preconditioned algorithms. Both of the zero vector and the random
vector are considered as the initial vector in our tests.

e For the classical algorithm, if the initial vector is the zero vector, there exists an optimal
parameter m. This observation is not consistent with our expectations since the higher order
should make the algorithm converge faster. We believe that the zero initial vector gives us
some inaccurate information.

e For the classical algorithm, if the initial vector is a random vector, the number of iterations
first decreases then increases by increasing the order m. We however do not have yet an
explanation for the relation between the convergence and the parameter m, which needs some
more investigations.

e The parameter m is not very important for the preconditioned algorithm since the precondi-
tioner hides the information about the order.

120— 14
i — Zero initial guess . — Zero initial guess
oo --- Random initial guess --- Random initial guess

80

60

40
\’_/ 40 \/
20 20|

2 4 6 8 10 12 14 16 18 20 2 4 6 8 10 12 14 16 18 20
m m

Number of iterations
Number of iterations

FIGURE 5.8. Number of iterations vs. parameter m for N = 2 (left) and N = 32 (right) in
the framework of the classical algorithm.

Secondly, we study the influence of p in Robin transmission condition. The numbers of iterations are
presented in Table 5.6 with different p for N = 2 and N = 32 (here only p = 5, 10, ..., 50 are shown).
Both the classical algorithm and the preconditioned algorithm (Cls./Pd.), as well as the different initial
vectors (zero or random) are considered. As can be seen, for the preconditioned algorithm, the number
of iterations is almost the same in each case. For the classical algorithm, there exists an optimal p for
each case.
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FIGURE 5.9. Number of iterations vs. parameter m for N = 2 (left) and N = 32
(right) in the framework of the preconditioned algorithm.

P N=2 N =32
Zero Random Zero Random
Cls. | Pd. | Cls. | Pd. || Cls. | Pd. | Cls. | Pd.
5| 57 6 | 548 | 6 57 6 | 582 | 6
10| 35 6 | 297 | 6 35 6 | 316 | 6
15| 32 6 | 227 6 33 6 | 241 | 6
20 | 36 6 | 200 | 6 36 6 | 212 6
25| 41 6 | 189 | 6 41 6 | 200 | 6
30 | 46 6 | 186 | 6 47 6 | 200 | 6
35| 53 6 | 188 | 6 53 6 | 204 | 6
40 | 59 6 | 194 | 6 60 6 | 211 | 6
45 | 66 6 | 208 | 6 66 6 |223| 6
50 | 73 6 | 216 | 6 73 6 | 234 | 6

TABLE 5.6. Number of iterations vs. parameter p.

In conclusion, the use of the preconditioner allows to reduce both the number of iterations and
the computation time. In addition, the preconditioned algorithm is not sensitive to the transmission
conditions as well as the parameters in these transmission conditions.

5.2. Simulation of Bose—Einstein condensates

In this part, we apply the parallel algorithms to BEC simulation. Before comparing numerically the
algorithms and making dynamic simulation of quantized vortex lattices, we recall some facts about
BEC.

5.2.1. Gross-Pitaevski equation

A Bose-Einstein condensate (BEC) is a state of matter of a dilute gas of bosons cooled to temperatures
very close to absolute zero. Under such conditions, a large fraction of bosons occupy the lowest quantum
state, at which point macroscopic quantum phenomena become apparent. One of the models for BEC
is the Gross—Pitaevskii (GPE) equation [7, 11, 9, 1]. In this paper, we consider the GPE equation
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defined on a bounded spatial domain with the same boundary conditions as (1.1):

(5.1)

{iatu + 3Au—V(z,y)u— BlufPutw  Lyu=0, (t,z,y) € (0,T) x Q,
U(O,Jf,y) - U()(l',y)-

The constant 5 describes the strength of the short-range two-body interactions (positive for repulsive
interaction and negative for attractive interaction) in a condensate. The constant w € R represents
the angular velocity, the z-component of the angular momentum L, is given by

L, = —i(z0y — y0,).

The potential here is

1

Viz,y) = 502" + 3y°), . € R.

The GPE equation is a type of nonlinear Schrédinger equation. One of the difficulties in the simulation
of Bose-Einstein condensates derives from the term of rotation. Recently, the authors of [10] introduced
a coordinate transformation that allows to write the GPE equation in this new coordinates as a
nonlinear Schrédinger equation (5.3) with a time-dependent potential but without the rotation term.
Thus, the algorithms that we presented in the previous sections are applicable for GPE equation. For
Vt > 0, the orthogonal rotational matrix A(t) is defined by

Alt) = ( cos(wt) sin(wt)) .

—sin(wt) cos(wt)

The transformed Lagrange coordinate (Z,%) is then defined as

{)=r0)=r10(;)

In this new coordinate, the GPE equation (5.1) could be written as

O+ AU — Vi(t,Z,5)u — Blal*u =0, t € (0,T),
oo Y (5.3)
U(Oa Z, y) = UO(Jja y)7
where
u(t, ,9) == u(t,z,y), Vi(t,Z,5) := V(z,y), where (z,y)" = A(t)(Z, 7). (5.4)

Formally, the only difference between the equation (5.3) and the Schrédinger equation (1.1) is the
constant in front of the Laplace operator A. Thus, we could directly apply the domain decomposition
algorithms to the equation (5.3) on the spatial domain Q = (z;, x,) X (yp, ¥, ). The Robin transmission
condition and the transmission condition S 4, are given by (2.3), (2.4) and (2.5). A minor modification

concerns the constant before the operator Ar; in (2.5) which is % here.

Once the solution u is computed numerically, it is possible to reconstruct the solution u by (5.4). At
time ¢, the computational domain of @ (¢, z,y) is Q = (x;,2,) X (s, yu) and the computational domain
of u(t,z,y) is A(t)Q (see figure 5.10). The domains A(t)Q2 for ¢ > 0 share a common disc. The values
of u(t, z,y) within the maximum square (the valid zone) are all in the disc, which could be computed
by interpolation. The valid zone is

L
V2 V2

)X(yb yu)

( NG
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1 ,
Y At =2 1Y

Qo A(t)Q0,t =0

N
7

A(t)Q,t = 3

R

(a) (@,9) € Q. (B) (z,y) € At

FIGURE 5.10. (a) The computational domain Q. (b) The domain A(¢)Q2 at some dif-
ferent times: t =0, t = 7/4 and t = 7/2 where w = 0.5.

5.2.2. Comparison of algorithms

In this part, we fix the physical domain to be Q = (—16,16) x (=16, 16). The initial datum is taken
as a Gaussian
1 —Ge2+2?)
UO(xay): 7_(_1/46 2 ) (x')y) €R27

where the coefficients are w = 0.4 and § = 10.15. The time step is fixed as At = 0.0001. Firstly, we
use a wide mesh Az = Ay = 1/32, which generates 1024 x 1024 unknowns on . It is possible to
solve the GPE equation (5.3) on the complete domain €2 under our memory limitation (32G) without
using the parallel algorithms (classical or preconditioned algorithm). However, the computation time
could be very long. Thus, we use here a small final time T = 0.1. Using the same notations as in
the previous sections, we show in Table 5.7 the computation times of the two algorithms with Robin

and S, transmission conditions. Since the boundary condition imposed on (2 is associated with the

transmission operator, the reference times 7% for the two transmission condition are different. In
BEC simulation, a small time step is necessary. According to our experiments, when a small At is
considered, a large m in ST, transmission condition is needed to ensure fast convergence. Thus, the
use of the transmission condition g;de is much more expensive than the Robin transmission condition.
We can also see that the computation times of the classical algorithm (7}.) and the preconditioned
algorithm (Thopc) are scalable.

N 2 [ 4 [ 8 ]| 16 32
et 5.68

Robin, p = 180 | Thope | 5.68 | 2.66 | 1.28 [ 0.68 | 0.33
Tpe | 3.49 | 1.60 | 0.77 [ 0.44 | 0.24
Tref 8.41
Mo M=T6 | Thope | >20]10.70 [ 7.40 [ 5.07 | 4.23
Tpe | 6.30 | 3.52 [ 2.30 | 1.68 | 1.37

TABLE 5.7. Computation time in hours with the mesh Az = Ay = 1/32.
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We make the tests with a finer mesh Az = 1/1024, Ay = 1/64 with the Robin transmission condition
since it has been seen that the implementation with the transmission condition Sgéde is much more
expensive than with the Robin transmission condition in the context of Gross-Pitaevski equation. The
complete domain is decomposed into N = 128,256,512,1024 subdomains. The computation times
are presented in Table 5.8. We could see that the both algorithms are scalable. In addition, the
preconditioner allows to reduce the total computation time. However, since the implementation of the

preconditioner consumes memory, the memory is not sufficient in the case N = 128.

N 128 | 256 | 512 | 1024
Thope, p=95119.3 | 88 | 5.0 | 2.1
T, p=95 | * [23]16] 08
*: the memory is not sufficient.

TABLE 5.8. Computation time in hours with the mesh Az =1/1024, Ay = 1/64.

5.2.3. Dynamic simulation of quantized vortez lattices

According to the studies in the previous subsection, we apply the algorithms with the Robin trans-
mission condition to study the dynamics of quantized vortex lattices for BEC with rotation. In this
simulation, the nonlinear potential and the parameters are

1
V(z,y) = 5(:(:2 +4?%), B =1000, w=0.9.

The initial solution uy is a stationary vortex lattice [7, 4]. The stationary solution ¢ of (5.1) is defined
as

u(t,z,y) = ¢(z,y)e "™, (5.5)
where p is the chemical condensation potential. By substituing (5.5) in (5.1), we have
1
po = =56+ Vo + Bl —wl.o,
with the constraint of normalisation

1618 = [ 6(a,y)Pdody = 1.

This is therefore a nonlinear eigenvalue problem. The eigenvalue p can be computed from its corre-
sponding eigenvector ¢ by

paald) = Baald) + 5 [ 10ta,)|'dudy,
where
Fsu(®) = 5 [ (V0P + VI + Blol' — wiL.g)dody, (5.6
The ground state of a BEC is defined as the solution of minimization problem, denoted by ¢,

B o(6y) = min s o(6),

where § = {6] [|¢]|2 = 1, Eg,, < oo},
For our simulation, we take the solution of minimization problem as the datum initial

Uo(l‘,y) = ¢9($ay)' (57)
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It is computed by BESP method (Backward Euler Sine Pseudospectral) [8] using GPELab [4], a matlab
toolbox developed for the computation of the ground states and the dynamics of quantum systems
modeled by GPE equations.

The complete domain 2 = (—16,16) x (—16, 16) is decomposed into N = 32 subdomains. We fix the
time step as At = 0.0001. The mesh is Az = Ay = 1/32. The parameter p here is p = 180. Figure 5.11
shows the contours of the solution |u(t,z,y)|? at some different times. The solution is illustrated in
the valid zone (—16/v/2,16/v/2) x (—16/v/2, (16 — Ay)/+/2). The total computation time is about 16
hours.

| 2

FIGURE 5.11. Contours of solution |u(t,x,y)|* at some different times.
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6. Conclusion and perspective

We applied the optimized Schwarz method to the two dimensional nonlinear Schrédinger equation
and GPE equation. We proposed a preconditioned algorithm which allows to reduce the number of
iterations and the computation time. According to the numerical tests, the preconditioned algorithm
is not sensitive to the transmission conditions (Robin, Sp;4,) and the parameters in these conditions.
In addition, the parallel algorithms are applied to the BEC simulation. We can obtain an accurate
solution by using the parallel algorithms and the computation time of the preconditioned algorithm
is less than the classical one.

One perspective could be to use a partially constructed I — £, as the preconditioner in the context

of the multilevel preconditioner. The construction and the implementation should be less expensive.
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