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Abstract. We first study the one-dimensional dusty gas flow modeled by the two-phase system composed
of a gaseous carrier (gas phase) and a particulate suspended phase (dust phase). The gas phase is modeled
by the compressible Euler equations of gas dynamics and the dust phase is modeled by the pressureless
gas dynamics equations. These two sets of conservation laws are coupled through source terms that model
momentum and heat transfers between the phases. When an Fulerian method is adopted for this model,
one can notice the obtained numerical results are typically significantly affected by numerical diffusion.
This phenomenon occurs since the pressureless gas equations are nonstrictly hyperbolic and have degenerate
structure in which singular delta shocks are formed, and these strong singularities are vulnerable to the
numerical diffusion.

We introduce a low dissipative hybrid finite-volume-particle method in which the compressible Euler equa-
tions for the gas phase are solved by a central-upwind scheme, while the pressureless gas dynamics equations
for the dust phase are solved by a sticky particle method. The obtained numerical results demonstrate that
our hybrid method provides a sharp resolution even when a relatively small number of particle is used.

We then extend the hybrid finite-volume-particle method to the three-dimensional dusty gas flows with
axial symmetry. In the studied model, gravitational effects are taken into account. This brings an additional
level of complexity to the development of the finite-volume-particle method since a delicate balance between
the flux and gravitational source terms should be respected at the discrete level. We test the proposed method
on a number of numerical examples including the one that models volcanic eruptions.

Math. classification. 65M08, 76M12, 76M28, 86-08, 76M25, 35L65.

Keywords. Two-phase dusty gas flow model, three-dimensional axial symmetry, compressible Euler equa-
tions, pressureless gas dynamics, finite-volume-particle methods, central-upwind schemes, sticky particle
methods, operator splitting methods.

1. Introduction

Dusty gases contain a large number of small solid particles (or liquid droplets). The dust phase
always has a small volume fraction, but its mass per unit volume may be large relative to the gas
phase. Such models are used to describe, for instance, jets of ash in volcanic eruptions (see, e.g.,
[16, 18, 19, 41, 57, 59]) and arise in many applications ranging from industrial processes to geophysical
flows.
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Dusty gas ows are represented by two-phase models: The rst phase (gas), modeled by the com-
pressible Euler equations of gas dynamics, is coupled with the pressureless gas dynamic equations for
the second phase (dust) via the drag and heat transfer terms. The model is described by two sets of
equations expressed in terms of the density, momentum and total energy of each phase. In this paper,
we consider two di erent dusty gas ow models. The rst one is a simpli ed one-dimensional (1-D)
model described in Y2.1, while the second one is a more realistic three-dimensional (3-D) model with
axial symmetry described in Y2.2.

Several numerical methods for dusty gas ow models can be found in, for example, [6, 25, 26, 27,
40, 45, 50, 51]. However, e ciency, accuracy and resolution of these methods are limited due to strong
singularities typically developed in the pressureless dusty fraction. In the absence of coupling terms,
the studied two-phase systems decouple into two sets of hyperbolic conservation laws. The second
(dust) system is a system of pressureless gas dynamics, which may develoghocks either at isolated
points or along the surfaces of co-dimension one (see, e.g., [2, 3, 5, 8, 20, 43, 44, 48, 49, 62]). Therefore,
numerically solving pressureless gas dynamics equations is a challenging task; see, e.g., [4, 35]. While
the source terms present on the right-hand side (RHS) of the studied two-phase systems smooth out
singularities in the solution, sharp structures may still develop. Moreover, since the speed of sound of
the dusty gas is lower than the speed of sound of the pure gas phase (in fact, substantially lower at high
dust densities), the slower dust phase waves are hard to capture using a Riemann-problem-solver-free
numerical method (e.g., Godunov-type non-oscillatory central schemes or relaxation schemes) directly
applied to the entire two-phase system. On the other hand, developing highly accurate (approximate)
Riemann or generalized Riemann problem solvers for the studied systems may be way too complicated
and the resulting upwind method may become computationally expensive.

In this paper, we follow the approach in [45, 50] and implement an operator splitting method, in
which we split the original two-phase systems into the following three parts: the uncoupled equations
for each phase, drag e ects and heat transfer systems. We develop new hybrid nite-volume-particle
(FVP) methods for the 1-D and axisymmetric 3-D two-phase dusty gas systems by applying a nite-
volume (FV) method to the gas component of the system and a sticky particle (SP) method to its
dust part.

Any accurate and stable FV method can be used as a part of our hybrid approach. Here, we imple-
ment a second-order semi-discrete central-upwind (CU) scheme, which is a Riemann-problem-solver-
free Godunov-type method. CU schemes were developed in [29, 30, 32, 33] for general multidimensional
hyperbolic systems of conservation laws, and, in particular, were successfully applied to Euler equa-
tions of gas dynamics. CU schemes enjoy all the major advantages of Riemann-problem-solver-free
central schemes (universality, e ciency and robustness), and at the same time, have a certain built-
in upwind nature. They can be relatively easily extended to solve the studied two-phase systems, but,
as we demonstrate in Y5, the resolution of the computed numerical solution may not be su ciently
sharp.

SP methods belong to a class of Lagrangian-type deterministic particle methods (see, e.g., [11, 12,
13, 14, 15, 47]) that provide a di usion-free (or a low di usion) alternative to Eulerian FV methods in
many cases, especially when a convective term in the underlying system is linear. In these methods, the
solution is represented by a collection of particles carrying certain weights. Equations of evolution in
time are then written to describe the dynamics of the locations of the particles and their weights. It is
well-known that the success of various particle methods relies upon accurate reconstruction procedures
used to recover the numerical solution from its particle distribution, as well as on accurate and e cient
redistribution algorithms, which will ensure that di erent regions in the computational domain are
adequately resolved. Here, we use a method that is based on the SP method proposed in [14], where a
special way of reconstructing the particle velocities as well as a special particle merger technique were
developed in order to enforce a desired interaction between the particles and prevent the clustering of
particles at the singularities.
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In order to design a hybrid approach, we apply the semi-discrete CU scheme to the compressible
Euler equations that describe the gas phase and an improved version of the SP method for pressureless
gas dynamics equations that represent the dust part. The two methods are combined into the FVP
method, which utilizes the speci ¢ advantages of each part of the hybrid FVP method in the right
places: The high-resolution CU scheme allows one to accurately capture shock, contact and rarefaction
waves in the gas fraction, while the low or even non-dissipative SP method guarantees a superb
resolution of strong singularities that may form in the dust fraction.

It should be observed that while the CU scheme uses xed grid cells, the SP method is meshless and
particle locations change in time. Therefore, during the interactions steps for the drag e ect and heat
transfer, the computed cell averages of the gas quantities must be projected onto the particle locations,
and the particle approximations of the dust quantities should be averaged over the FV cells. These
intergrid projections will be carefully carried out in a su ciently accurate and conservative manner.

The paper is organized as follows. We start in Y2 by describing the studied dusty gas ow models.
We then present the 1-D (Y3) and axisymmetric 3-D (Y4) hybrid FVP methods. We conclude in Y5 with
several 1-D and axisymmetric 3-D numerical examples and compare solutions computed by the hybrid
FVP method with the corresponding solutions computed using the second-order semi-discrete CU
scheme applied to the entire system. Our numerical experiments clearly demonstrate the superiority
of results obtained by the FVP method.

2. Dusty Gas Flow Models
In this section, we provide a detailed description of the studied 1-D and 3-D dusty gas ow models.

2.1. One-Dimensional Dusty Gas Flow Model

The studied 1-D models reads as

@ @

—Qgt =f = S1 Sy
o %Xg(qg) o 2.)
3
- — + — = + :
@ @)Id(q(i) S1+ Sz
where the subscripts g and d refer to the gas and dust fractions, respectively,
2 3 2 3
Qg g d
q:= 9 ; Qg = 4 gUg S; Qe =4 qug ® (2.2)
are vectors of conservative variables for gas and dust phases, and
2 3 2 3
gug dUd
fg(ag) =4 gug+pg °; fa(dg)= 4 quj (2.3)
(Eg + pg)Ug Egug

are the ux functions for the corresponding phases.

In the above equations (2.1) (2.3), x and t are space and time variables, respectively, (x;t) is the
density, u(x;t) denotes the velocity, E(x;t) is the total energy, p(x;t) represents the pressure. We
consider the 1-D model from [45, 50], where the interactions between the two phases due to the drag
e ect and heat transfer are modeled by the termsS; and S, on the RHS of (2.1), which are given by

2 0 3 2 0 3
S1=4 Ajug ugj(ug ug) 3; S,=4 0 5; (2.4)
Ajug  ugj(ug ug)ug Q(Tg Tq)
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where Tq and Ty denote the gas and dust temperatures, respectively. The total energies of the two
phases consist of two parts, internal energiesgy and Ey) and kinetic energies Kg and Kg):

T 1
_ . _ glg. _ 2.
Eg=E+Kg E= 1 Ko™ 5 oUg
. dTd . 1 5. 23)
Eq= B+ Kg; B = 1 Kd=§dud.

where stands for the speci ¢ heat ratio. The gas pressureyg is computed according to the equation
of state (EOS) for an ideal gas,

pg=( DE: (2.6)
In the interaction terms S; and S, in (2.4), A is the drag coe cient and Q is the heat transfer function

de ned by
9Nu d

A=C ; = ;
ddg Q 2Uref ref dp ( 1)Pr
where d, is the diameter of the dust particle and the parametersNu and Cq are computed by
Cy=0:46+28Re %8 and Nu=2+0:65Re!™?Prli=3; (2.8)
where Pr denotes the Prandtl number, and Re and , which stand for the Reynolds number and
dynamic viscosity, respectively, are obtained by
dpju Ugj TgTrer %77
Re= P9 “C. =1:71 10°> %= ; 2.9
€ 273 (29)
Finally, ref;Uret and Tyes are the reference density, viscosity and temperature, respectively.

(2.7)

2.2. Three-Dimensional Dusty Gas Flow Model with Axial Symmetry

In the 3-D case with axial symmetry, we denote the uid density by (r;z;t), its velocities in the r-
and z-directions by u(r; z;t) and v(r; z;t), respectively, the total energy by E(r; z;t) and the pressure
by p(r;z;t). Using cylindrical coordinates, the axisymmetric 3-D systems of governing equations can
be expressed in the following form:

2 20+ olo()* o%(d)= Gg Si S2+S:

(2.10)
2 @ @ @
T —=qqt =f + = = + + S,
ol @rd(CId) @gd(Qd) Gg+ S1+ Sp;
where 2 3 >
— Yo . —g " gUg 7. - g I dud
q: dd ! Qg grngé, Qd grd\/dé
rEgqg rE g
are vectors of conservative variables for gas and dust phases, and
2 3 2 3
_g r(qug*pg) 4. _ r qug .
fola = § (8P L raan=§ 10 L
rug(Eg + pg) rE qug
2 3 2
' gVg r dVd
- I gUgVg : _ 8 dudVd
9g(g) § r( QVS"' Pg) 21 9a () g rgva é
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are the ux functions for the corresponding phases.
As in the 1-D case, we consider the model from [45, 50], where the interactions between the two
phases due to the drag e ect and heat transfer are modeled by the term&; and S», respectively,

given by 5 3 9 3

0 0
_ rAjVg Vdj(ug uq) . _ 0 .
S, = 9 g : S, = ; 2.11
! g rAjVg  Vii(vg  Va) é 2 § 0 Z (2.11)
rAjiVg Vaj(Vg Va) Vg rQ(Ty Ta)

where Tg and Ty denote the gas and dust temperatures, while/ g and V 4 are their velocity vectors.
As in the 1-D case, the total energies of the two phases consist of the internal and kinetic energies and
are given by

T 1
Eg= B+ Kg; B = g?l_? Kg:gg(ué*'vé);
Tq Cy 1
Eq = B4+ Kg; Eﬁ%; Ka= 5 a(uf + Vi)

wherec,q is the dust speci ¢ heat, R is the gas constant, and the gas pressurng, is computed according
to the EOS (2.6). In the interaction terms S; and S in (2.11), A is the drag coe cient and Q is the
heat transfer function de ned by
9 NU d Tref
A=C ; =—_—— 3= 2.12

d d9 Q 2 Uref Pref dp ( )
where d, is the diameter of the dust particle, 4 represents the gas thermal conductivity, and the
parametersNu and Cqy are computed by

24(1+0:15Re%%87)  Re < 100Q

— . 1=25 . 1=3 -
Nu =2+0 :65Re ™“Pr and Cy4= 044 Re 1000 (2.13)
Here, the Reynolds numberRe and the Prandtl number Pr are obtained by
iVg Vdj R
Re = gdpj ¢} dJ and Pr = _—; (214)
( Dy

where denotes the dynamic viscosity.
Unlike the 1-D case considered in Y2.2, in the axisymmetric 3-D case we have additional geometric
and gravitational source terms on the RHS of (2.10) given by

2 43 2 4 3 2, 3
s=§ %L Ge=§ 0 SRRV 1 (2.15)
0 rg gVg rg dVd

where the parameterg denotes the gravitational constant.

The presence of the extra terms (2.15) brings another level of complexity to the construction of an
accurate numerical method for (2.10) as the system admits steady-state solutions with the hydrostatic
balance if the dust phase is omitted. At these dust-free steady states, the ux produced by the
pressure in the gas phase is canceled by the gravitational source term and the resulting steady-state
solution is

ug 0, vg 05 pg=pg(z); wg:=pg+ Rg Const (2.16)
where Ry is the primitive of the gravitational force in the vertical direction, that is,
7z
Rg(rsz;t):=g g ;t)d: (2.17)
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The importance of steady states such as (2.16) lies in the fact that in many situations when the dust
phase is absent, the dynamics is realized as a (relatively) small perturbation of the steady states. It
is therefore essential to design a well-balanced numerical method, that is, a numerical method, which
preserves a discrete version of the equilibrium states (2.16) exactly. An improper treatment of the
gravitational force and thus the steady states may lead to a solution, which either oscillates around
the equilibrium or deviates from the equilibrium in time. This problem is well known in the numerical
community and received a great attention in the literature; see, e.g., [1, 7, 9, 17, 36, 37, 39, 55, 56, 60,
61].

For the compressible Euler equations that describe the gas phase, we use a well-balanced version
of the second-order semi-discrete CU scheme introduced in [9]. We follow the idea in [9] and perform
the piecewise linear reconstruction step of the CU scheme in such a way that the equilibrium variables
remain constants at the steady states. The latter is achieved by reconstructing the equilibrium variables
rather than the conservative ones and results in a well-balanced CU scheme for the Euler equations
governing the gas phase; see Y4.1.1 below.

3. One-Dimensional Finite-Volume-Particle (FVP) Method

We develop a numerical method for the dusty gas system (2.1) using an operator splitting approach.
We split the system (2.1) into three parts. The rst part is the homogeneous equations of the gas and
dust phases:

8
@ @ .
: ot o009 =0; (3.1a)
3@ ., Q@ =0:
T ot @)1(‘ d(da) =0; (3.1b)
the second part represents the drag e ect between the two phases:
8
5 g%]g = Si; (3.2a)
2 @ g,
. @s[i{d S1; (3.2b)
and lastly, the third part stands for the heat transfer:
8
% ggg = Sy (3.3a)
2 @ s,
: @gd Sz. (3.3b)

We denote the solution operators for (3.1), (3.2), (3.3) byLg, L1 and L, respectively, and assume
that the solution at time t is available. Then, the solution at time t + t is approximated using the
second-order Strang splitting [53]:
(t+ 1) Lo — Ly — Lo( L1 — Lo — q0xt): (3.4)
qex; 0 5 L1 & L2 1202q,. :
Note that the rst part (3.1) consists of two uncoupled systems (3.1a) and (3.1b), which can be solved
separately, while the coupling between the gas and dust phases is re ected in the systems (3.2) and
(3.3).
In the following sections, we introduce the numerical schemes for the uid dynamics (3.1a), (3.1b),
drag e ects (3.2) and heat transfer (3.3) splitting steps.
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3.1. Lo: Fluid Dynamics Splitting Step

In this section, we introduce an FVP method for the uncoupled systems (3.1). In this method, the gas
phase system (3.1a) is solved by a CU scheme while the dust phase system (3.1b) is solved by an SP
method.

3.1.1. Semi-Discrete Central-Upwind (CU) Scheme for the Gas Phase

We start with a description of a semi-discrete CU scheme for the system (3.1a). For simplicity, we
partition the computational domain into uniform cells C; := [xj LX)y %] of sizejCjj = x centered at
Xj =] X, ] =xjL;:i1)r. We assume that at time levelt, the cell averages of the numerical solution,
(Tg); (1) == ix G Jg(x;t) dx, are available.

A semi-discrete CU scheme from [30] applied to (3.1a) results in the following system of ODEs:

d . _ Fi«1 Fig
a(QQ)J = T (3.5)
where . c w .
a’, 1 fq((aqg); a1 fg((ag)i1) a .a ;
I+3 J i+3 J j+5 +3
Fj+% = 2 o a 2 + o 2 a 2 (Qg)j\/\il (%)jE (3.6)
i+ Tj+3 i+ Tj+3

are numerical uxes.
The one-sided point values in (3.6) are computed by

h E i
@ = (S (s P+ 2 2

h W [
@l = (ol (ol s PO 4 20 (ugt)?

where ( g)F, (Ug)F, (Pe)F (@nd ( g)}%1. (Ug)¥1. (Pg)%1) are the left- (right-) sided values of the
gas density, velocity and pressure at the cell interfacex = X+ 1o which are obtained using the

reconstruction operator R (introduced in Appendix A.1):

(o =RI(Qig,, (U =RI(Ugg,.,  (Po)f = RE(Pg)ig,., i
2 e e (3.7)
( g)jV\il = Rf (_g)jgxzx_+ 1; (Ug)}l\il = Rf (Ug)j g =, 1; (pg)JV\J/rl = Rf (Pg)j 9 =+ 1'
I+35 itz itz
Here, .
_ (g o " Ly
(Ug)j = ) and (pg); = ( 1) (Eg); 2( )i (Ug)] (3.8)

are approximations of the cell center values of the gas velocity and pressure, respectively.
Finally, the one-sided local speeds of propagationaj+ 1, In (3.6) are estimated using the smallest
2

and largest eigenvalues of the Jacobiar%z:

n 0
., =max (ug)f +(c)f: (Ug)fhs +(c)%; 0 ;
U . E E w W (3.9)
a]+% =min  (Ug)] (Cg)s (Ug)js1  (Cg)j+1: 0
\é (Po) E (o)}
where the speeds of sound are de ned b{(cg)jE = ( (‘;E’ and (cg)}"f,1 = %
9/ g9)j+1
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Remark 3.1. In (3.7), (3.8), we reconstruct the primitive variables ( g; ug; pg) rather than the conser-
vative ones( ¢; guUg; Eg), since our numerical experiments suggest that reconstructing the conservative
variables may lead to appearance of oscillations in the velocity and temperature across contact waves.

Remark 3.2. We would like to point out that the rst-order version of the scheme (3.5), (3.6) is
exactly the semi-discrete version of the scheme in [21, 28].

3.1.2. Sticky Particle (SP) Method for the Dust Phase

In this section, we describe the sticky particle method from [14], which is used to solve the dust
phase system (3.1b). To this end, we seek a solution of (3.1b) in the form of a linear combination of
-functions:

M . — X P . — . . T.
dg (x;t) = i(t) (x X (1); i =( mi;m;i(uq)i; (Eq)i) : (3.10)
i=1
Here,M denotes a total number of particles,x” and ; are the location and weights of thei" particle
that carries the massm;, momentum m;(ug); and energy(Eq);.

The initial weights and locations of the particles can be determined based on the the initial condition
Q@(x;0) = 4(x;0); qug(x; 0); Eq(x;0) T We rst partition the computational dOfT?:?.in into M
subdomains ?,i = 1;:::;M, and then an i particle with the weight ;{(0) := ioqd(x; 0)dx is
placed at the geometric center of ?, denoted by x" (0). For example, one may choosé g to be an
uniform partition of the computational domain , and xiF> (0) to be the center of the interval io_ Then,
the particle weights are approximated Zby a midpoint quadrature:

i(0)= da(x;0)dx j Pjag(x] (0);0):

0
i

Based on the weak formulation of (3.1b) the locations and weights of particles are evolved according
to the following ODEs (see [14]):
P :

L('jt(t) = ba(xf (1) 1); d O;t(t) =0; i=1;0nM; (3.11)
where @ig(x;t) is a piecewise linear reconstruction of the dust velocity obtained in the following way.
First, we compute the average velocities of the particles located in each cell;. These velocities,
denoted by (ug)™, are computed by

P

(2
e 2e | (t)
i:xP (1)2C;
(ud)jCM — i b j
(1)
i (1)
i:xP (1)2C;

and can be viewed as approximate dust velocity values at the corresponding centers of mass:

1
oo o
i (1)2Cj
(ua)™  uaxMit); o xt™M = =

: J (3.12)

1
=0
ixP (1)2C;

Then, we reconstruct the piecewise linear approximation oiug as follows:
n 0
6a(;t) = R (ua)PMixf™

where the reconstruction operatorR” is introduced in Appendix B.1.
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For each particle, in addition to evolving its location and weights, we also need to keep track of the

volume j ij occupied by the particle (it will be used in the computation of the exchange terms, see
Y3.4). As in [11], we evolvg (t)j by solving the following ODEs:

gt 10i= @(X. (0: 0 i(OJ; (3.13)
subject to the initial conditions j (0)j = Yj.

3.1.3. Particle Merger

In cases when too many particles cluster in a relatively small region, the e ciency of the particle
method is signi cantly jeopardized. This happens due to severe time step restrictions needed to ensure
the stability of the particle method (as it becomes unstable if one allows the particle trajectories to
cross in the(x; t)-plane). To overcome this di culty, we adopt the following particle merger algorithm
from [14]: We choose a predetermined critical distancel,; and force any two particles, say, thei™ and

i + 15t with the distance between them smaller thand., to be merged into a new particle whose the
weight and location are calculated as:

new — new —

mixP + M1 XPy |

mi + Mjs1
This procedure of particle merger is repeated until the distance between any pair of remaining particles
is greater than d;.

it i+l X

Remark 3.3. The critical distance d.; should be chosen experimentally. In all of our numerical

examples, this distance was set asl;y = x=2. We would also like to stress that our numerical

experiments clearly indicate that the presented FVP method does not seem to be sensitive to the
choice ofdc.

3.1.4. Particle Redistribution

While some particles may cluster, some other particles may spread away from each other, in which
cases some of the particles become isolated and, as a result, the particle distribution will become too
sparse to provide a su cient resolution of the computed solution. Therefore, we propose the following
procedure to detect and locally redistribute the isolated particles. First, the total number of particles
located in C; is counted and denoted byn; . If one of the particle-occupied cells ¢; > 0) has empty
neighboring cells (that is, both n; ; =0 and nj+1 = 0), then we regard the particles in this cell as
isolated. We then replace all of the isolated particles in the computational domain with a new group
of particles located at the centers of the FV cellsf x-g and carrying the weightsf ""g given by

P .
pew _ % ol =fijxP2C n >0 n 1= nj. =0g; (3.14)
i2l
where 8 19
%5 2 8 7+12 472 if1<jj 2
_ g ———
( )‘§3 2 +% 1+4 47 ifjj 1 (3.15)
"0 otherwise

is a nonnegative compactly supported cut-o function [34, 46]. It can be shown that the redistribution
procedure described above satis es the conservation of mass, momentum and energy of particles:

X
new = T (3.16)
i21
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Remark 3.4. Note that in (3.14),

P
X X =0; if x¥ x 2 x
X
which indicates that the new particles generated far away from isolated particles will have zero weights
and it is su cient to only consider the new particles located within the 2 x vicinity of the isolated
particles. In fact, if the particles in a certain cell C; are detected as isolated, we only compute their
replacementsfx-; "Wgwith ~=j 2;:::;) +2.

3.2. L1: Interaction Time Step for Drag E ect

In this section, we describe the numerical scheme for solving the system (3.2) over the time interval
[to;to + t] (we follow the approach in [45]). In this procedure, denoted byL,( t), the gas and
dust phases exchange a portion of their momentum and energy due to the drag e ect. Omitting the
dependence orx, we rewrite (3.2) as the following system of ODEs:

:t (D) =0; (3.17a)
S U= Al U] Ug®) ) (317)
SED= Al U g ) uglt); (3170)
% J()=0: (3.17d)
S a0 = Ajug®) U] gl ua) 317¢)
SEA0= Alg)  ua0] Ugl)  Ua(®) v 3171

We note that g and 4 remain constant during this splitting step and following [45], we assume that
the coe cient A is also constant fort 2 [tg;to+ t]. Then, equations (3.17b), (3.17c), (3.17e), (3.17f)
can be explicitly solved and their solutions are
( gug)(to+ t)=( gqug)(to) + M™%
((aua)(to+ t)=( qua)(to) M%
Eg(to+ t)= Eg(to) + ETS;
Ea(to+ t)= Eq(to) ETS

where
u 1 3A t(1+ )
2 2 4(to)
are the momentum and energy exchanges between the two phases. Here,
+
g(to)ug(to) d(tO)Ud(tO); (3.19)
g(to) + a(to)

=1+ Aj u t (3.20)

M g¥ = 1 and E®=] yj Ab U uj— (3.18)

u= ug(to) uq(to); b=

1 1

+ .
o(to)  a(to)’
and the coe cient A is computed using (2.7) (2.9) at time t = to.

As described in Y3.1.1 and Y3.1.2, the numerical solutions of the two phases are evolved in di erent
forms: the solution of the gas phase is realized in terms of cell averages on a xed grid while the
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solution of the dust phase is realized in terms of a meshless particle distribution. Therefore, to evolve
the numerical solutions of both phases, the system (3.17) has to be solved twice, at two di erent sets
of locations for two phases.

On one hand, for the gas phase, its average momentum and energy in the c€l| are evolved using
the momentum and energy exchange$! t* and E* computed at X;:

(Tglg)j (to + 1) = (Tglg)j (to) + M(X)); (3:21)
Egli(to+ 1) =(Eg)i(to)+ EF(x)): (3.22)

On the other hand, for the dust phase, the momentum and energy weights of thé" particle are
evolved using the exchange terms calculated ax?:

@lto+ = @(to)+] JMPXP); (3.23)
Do+ 0= Oto)+ ] JEFP): (3.24)

In (3.21) (3.24), the exchange terms are explicitly computed using the formulas (3.18) (3.20), where
the temperature value of the gas phase as well as the density and velocity values of the two phases at
locationsx = xj and x = xP are needed. To this end, we need to project the FV data onto the particle
locations fx g, and the particle data onto the cell centersfx; g. These projections are introduced in
Y3.4.

3.3. L2 Interaction Time Step for Heat Transfer

In this section, we review the numerical scheme proposed in [45] for solving the system (3.3) over
the time interval [to;tp + t]. In this procedure, denoted byl », the gas and dust phases exchange a
portion of their internal energies due to their temperature di erence and the heat transfer between
them. Again, we omit the dependence orx and rewrite (3.3) as the following system of ODEs:

((jj'[ g(t)=0; (3.25a)
(;jt gUg(t) =0; (3.25b)
SE= QT Ta(); (3250
% J()=0: (3.25d)
% JUg() =0 (3.25€)
%Ed(t) = Q (Ty(t) Tq(t)): (3.25f)

Noting that the densities and momenta of both phases remain constant during this splitting step, we
assume that the coe cient Q is constant fort 2 [tg;to+ t]. As the result, the kinetic energies remain
unchanged and only the internal energiessy and Eq are evolved by (3.25). According to the relations
between the temperature and internal energy (as introduced in (2.5)), we rewrite the ODEs (3.25c¢)
and (3.25f) as

= Do T
9

Sram= 0w Tay:
d
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These equations can be analytically solved, and their solutions can be used to evolg; and Eq4 as

follows:
Eg(to+ t)= Eg(to) + ESS;

Edq(to+ t)= Eq(to) E5SX

where T T h i
ESX = Tolto)  Ta(to) "y @ ¢ 4 (3.26)
is the energy exchange between the two phases. Here,
1 1
=( 1) —+ — (3.27)
g d

and the coe cient Q is computed using (2.7) (2.9) at time t = tg.
Once again, in order to evolve the numerical solutions of the two phases, the ODE system (3.25)
has to be solved at two sets of locations. For the gas phase, the average energyQn is updated by

Egj(to+ t)=(Eg)j(to)+ ES*(Xj);
and for the dust phase, the energy weight of the™ particle is evolved by
Do+ = Pto)+ ] i(L)EFEF):

Here, the energy exchange&$*(x;) and ES*(xP) are computed at both x = x; and x = x using the
formulas (3.26) and (3.27), in which the density, velocity and temperature values of the two phases
are required. In the next section, we will introduce how to obtain those values by projecting the FV
data onto the patrticle locations and the particle data onto the cell centers.

Remark 3.5. Since in the interaction time stepsL; and L, only the momenta and energies of the
two phases are locally exchanged and the transportation of neither phase is considered, therefore, both
the locations of particlesf x” (t)g and the corresponding occupied volume§ ;(t)jg remain unchanged
during these two splitting steps, see (3.11) and (3.13).

3.4. Finite-Volume and Particle Data Projection

Here, we describe the numerical techniques used to project the FV data onto the set of particle
locations f xP (t)g and the particle data onto the cell centersf x; g. We assume that the gas- and dust-
phase numerical solutions, namelyf (Gg); (t)g and f i(t);xP (t)g, are available at a certain time level
t.

First, to evaluate the dust data at the cell centers, we use the piecewise linear reconstruction
operator RP to obtain (see Appendix B.1):

1 1
a(xji)= RP = 0 x ;
iZXiPZCj X=Xj
p
¢ . Yo
i 2C;j
Ug(xj;t) = RP %’W:XFM ;
i (t) X= Xi
ixP2C; !
P 3 P 2
SR R CRET I
.y _ P 1 ix; 2Cj 1 ix; 2Cj . CM .
MO=RT TRy 2 P
| () | () X=Xj
ixP2¢; ixP2¢;
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where ijM are the centers of mass of the particles located in the cel;, see (3.12).
Using the reconstruction operatorR (see Appendix A.1), we then project the gas data onto the set
of particle locations:

o€ (0:1) = RE(Q (09 o yi UgOF (00 = RT (Ug)i (09 oo

To(x (0:1) = RT (Tg)j (D9 4oy

where #

Wy =T ang (0= 1) EDLE 2wy -

(Tg)i (1) (To)j ()

Finally, the point values of the dust phase are directly computed using the particle weights and the
size of the domain occupied by the particle:

Dty @)

Ok ud(xip(t);t)=i(1)(t), TP =( 1)

#
3
i()(t) 1,

a(xP (t);1) = T(t) Qud(xip(t):t) :

4. Axisymmetric Three-Dimensional Finite-Volume-Particle (FVP) Method

In this section, we develop a numerical method for the axisymmetric 3-D dusty gas system (2.10). As
in the 1-D case, our method is based on an operator splitting approach according to which the system
(2.10) is split into three parts. The rst part consists of the conservation equations for both phases
and the geometric and gravitsational source terms:

2 8+ O+ Zoan= g+ Sii (4.12)
e’ af @
2 Zha+ ola(a)+ oge(@0) = Go: (@.1b)

the second part, written in the form (3.2a), (3.2b), represents the drag e ect between the two phases,
and the third part, written in the form (3.3a), (3.3b), contains the heat transfer terms. As in the 1-D
case, we denote solution operators for (4.1), (3.2) and (3.3) by, L1 and L, respectively, and apply
the second-order Strang operator splitting:

t t t t
> L1 > L2( t)La > Lo > q(r;z;t): (4.2)

In the following sections, we introduce the numerical schemes for the uid dynamics (4.1a) and
(4.1b), drag e ect (3.2) and heat transfer (3.3) splitting steps.

q(r,z;t+ t) L o

4.1. Lo: Fluid Dynamics Splitting Step

In this section, we introduce an FVP method for the uncoupled axisymmetric 3-D system (4.1). As
in the 1-D case, the gas phase system (4.1a) is solved by a well-balanced CU scheme while the dust
phase system (4.1b) is solved by the SP method.

4.1.1. Well-Balanced Semi-Discrete Central-Upwind (CU) Scheme for the Gas Phase

We start with a description of a semi-discrete well-balanced CU scheme for the system (4.1a). For sim-
plicity, we partition the computational domain into uniform cells Cjy := [rj 13Ty %] [z, 1324 %] of

sizejCjxj= r zcenteredat(rj;zk):((j+%) rnk 2), j=0;:::;jr, k= Kkg;:::;kg. We assume
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that at time level t, the cell averages of the numerical solution(qg)jx (t) := Rlzj.k dg(r; z;t) drdz,
are available. ’

In order to design a well-balanced CU scheme for the gas phase, we follow the approach from [9]
and incorporate the gravitation term  rg ¢ into the ux. To this end, we use the new variable w

introduced in (2.16) and rewrite the gas part (4.1a) of the studied system as follows:

_1
r z

@ @ @ .
@gg + @IT g(dg) + @gg(%) = Gg+ Sy, (4.3)
with
3 2 3 2
_8r gug 4. _ g rCqug+pg 4. _ r gUgVg )
Qg = § f oV 2 fg(ag) = § f qUgV Z 9g(dg) = § F(gV2 + Wo) 2 (4.4)
rEg rug(Eg + pg) 'Vg(Eg + Pg)
and
2 0 3 2 0 3
0
sr:QFgé; Go=§ 0 . (4.5)
0 rg gVvg

A semi-discrete CU scheme from [33] applied to (4.3) (4.5) results in the following system of ODEs:

d Fivin Fiix Gusr G =
(T = 2 2 2 —2 4+ (Gg)ik + (Sp)ik -
dt (QQ)J,k r 7 ( g)J,k ( I‘)j,k
where
+ E w
a, %;kf g (dg)ji) a, %;kf g (dg)j+1
F j+ %;k = a+ a
j+ 1k j+ 1k
+
a ;.a 4 h I
j+5kTj+ 35k W E .
+ = (Lr)j+%;k (Ag)i+1:x  (Agdjk
j+ 3k aj + 1k
4.
b’ () b (do)3 o)
o+ 190 Wl By 190 ol
Jk+3  Thk+3
+ .
b 1 h |
ik + 1k + s N
t o3 b (LZ)j;k+% @)1k (dodjk
K + 1 K + 1
Bk+3  pk+3
_ . - : E(W N;
are numerical uxes. In what follows we provide explicit formulae for point values (qg)j.é NS) com-

puted at the middle of cell boundaries, matrices(Lr)j+ 1y and (Lz)j;k+ 1 and one-sided local propa-
gation speeds,aj + Lk and bJ+ Ly
In order to ensure the well-balanced property of the designed numerical method, we follow the idea
from [9] and compute the one-sided point values of the conservative variable(sqg)j'ifw;'\';s> in (4.6) in
two steps: We rst calculate the point values of the equilibrium variables ( g; ug; Vg; Wg) and then use
them to obtain the point values of the conservative quantities (r g;ru g;rv ¢;rEg). The former are

across the linesr = S andz =z, 1, respectively.
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computed using the reconstruction operatorR introduced in Appendix A.2 in (A.2):

( g)jI;Ek = Rf( g)j;kgrer 1;Z=Zk; ( g)J\{Y( = Rf( g)j;kgrzr_* 1;Z=Zk;
itz Iz

N .— . S ._ .
( g)jk = Rf( g)i?kgr:rj;z:zk o Codjic = Ri( g)j;kgr:rj;zzz;r X
t32 2
(ug)E := RF (ug);: . (Ut = Rf (ug);; ;
g9/jk - 91,kgr=r. 11z=7¢! g/jk - gl'l(gr:rv+ Liz=zy]
i b2 4.7)
N .— . . S ._ . . '
(UQ)J'k — Rf (ug)],k g r=rj;z= Zk . ’ (ug)J,k — Rf (ug)],k g r=rj;z= Z: 1 ’
t2 2
(Vg)E. = Rf (vg)i: , (Vo)W = RF (vg)i ;
g/jk - gjykgr:r. 1;2:Zk’ g/jk - g].kgr:r'+ l;z:zk’
I*+3 Iz
(Vg)}?‘k = Rf (Vg)],k g r=rj;z= Zk . , (Vg)JS,k = Rf (Vg)],k g r=rj;z= Z: | ;
t2 2
where
(Mg)jk (M gUg)jk (M gVg)jk
( )';k = —==; (u )';k = == (v )';k = 0,
o ry . (T o)ik o (Fa)ik

are approximations of the cell center values of the gas density and velocities in the- and z-directions,
respectively.

Similarly, the one-sided point values ofw are computed using the reconstruction operatorR given
by (A.2). It should be observed, however, that since the gravitational force is only acting vertically,
the special reconstruction ofwg and the integration of 4 are only needed in thez-direction. As a

result, the values of(wg)fk(w) are not needed to be computed anc(wg)j'?'k(s) are obtained from:
(Wg)]l?lk = Rf (Wg)],k g r= rj 12=2 1 ’ (Wg)fk = Rf (Wg)Lk g r= rj V2= z+ 1 ’
k+ 5 k 3

where the cell center values ofvg are computed according to its de nition given in (2.17):
(Wg)ix = (Rg)jx + (Pg)jk
Here, the cell center values of gas pressur@g);k are given by
(q)j;k
2
and the values of(Rg);x are obtained by integrating the piecewise linear reconstruction of 4:
2 (Rodix+1 = (Ro)ige 1+ 9 2(giks

(Rodj, 1705 g z g( 2? @
’ ~ (Rg)jx :(Rg)j;k %+ T(_g)j;k T@ZR” g)j;kgrzrj 7= 7, "
Once all of the equilibrium variables are reconstructed, we proceed to the computation of the point
values of the other variables needed in the ux evaluations (4.6). Using the values o(Rg)j;k+% and

(Wg)j’?'k(s), we can recover the gas pressure values at the centers of top and bottom cell interfaces by:

1
(Polix = T ("E )k (Ug)jz;k +(Vg)j2;k :

(pg)jl?lk :(Wg)jl?lk (Rg)j;k+%; (pg)js;k =(Wg)fk (Rg)j;k L

while at the centers of the other two cell interfaces the values o(pg)fk and (pg)}{‘{( are obtained using
the reconstruction operator R given by (A.2):

(pg)jl?:k = Rf (pg)j;kgrzr_ 1;Z=Zk; (pg)};/}/( = Rf (pg)j;kgr:r_+ 1;z=zk: (4.8)
1+ I 7
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Using (4.7), (4.8) and the equation of state (2.6), we thus obtain all of the necessary point values of
(9g):

E ._ h E . E E . E E .(pg)jl?k ( g)jl;zk E \2 E \2 i.
(Qo)ik = Tjer Cadiis C adik (Ugdjic s € )ik (Vadjikc 1t ((ug)ic )=+ (V)i )®

Wo._ N W W w s . Pk ok W2 Wiz .
(Agljk = i 1 ( @ik o)k Uik s ( g)jik (Va)jik s 1 + 5 ((ug)jk )=+ (V)i )*

N h N W N ., \N N (P, o)k N 2 N2
@ik =1 ( @ik ( ajk (Ugdik ( a)ik (Va)jk ; 173 ((ug)jk )+ (V)i )*

S ._ . h S . S S . S S _(pg)fk ( g)js;k S 2 S 2 i.
@ik = ri (g ( o)ik (Ugik s C g)jik (V)i s 17 ((ug)ii )™+ (V)i )” -

Another important point in ensuring the well-balanced property of the CU scheme is related to
the amount of the numerical viscosity in the numerical uxes (4.6). The viscosity is controlled by two
diagonal matrices(Lr)j+ 1y and (Lz)j;k+% (see [9]), which are given by

3 2 3
_ 0 1 0 01, _ 0 1 0 01.
(Lf)i+%:k‘ 0 0 1 oz’ ("Z)J:k+%‘§ 0 01 oz’
0 0 01 0 0 01
where (o) W) .
Wq)i+1 - Wq))i- im+ L
(( Wo)ji1y = Bl 9))jik : ik —;
TR Y L)) S U) I Y s S |
Yik+3 4 man;kf(Wg)j;k g'

Here, the smooth function H is designed to be very small when the computed solution is locally at
(near) the hydrostatic steady state, and to be close to 1 elsewhere. The occurrence of the steady
states is detected by a zero (or almost zero) value of( wg)j+ 1y (or ( wg)j;k+ %). Thus, H(( wg))

should give a zero value when( wg) =0 and give values close tdl otherwise. In all of our numerical
experiments, we have used & function proposed in [9]:

(C (wg)™
H(( wg)) =
A N CIE Pk
with the parameters C = 200 and m = 6. We also would like to point out that in (4.9), the approximate
. . . T I']. s 1 Zo .1 7 1

spgﬂal derivatives of wgy are muIt|pI|ed. by faptors g ?(W’é;)j;k 5 and —X j;sz (ng)j;kzg’ so to make the
variables ( wg);, 1, and ( Wg);y . 1 dimensionless.

Finally, the one-sided local speeds of propagatioraj

el and b]'k L are estimated using the smallest
2" ! 2
and largest eigenvalues of the Jacobian%g and %g; see [22]:

_ E E . w WL .
aj++ 1g T max  (Ug)ik *+(Cg)jk; (Ug)j+1:k +(Cg)j+14: 0 ;

a_ i, =min (Ui (G (Ug)hax  (G)f%axi 0

NI

N N S S (4.10)
q;k+ =max (Vg)ik +(Co)ik: (Vg)ik+1 +(Cg)ik+1: 0

b
f

N

(1 = Mmin (Vg)j’?lk (Cg)j’?lk; (Vg)js;k +1 (Cg)js;k +:0

N
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where the speeds of soundcg)fy ; (Co)iY; .« (C)fk and () 4, are computed by

vV v v v
¥ E i w ¥ N ¥ s

(C)f = t (pg)EJ'k L (i = t (pg)\,J\',k b (G = t (pg),\J]'k (i = t (pg)sj’k .
( g)j;k ( g)j;k ( g)j;k ( g)j;k

4.1.2. Sticky Particle (SP) Method for the Dust Phase

In this section, we describe the multidimensional SP method from [14], which is used to solve the dust
phase system (4.1b). To this end, we seek a solution of (4.1b) in the form of linear combination dfl
-functions:

M e . — X P . P . — . . . T.
dq (nz;t) = i(t) rori():z z (), i=Crimi;rimi(ua)i;rimi(va)isri(Eqe)i) ' (4.11)
i=1

where (rP;zP) and | denote the location and weights of thei!" particle that carries the massrim;,
r-momentum rim;(uq)i, Z-momentum rim;(vq)i and energyri(Eg);.

The initial weights and locations of the particles are determined based on the initial conditions
qq(r;z; 0) = (r 4(r;z; 0);r qu(r;z; 0);r qv(r;z; 0);rE 4(r;z; 0))T. First, the computational domain
is partitioned inﬁgh M non-overlapping subdomains ©, i = 1;:::;M, then the i"" particle with the
weight (0) = ioqd(r; z; 0)drdz is placed at the geometric center of ¢ denoted by (rf (0); zF (0)).
For instance, one may choosé °gto be a uniform partition of  and (rP (0); z” (0)) to be the center
of the cell 0. Then, the particle weights are approximated by a midpoint quadrature:

2z

i(0)= qa(r;z;0)drdz j Pjaa(r{ (0); 2 (0);0):

0
i

Based on the weak formulation of (4.1b), the locations and weights of the particles are evolved
according to the following ODEs; see [14]:

IO = gyeP @iz 0 A = w0 02 @10
di_ 00 g Dm: g @i |-
G 0;0; g () (9 I

where @ig(r; z;t) and ¥4(r; z; t) are two piecewise linear reconstructions of the dust velocities obtained
in the following ways. First, we compute the average velocities of the particles(ud)j?k"" and (vd)j?k'\",
which are computed by

P 2 P 3
P.,P '( )(t) P.,P '( )(t)
_ i:(ri 5z ((12Cix . CM _ i(ri 5z M(12Cjk .
(Ud)j?kM = P AN (Va)jik™ = P D,
o) 0
i:(rP;zP )(1)2Cj i:(rPizP )(1)2Cjx

and can be viewed as approximate dust velocity values at the corresponding centers of mass:

(Ud)j?kM ﬂd(rj(;:kM J ch;:kM s (Vd)j?kM fld(rjc;:kM ; Zj;CkM 1)
where
P " P 1
o HCIRIO o () 7O
CM _ i:(ri 77 )(1)2Cjx ) cM _ i:(ry 5z )(1)2Cjx
(oM _ 2 ZCM = : (4.12)
Ik L @) jik L 1
@) D ()
i:(rP;zP )12 Cjx i:(rP;zP)(t2Cjx
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Then, we reconstruct the piecewise linear approximation ofuq and vy as follows:
ba(r;z;t) = R ()G z 0 ta(nzit)= RP (va)Grs g8

where the reconstruction operatorR? is introduced in Appendix B.2 in (B.1).

For each particle, in addition to evolving its location and weights, we also need to keep track of the
volume j ij occupied by the particle (it will be used in the computation of the exchange terms, see
Y4.4). As in [11], we evolvg (t)j by solving the following ODEs:

(1)) = %ﬁ(rf(t);zﬂt);m @é‘;«r(t);zmt);t) i ]

subject to the initial conditions j (0)j = Yj.

4.1.3. Particle Merger

In order to prevent particle clustering in a relatively small region, we use particle merger procedure
similar to the 1-D one described in Y3.1.3. Following [14] we choose a predetermined critical distance
der and force any two particles, say, thei™ and j ™ ones, with the distance between them smaller than

der to be merged into a new particle with the following weights and locations:
Ml + M new o MiZ M

mi+m; m;i + m;

j , rnew -
This procedure of particle merger is repeated until the distance between any pair of remaining particles
is greater than d,.

4.1.4. Particle Redistribution

In order to prevent the particle distribution from becoming too sparse, we develop the following
procedure (similar to the 1-D one presented in Y3.1.4) to detect and locally redistribute isolated
particles. First, the total number of particles located in the cell Cjx is counted and denoted byny .
If one of the particle-occupied cells ¢jx > 0) has eight empty neighboring cells, then we regard
the particles in this cell as isolated. We then replace all of the isolated particles in the computational
domain with a new group of particles located at the centers of the FV celldr-,;z,g and carrying the
weights f "Yg given by

P . P .
new — X I’i r Zi z i
i21 r z
where
N
| =fij(f;zP)2Ci injx > 0 Njoro = Nk g
jo=j 1k%=k 1

and is the compactly supported function given by (3.15). As in the 1-D case, one can show this
redistribution procedure is conservative, that is, equation (3.16) is satis ed.

4.2. L;: Interaction Time Step for Drag E ect

In this section, we describe the numerical scheme for solving the system (3.2) over the time interval
[to;to+ t]. We follow the 1-D approach described in Y3.2 (see also [45]). Omitting the dependence
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onr and z, we rewrite (3.2) in the following component wise form:

d
i
d
i
SEg= ANV Ve Vo Vald) Vol
! (4.13)
qt a(t) =0;

d
it

%Ed(t)=Ang(t) Va()j Vg(t) Va(t) Va(t):

g(t)=0;

V()= AVg(t) Va®)i Vg(t) Va(t)

aVa(t) = AjVg(t) Va(t)j Vg(t) Va(l);

As in the 1-D case, the ODE system (4.13) can be analytically solved. The average momenta and
energy for the gas phase are then evolved over the time intervdtg;to + t] by

(MgUg)jk (to+ 1) = (T gUg)jik (to) + 1 (M fx)(l) (rj;zx)
oVik (to+ 1) = (FgVg)j (to) + rj (M) D (rj; z4) (4.14)
(Egik (to+ )= (rEg)jx (to) + rj EFX(rj; zv);

while the momentum and energy weights of theith particle for the dust phase are computed by
@to+ )= Oo)+ 7 ii(MPND(P;20);
Oto+ t)= Oto)+ 17 j iMP)O(P;2P); (4.15)
@+ t)= @)+ r7j JEP(T;2D):

Here, the momentum exchangeM > and energy exchangeE 7* are obtained by

and
_ 3 A t(1+ At :
ES = j V(to)J3 ( 2) I V(to)j \p(to) V (to);
2 4(to)
where

g(to)Vg(to) + q(to)Va(to).
g(to) + q(to) ’

V(to) = Vg(to) Valto);  ¥(to) =

1 1
. .
o(to)  a(to)’

and the coe cient A is computed at time t = tg using (2.12) (2.14).

Note that the numerical solutions of the two phases are realized in di erent forms. As such, the
exchanges terms in (4.14) and (4.15) are in fact computed at di erent locations(r;; z«) and (rf;zP).
Similar to the 1-D case, a multidimensional version of the intergrid projection is needed here and will
be introduced in (4.4) below.

=1+ A j V(tg)j t
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4.3. L,: Interaction Time Step for Heat Transfer

In this section, we review the numerical scheme proposed in [45] for solving the system (3.3) over the
time interval [to;to+ t]. Similarly to the 1-D scheme, described in Y3.3, we omit the dependence on
r and zand rewrite (3.3) in the component wise form:

d
dt
d
dt
d
aEg(t) = Q(Tg(t) Ta(t));

q (4.16)
at a(t) =0;

d
dt

CEa= Qo) Ta(t):

g(t) =0;

gVg(t) = 0;

aVa(t) = 0;

Similar to the 1-D case, the system (4.16) can also be analytically solved, leading to the following
formulae used to evolve the gas and dust energies over the time intervdtg;to + t]. For the gas
phase, the energy is updated by

(Eg)jk (to+ 1) = (rE g)jx (to) + rj ES*(rj;z); (4.17)
and for the dust phase, the energy weight of tha™ particle is evolved by

Dto+ ty= D(to)+ rPj i(t)JES(P;2P): (4.18)
Here, the energy exchangé5* is computed by

o = Ty(to)  Ta(to) heQ t 1';
where
(1 R
g dCvd

and the coe cient Q is computed at time t = tg using (2.12) (2.14).

Note that in (4.17) and (4.18), the computations of ES* require the densities and temperatures of
both phases at both(r;; z«) and (rP;zP). In the next section, we will introduce how to obtain those
values by projecting the FV data onto the particle locations and the particle data onto the cell centers.

4.4. Finite-Volume and Particle Data Projection

Here, we describe multidimensional techniques which are used to project the FV data onto the set
of particle locations f (rF (t); zP (t)) g and the particle data onto the cell centersf (r;;z¢)g. We assume
that the gas- and dust-phase numerical solutions, namelyf (qg)jx (t)g and f i(t);rP(t); 2P (t)g, are
available at a certain time level t.
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First, to evaluate the dust data at the cell centers, we use the piecewise linear reconstruction
operator RP to obtain (see Appegdix B.2):

9
< =
1 X 1
arjizat)= RP. —— MO :
- i:(ri;zi)? 2Cjx 19 , r=rj;z=z
3. iC) 3
i P ix(ri;zi)P 2Cj (CM. ,CM -
|
. i(r: 7 )P N !
80 |.(r|,z.) ZCJ,k 19 r=rj;z=z
3 2 () 3
- P Birizm)P2CK . CM.emE :
vda(rj;ze;t) = R §% = Kl)(t)’rj;k ' 4k §§ ;
|
) i:(ri;zi)P 2Cjx , r=rj,z=2z

Ta(rj;za;t) = RP ( (|:<M, jCkM’ ]k)

r=rjz=z
where 5 0 1 0 1
p A P ) p 3

O 2 ;O
TCM — R Ei:(ri;zi)PZCj;k l%i:(ri;zi)PZCj;k § %I :(ri z,)’:’ZC”< E z
ik T L P " P "
Y Yy 2 Dnx 2 RO

i:(ri;zi)P 2Cjx i:(ri;zi)? 2Cjx i:(ri;zi)P 2Cjx

and (rM;zEM) are the centers of mass of the particles located in the celljy ; see (4.12).
Using the reconstruction operatorR (see Appendix A.2), we then project the gas data onto the set
of particle locations:

orP ;2P (1)) = R (i 0 a(rP;2P);  To(rP(); 2P (1);t) = R (T () a(rP;2P);
ug(rP (0): 27 (1);t) = RE (ug)ik O a(rF:27);  vo(rP (1);: 2P (1);t) = RE (ug)ik () 9(rF;27);

where _ ). (o) (1
() = Ug Jk iy = ¥ aVolik (U,
_ _ (rE ik () (Ug)gk (t) +( Vg)%k (t)
(Tg)ik () =( 1) (r_gg)jj;k ) ) 5 ] :

5. Numerical Examples

In the section, we test the performance of the designed hybrid FVP method. Among the three solution
operators, Lo, L; and L, the time step restrictions should only be considered for thelL o step, in
which the numerical solutions of the gas and dust phases are evolved using the CU scheme and SP
method, respectively. As described in Y3 and Y4, both the CU scheme and SP method result in time-
dependent ODE systems, which should be integrated in time using a stable and accurate ODE solver.
In the numerical examples reported below, we have used the three-stage third-order strong stability
preserving (SSP) Runge-Kutta method; see, e.g.,[23, 24, 52].

For the CU scheme, the time step tq is to be restricted by the CFL condition. We have used the
CFL number 0.5 in the 1-D case:

0:5 x .

ty = ; a=max a
g a j i+3
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wherea , are the local propagation speeds de ned in (3.9), and 0.4 in the axisymmetric 3-D case:
J+

2

. r . z . — + . . — + . .
tg = 0:4min = p a—rr};ai}x aj+%;k, aj+%;k ; b—rr};ai}x bj;k+%, bﬁh% ; (5.1)
where &, 1y and b]'k+ , are the local propagation speeds de ned in (4.10). For the SP method, the
3 ;

time step tq is to be chosen to avoid the trajectories of particles to intersect within one time step
and we therefore use the following formulae for tg:

8 9
2 minjxP (1) Xfo(t); 2
| I

WM TP

in the 1-D case, and

IW ©

Vv
Emin (P rRM)Z+(ZP()  Z5(1)2

0§ i
uz(xP (1) 1) + vi(xF (1)) 3

in the axisymmetric 3-D case. We then select the following splitting time step in (3.4) and (4.2):
t=2min( tq; tg):

It should be pointed out that one can prove that the computed gas densities are guaranteed to
remain nonnegative (the proof is similar to the proof of nonnegativity of the water depth computed
by the CU scheme for the Saint-Venant system of shallow water equations; see, e.g., [31]). In the
axisymmetric 3-D case, the positivity of g is theoretically ensured if the CFL number, which is 0.4
in (5.1), is replaced by 0.25. In our numerical experiments, however, we have still used a larger CFL
number and never obtained negative values of the computed gas density. The dust densities computed
by the SP method are naturally nonnegative (the only step at which one needs to be careful is the
particle redistribution, but the weights in (3.14) are nonnegative since the function given by (3.15)
is nonnegative). On the other hand, the positivity of the gas pressure computed by the CU scheme
cannot be guaranteed, but in the studied numerical examples no negative pressure values have been
observed.

In all of the reported numerical experiments, we have used the minmod parameter = 1:3 for both
reconstruction operatorsR and RP, see Appendices A and B, respectively.

In Examples 1 5, we compare the results obtained by the proposed hybrid FVP method with those
computed by a FV method, which was designed by applying the CU scheme to both the gas and dust
phase systems.

5.1. One-Dimensional Examples
We begin with the 1-D numerical examples, in which we have used the following parameter values:
=1:4; dy =10 > Pr=0:75 ref = 1:225 Ures = 287:6; Tref = 288:15:

We note that the dust phase numerical solution is realized in terms of patrticle distributions (3.10)
and therefore we need to recover the corresponding point values to present the results obtained by
the proposed FVP method. To this end, we use the same technique as the one used to redistribute
particles in Y3.1.4. The latter is now applied to all of the particles rather than to the isolated ones as

160



Finite-Volume-Particle Method for Dusty Gas Flows

in Y3.1.4. This way, we obtain the cell averages ofy, quq and Eq:

= LY x w o 1Y o x )
J X - X i J X - X i

_ 1 xP x 3

Eq) = — i _();

( d)] X - X i

1
and then the point values of the velocity (ug); and temperature (Tq); are obtained by
("aUa); Ea)i 2
= — — Ug)i =
) I
Example 1 Dusty Gas Shock Tube Problem. In this example, we consider a dusty gas shock

tube problem introduced in [50]. The numerical experiments are conducted over the domaifi0; 100]
and the initial conditions are

(uq); and (Tg)j=( 1)

( (10;0;1;10 #;0;1); x 40

(13;0;1,1;0; 1); x> 40

We useN = 1000 uniform cells and M = 1000 particles for the hybrid FVP method. The snapshots
of the computed solutions at timest = 5; 10; 30 are shown in Figures 5.1. The results obtained by the
designed FVP method are in good agreement with the results reported in [45] and [50], except for a
spiky structure developed by the dust density at the gas contact wave region. To see this, we take a
closer look at this region and compare the dust densities at = 30 computed by the FVP and FV
methods with di erent resolutions with N = M = 1000; 200Q 4000 and 8000. The obtained results
are shown in Figure 5.2. As one can see, the spiky structure is much sharper resolved by the FVP
method: to achieve a comparable resolution with the FV method, one needs to use about 8 times ner
mesh and 4 times larger CPU time.

g(X; 0); ug(x; 0); Tg(x; 0); a(x; 0); ug(x; 0); Ta(x; 0) =

Remark 5.1. We would like to emphasize that the data on the CPU times in Figure 5.2 are provided
for illustration purposes only since the designed FVP and FV codes were not optimized for a fair CPU
time comparison. In particular, an e cient implementation of the FVP method would require the
development of fast summation and search techniques, which is left for the future work. The purpose
of showing the CPU times in this paper was to demonstrate that (i) for a given resolution, the FVP
method would be more computationally expensive; (ii) the FVP method still outperforms the FV one
since a much ner grid would be required for the FV method to achieve the results comparable to low
resolution FVP computations.

Example 2 Dusty Gas Shock Tube Problem with Dust-Free Regions. We now consider
the same setting as in Example 1, but take the dust density on the left to be zero, namely, we set
d(x;0)=0 for x 40
In this setting, the application of the FVP method is straightforward: no particles are needed to be
placed into the dust-free region att = 0. On contrary, when the FV method is applied, the computation
of the dust velocities has to be desingularized to avoid division by zero (or very small) dust densities.
To this end, we implement the desingularization technique from [10, 31] and compute the quantity
1= 4 as follows:
1 2 4 )
d F+max( 3;"%)’
where the parameter"” stands for a small density value, regarded as extremely dilute dust density.
In Figure 5.3, we compare the dust components of the solutions at timé¢ = 30 computed by the
FVP method and the FV method applied to the entire system (3.1). We use four di erent values of"
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Figure 5.1. Example 1: The solutions (densities, velocities and temperatures of the both
phases) att = 5;10; 30 computed by the FVP method.

and the same resolution by takingN = 1000 and M = 600 with the particles initially uniformly placed

in the region x 2 [40;100] As one can see, the discontinuity of dust density is dramatically e ected
by the numerical di usion present in the FV method, while the dust density solution computed by
FVP method provides a sharp resolution at the boundary of the dust-free region. Also, at the smeared
discontinuity, the dust velocity and temperature obtained by the FV method appear to be very sensitive
to the choice of the desingularization parameter”.

5.2. Axisymmetric Three-Dimensional Examples

We now proceed with the axisymmetric 3-D numerical examples. As it is shown below, the numerical
solutions realized in the form of particles clearly demonstrate the low dissipative nature of the FVP
method. The latter enables the users to reveal the phenomenon of dust clustering, that is, certain
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Figure 5.2. Example 1: Dust densities dt= 30 obtained by the FVP (left column) and
FV (right column) methods using four di erent grids.
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Figure 5.3. Example 2: The dust density, velocity and temperature obtained by the FVP
method ( rst row) and the FV methods with four di erent values df.
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amount of dust quantity concentrated in a very small space, resulting in an isolated region with
relatively high density. It is well-known that such structures are developed by the solutions to the
pressureless gas dynamic system; see, e.g., [14, 35] and references therein. We note that these singular
structures are extremely hard to accurately capture by FV methods due to the inevitable numerical
viscosity; see, e.g., [14].

The particles may also expand in space and the dust density will be then diluted. In order to capture
the expansion and dilution process by the numerical approximation realized in terms of the particle
distribution (4.11), we include the particle redistribution technique introduced in Y4.1.4, by which the
dust mass carried by isolated particles is relocated over nearby regions.

In order to recover the point values of the computed dust phase numerical solution from its particle
distributions (4.11), we use the the same redistribution technique mentioned above in a collective
way, that is, instead of focusing on isolated particles, we redistribute all of the particles and obtain a
numerical solution de ned on the center of grid cells. To this end, we rst obtain the cell averages for
the dust phase quantities:

1 M P oz
(Aa)jx x ” ” i) (5.2)

where the function is given in (3.15), and then compute the point values of the velocitiegug);k ,
(va)jx and temperature (Tg)jx as follows:

(e = S o = SR (o= o
We have used the following parameters:
R=287; =114 c¢9=13 10% =10 ° 4=0:05 dp,=10 >
and reference values for density, velocity, temperature and pressure:

Following [45], we have also used the characteristic length = gﬁg" and characteristic time = e

with the density of particle , = 2300. Finally, the gravitation constant used here is given by g =
98 =u ref -

1
> (ua)fk +(Va)ix

Example 3 Collapsing column. We rst consider an example which simulates a cylindrical
dusty gas column that falls down due to gravitation. Initially, the computational domain (r;z) 2
[0; 100C="7 [0;700=1] is divided into two regions, respectively lled by pure gas and dusty gas:

8

h i h i
_<(O:99;0;0;1 0z;230;0;1 gz); (r;z)2 o;@ 0;@;

(rz;0) " (1;0;0;1 gz;0;0;0;0); otherwise
We implement re ective boundary conditions on the boundaries ofr =0 and z = 0 and free boundary
conditions on the two other boundaries,r = 1000=" and z = 700=".

In Figure 5.4, we compare the solutions (the dust density) computed at timest = 5=, 10= by
both the FVP and FV methods implemented on a uniform grid with N, = 200 and N, = 140. For the
FVP method particles are initially placed at the centers of the FV cells only in the region where dust
density is positive and the critical distanced, = r=2 was used in the particle merger procedure. As
one can see, the results obtained by the FVP method are less e ected by the numerical di usion and
provide more details in small scales. In Figure 5.5, we show the results obtained by both the FVP
and FV methods with a higher resolution (N, = 400; N, = 280). As one can see, the FVP results are
much sharper than those obtained by the FV method. Moreover, the200 140FVP results computed

g: Ug; Vg; Tg; g;Ug; Vg; Tg

165



A. Chertock, S.Cui, et al.

using the CPU time of 35Z% are comparable with the400 280FV results obtained using substantially
larger CPU time of 2073.

Figure 5.4. Example 3: The dust density at di erent times computed by the FVP (left
column) and FV (right column) methods with resolutiod, = 200; N, = 140. The green
contour lines correspond to the densitié§f, k = 8;:::;0. The CPU time used for the
FVP and FV results are 3%2and 313, respectively.

Example 4 Volcanic eruption (with the redistribution of isolated particles). Next, we
consider an example introduced in [45], which employs the dusty gas system (2.10) to simulate volcanic
eruptions. The numerical experiment is conducted over the domairn(r;z) 2 [0;1000="] [0; 700="] and
the initial conditions are given by

1
o(;z;0)= — 1:225 0:8559(11000 'z) ; py(r;z;0) =1+ —0— (0:42795z 941368)'z

ref ref

and
d(hz;0)  ua(r;z;0)  va(r;z;0)  Ea(r;z;0)  ug(r;z;0)  vg(r;z;0) O
that is, the initial condition is motionless and the dust phase is absent. Here, the initial gas density
g(r;z; 0) is, in fact, a linear approximation of the atmospheric gas density under the normal conditions

and the initial gas pressurepg(r; z; 0) corresponds to a motionless steady state (2.16).

Free boundary conditions are implemented at the boundariesr = 1000=" and z = 700=", while
re ective boundary conditions are set at the boundaryr = 0. The bottom boundary (z = 0) consists of
two segments: Forr 2 (50="; 1000="], a re exive boundary condition is imposed, while forr 2 [0; 50="]
we set:

;U;V;T; ;U;V;T EN=17— - T AAAAN. Y% ’ ’ y Yy Ty Ty
9¥oTe T dh B T Tdr21050=2=0 1200pref Uref  Tref ref Uref  Tref

99 10°Teer . 80 1200001, - 80 1200
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Figure 5.5. Example 3: The same as in Figure 5.4, but with = 400; N, = 280. The
CPU time used for the FVP and FV results are 635&hd 2073, respectively.

which simulates a volcano vent at the ground level, through which a hot mixture of dust and gas is
injected into the computational domain.

In Figure 5.6, we show the dust density component of the solution at di erent times computed
by the FVP method, and for the comparison, the FV results are shown in Figure 5.7. Here, for
the FV method, a uniform grid with N, = 200; N, = 140 is used. For the FVP method, the same
grid is employed for the computation of the gas phase, while the dust particles are injected into the
computational domain from the aforementioned boundary vent in a manner that they are uniformly
spaced with the horizontal distance r=2 and vertical distance z. The critical distance for particle
merger was set aglr = r=4 in these computations. As one can see, more details are captured by
the FVP method since the solutions obtained by the FV method are smoothened by the numerical
di usion. We also would like to point out that the FVP results are actually realized by a relatively
small number of particles. At time t = 50=, M (50= ) = 24069 particles are employed, which is less
than the total number of FV cells N, N, =28000.

Note that the point values of the dust density shown in Figure 5.6 are obtained using the recon-
struction formula (5.2), which actually spreads the weights carried by each patrticle to its neighboring
cells resulting in a smeared picture of the computed particle distribution. In Figure 5.8, we depict the
dust density in the form of the particle distribution without using any point value reconstructions.
Here, thei®" particle is represented by a solid dot located a(rP; zP) with its area proportional to the
weight m;ri. As one can see, the clustering e ect of the dust phase is clearly captured by the FVP
method, that is, some particles carry a much heavier weight than the other ones.

In order to compare the FVP and FV results, we show the dust density solution obtained by the FV
method in Figure 5.9. Here, we plot the valueg q);x represented by solid dots of the size proportional
to r zrj( 4)jx and located at the cell centers. Compared to the FVP results shown in Figure 5.8,
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Figure 5.6. Example 4: The dust density at di erent times computed by the FVP method
with resolutionN, = 200; N, = 140. The green contour lines correspond to the densities
10K, k = 8;::::0. The CPU time consumed is 8342
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