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Abstract. A finite element method for the evolution of a two-phase membrane in a sharp interface
formulation is introduced. The evolution equations are given as an L?—gradient flow of an energy involving
an elastic bending energy and a line energy. In the two phases Helfrich-type evolution equations are prescribed,
and on the interface, an evolving curve on an evolving surface, highly nonlinear boundary conditions have to
hold. Here we consider both C°~ and C*~matching conditions for the surface at the interface. A new weak
formulation is introduced, allowing for a stable semidiscrete parametric finite element approximation of the
governing equations. In addition, we show existence and uniqueness for a fully discrete version of the scheme.
Numerical simulations demonstrate that the approach can deal with a multitude of geometries. In particular,
the paper shows the first computations based on a sharp interface description, which are not restricted to
the axisymmetric case.
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1. Introduction

Two-phase elastic membranes, consisting of coexisting fluid domains, have received a lot of attention
in the last 20 years. The interest in two-phase membranes in particular was triggered by the multitude
of different shapes observed in experiments with inhomogeneous biomembranes and vesicles. Biomem-
branes are typically formed as a lipid bilayer, and often multiple lipid components are involved, which
laterally can separate into coexisting phases with different properties. Among the complex morpholo-
gies that appear are micro-domains, which resemble lipid rafts, and these are of huge interest in biology
and medicine. As the thickness of the membrane is much smaller than its lateral length scale, typically
the membrane is modelled as a two-dimensional hypersurface in three dimensional Euclidean space.
The equilibrium shape of the membrane is obtained by minimizing an energy which —besides other
contributions— contains bending energies involving the mean curvature and the Gaussian curvature
of the membrane. If different phases occur, parameters in the curvature energy are inhomogeneous,
leading to an interesting free boundary problem as well as to a plethora of different shapes. We re-
fer to [12], where multi-component giant unilamellar vesicles (GUVs) separating into different phases
were studied. These authors were able to optically resolve interactions between the different phases,
its curvature elasticity and the line tension of its interface.

There have been several studies on theoretical and numerical aspects of two-phase membranes taking
curvature elasticity and line energy into account, see e.g. [28, 29, 39, 11, 40, 15, 30, 22, 23, 24, 25, 26,
13, 32, 14, 9], which we discuss in the following.
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The by now classical model for a one-phase membrane rests on the Canham—Helfrich-Evans elastic
bending energy

%a/(%—?)Qd’HQ—{—aG/ICd’HQ,
r r

where T is a closed two-dimensional hypersurface and H? denotes the two-dimensional Hausdorff
measure. The mean curvature of I' is denoted by s, and K is its Gaussian curvature. The constants
a and o are bending rigidities, while 7 is the spontaneous curvature reflecting asymmetry in the
membrane introduced, for instance, by different environments on both sides of the membrane.

In a fundamental work, Jilicher and Lipowsky ([28, 29]) generalized the Canham-Helfrich-Evans
model to two-phase membranes. The geometry is now given by two smooth surfaces I'1 and I's, with
a common boundary ~. In general, the constants o, a© and 7z take different values in the two phases
I'; and I'e, which we will denote with an index i. On the curve « line tension effects play an important
role, and the total energy introduced in [28, 29] is given as

2
(D) =3 [har [ G- a4 af [ K awe] +oal(a), (L.1)
i=1 i i

where the constant ¢ € R>( denotes a possible line tension, and where an index i € {1, 2} states that
quantities such as the curvatures and physical constants are evaluated with respect to I';. Of course,
H' denotes the one-dimensional Hausdorff measure.

In [29] it is assumed that the surface I' = I'; U~y U 'y is a Cl-surface, meaning in particular that
the normal to T is continuous across the phase boundary . The works [25, 26, 27], on the other hand,
also allow for discontinuities of the normal at . The first variation of the energy E in (1.1) has been
derived in [22] for the Cl—case and in [41] for the C'- and the C?—case. It is the goal of this paper
to develop a numerical method for a gradient flow evolution of the energy E. To be more precise, we
will consider an evolution of the form

(v >Z>p +o(V, >?>7 = L;; E((Fi)?zl)} (X) - (1.2)

Here V is the velocity of the surface, % FE is the first variation of the energy, ¥ is a test vector field
on the surface related to directions in which one perturbs the given surface I', and ¢ > 0 is a given
constant. In addition, (-, -)r and (-, -), denote the L?~inner products on the surface I' and on the curve
v, respectively. The evolution of the surface is hence given as a steepest descent dynamics with respect
to a weighted L?-inner product that combines contributions from the surface and the curve. It will
turn out that the governing equations in the case where the surface is restricted to be C'! are

—

V=[—aiAss+ 50 56— 3)% 3 — o (5, — ) Vs ] 7 on Ty, (1.3)

together with the boundary conditions on v = 9I';:

a1 (s —771) +af 2. V= ag (500 — 5%2) + a5 32, .7, (1.4a)
(i (Vssa)3 . fi— (oS3 ms+ 632, . 0= 0V .7, (1.4b)
— 3 i (s = 7)1 + (i (35 = 32) (e = 3 DT+ [0F T2+ 6 3, i = 0V i (1.4c)

Equation (1.3), with A and Vs denoting the surface Laplacian and the surface gradient on I';, re-
spectively, is Willmore flow taking spontaneous curvature effects into account. The boundary con-
dition (1.4a), with 3, denoting the curvature vector on ~(t), generalizes the equation for the mean
curvature in Navier boundary conditions, appearing for example in [18, (6)]. The equations (1.4b,c),
with 7 being the geodesic torsion of the curve (¢) on I'(t) and with [a;]? = a2 — a; denoting the
jump of a across (), appear in the case o = 0 in [23, (3.17), (3.18)], where additional terms to fix the
surface areas and the enclosed volume appear. In the axisymmetric case, the equations (1.4a—c) reduce
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to the equations studied in [29]. Similar conditions have been derived in [39], and it has already been
discussed in [23, Appendix B| that these authors miss one term. For positive g the equations (1.4b,c)
give rise to dynamic boundary conditions taking into account an additional dissipation mechanism at
the boundary. A similar condition for semi-free boundary conditions has been analyzed in [1, (1.3)].
For evolutions where the surface areas of I'y and I'e, as well as the volume enclosed by I', are conserved,
additional terms appear in (1.3) and (1.4c), see (2.16) and (2.20c), below. Moreover, in the case that
the surface I' is just continuous, the boundary conditions (1.4a—c) have to be replaced, and we refer
to (2.19a,b), below, for the relevant equations.

Numerically mainly the Cl-case has been studied, with the exception of [26], where C%surfaces
with kinks in the axisymmetric case were studied numerically with the help of a phase field method. In
the Cl-case already in [29] several two-phase equilibrium shapes in the axisymmetric case were com-
puted by solving a governing boundary value problem for a system of ordinary differential equations.
Based on research on model membranes, see [12], it has now become possible to perform a systematic
analysis of the influence of parameters also in the case of two-phase coexistence. We refer to [11],
where experimental vesicle shapes were compared with shapes obtained by solving numerically the
axisymmetric shape equations derived in [29]. In this context, we also refer to [14], where, in contrast
to the above works, also the effect of spontaneous curvature is taken into account in the axisymmetric
case. These authors were able to show that spontaneous curvatures already in an axisymmetric setup
give rise to a multitude of morphologies not seen in the case without spontaneous curvature.

Almost all numerical results mentioned so far were for a sharp interface setup. Another successful
approach uses a phase field to describe the two phases on the membrane. Line energy in this context is
replaced by a Ginzburg—Landau energy like in the classical Cahn—Hilliard theory. We refer to [40, 30,
22,23, 24, 25, 26, 32, 31| for numerical results based on the phase field approach. The above papers use
a gradient flow approach to obtain equilibrium shapes in the large time limit. An evolution law using
a Cahn—Hilliard equation on the membrane coupled to surface and bulk (Navier—)Stokes equations
has been studied by the present authors in [9].

Rigorous analytical results for two-phase elastic membranes are very limited. So far only results for
the axisymmetric case are known. We refer to the work [13], where the existence of global minimizers
for axisymmetric multi-phase membranes was shown, and the works [25, 26, 27], where the sharp
interface limit of the phase field approach in an axisymmetric situation was studied. Existence results
for the evolution problem are not available in the literature so far and should be addressed in the
future.

It is the goal of this paper to introduce a finite element approximation for a gradient flow dynamics
of the membrane energy F, which is based on a sharp interface approach. Instead of using a phase
field on the membrane, we will directly discretize the curve - separating the two phases I'y and I's. In
three dimensions the total surface I' will be discretized with the help of polyhedral surfaces consisting
of a union of triangles. The curve « is discretized as a polygonal curve in R? fitted to the discretization
of I" in the sense that the polygonal curve is the boundary of the open polyhedral sets I'1 and I's. The
boundary conditions (1.4a—c) are highly nonlinear and involve derivatives of an order up to three when
formulated with the help of a parameterization. It is hence highly non-trivial to discretize them in a
piecewise linear setup. In this work, a splitting method is used, which basically uses the position vectors
of the nodes and an approximation of the mean curvature vector as unknowns. The approach in this
paper relies on a discretization of mean curvature leading to good mesh properties. This discretization
was introduced by the present authors in [2, 3] and has been previously used for closed and open
membranes, see [8, 10] and for elastic curvature flow of curves with junctions, see [6].

We will use the variational structure of the problem to derive a discretization which will turn out
to be stable in a spatially discrete and continuous-in-time semidiscrete formulation. In order to do so,
we will make use of an appropriate Lagrangian and will use ideas of PDE constrained optimization.
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FI1GURE 2.1. Sketch of I' =Ty U~y UT'y with outer unit normals 7;, conormals ji; and
tangent vector idg on ~ for the case d = 3.

The outline of this paper is as follows. In the subsequent section we will formulate the governing
equations with all the details. In Section 3 a weak formulation is introduced using the calculus of PDE
constrained optimization. A semidiscrete discretization is formulated in Section 4. For this scheme also
energy decay properties and conservation properties are shown. In Section 5 a fully discrete version of
the scheme is introduced, leading to a linear system at each time level, which is shown to be uniquely
solvable. In Section 6 we discuss ideas on how to solve the resulting linear algebra problems numerically.
In Section 7 we present several numerical results showing that the new approach allows to approximate
solutions to the governing equations also in highly nontrivial geometries. In an appendix we show that
the weak formulation derived in this work yields in fact the strong formulation for sufficiently smooth
evolutions.

2. The governing equations

In this section we precisely formulate the governing equations both for the C%— and the C'-case. We
always assume that (I'(t))sc[o,7] is an evolving hypersurface without boundary in R?, d = 2,3, that is
parameterized by #(-,t) : T — R? where T C R? is a given reference manifold, i.e. T'(t) = Z(T,t).
Then

—

V(1) = #(Zt) ¥ i=a(3t) e D) (2.1)

defines the velocity of I'(¢). In order to introduce the two-phase aspect, we consider the decomposition
['(t) = T1(t)Uy(t)Uly(t), where the interiors of I'y (t) and 'y (¢) are disjoint and «y(t) = 9T'1(t) = 9T 2(t).
We assume that each I';(¢) is smooth, with outer unit normal 7;(¢). See Figure 2.1 for a sketch of the
setup in the case d = 3. In particular, we parameterize the two parts of the surface over fixed oriented,
compact, smooth reference manifolds Y; C T, i.e. we let I';(t) = #(Y;,t), ¢ = 1,2. Throughout this
paper we will investigate two different types of junction conditions on ~(t):

C%case :  (t) = ATy (t) = 0T (1), (2.2a)
Clcase: ~(t) =0T (t) =0Ty(t) and # =i on (t). (2.2b)

Of course, in the case (2.2b) it also holds that jiy = —fiz, where [i; denotes the outer conormal to I';(#)
on v(t).
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In order to formulate the governing problems in more detail, we denote by Vs = (0s,,...,0s,) the

d
surface gradient on I';, and then define Vs ¥ = (Osj Xk)k _ a8 well as the Laplace-Beltrami operator
?-]:

A; =V,.Vs = Z?ZI agj. We then introduce the mean curvature vector as
ﬁz‘ = ¥ 172 = AS ia on FZ‘, (23)

where id is the identity function on R? and »; is the mean curvature of T, i.e. the sum of the
principal curvatures of I';. In particular, the principal curvatures s, j = 1,...,d — 1, together
with the eigenvalue zero for the eigenvector 7;, are the d eigenvalues of the symmetric linear map
—V,7; : RT = R? see e.g. [17, p. 152], where a different sign convention is used. The map —V, 7 is
also called the Weingarten map or shape operator. The mean curvature s; and the Gaussian curvature
IC; of I'; can now be stated as

d—1 d—1
M = Z Mg = — tr(Vs ﬁl) = —Vs . 17Z and K:Z = H g - (2.4)
j=1 j=1

Throughout the paper the main case we are interested in is d = 3, but it is often convenient to also
discuss the case d = 2 at the same time. To this end, we generalize the free energy (1.1) to

2
E(Ti(t)i=) =) [é @i / (36 —72)? dHT ' + of / K; dni—t
Ty (1) (1)

i=1

FOHIA((1), (25)

where s; and K; are the mean and Gaussian curvatures of I';(t), i = 1,2, ¢ € R>( denotes a possible
line tension, and «a; € Ry and aiG € R denote the bending and Gaussian bending rigidities of T';(¢),
i = 1,2, respectively. Here and throughout #*, k = 0,1,2, denotes the k-dimensional Hausdorff
measure in RY.

In the case d = 2, we always assume that ¢ = af = a§ = 0. For the case d = 3, on the other hand,
we mention that the contributions

2
Z[; @ / 2 dH? + of / K d”H,Q] (2.6)
ri) ri(o)

i=1
to the energy (2.5) are positive semidefinite with respect to the principal curvatures if
o e[-2a;,0], i=1,2. (2.7)

In the C'case, recall (2.2b), adding multiples of S.7_; K; dH? to the energy only changes the energy
by a constant which follows from the Gauss-Bonnet theorem, see (2.12) below. Hence we obtain that
the energy (2.5) can be bounded from below if af > max{a{,a§} —2q; for i = 1,2, which will hold
whenever
min{ay, as} > 3 ol — af|. (2.8)

Variational problems for integrals including the energy (2.6) require that the energy is definite, see
e.g. [33, p. 364], in order to be able to show a priori estimates. As discussed in [33], the condition of
definiteness leads to the constraints (2.7) and (2.8), and it is likely that these conditions also have
implications for the existence and regularity theory of gradient flows for (2.5) in the C°— and C'-case,
respectively.

In the case d = 3, similarly to (2.3), fundamental to many approaches, which numerically approxi-
mate evolving curves in a parametric way, is the identity

idgs = %y on ~(t), (2.9)
where 3, is the curvature vector on v(t). Here we choose the arclength s of the curve () such that
fi= (=17 xids on ~(t), (2.10)
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for i = 1,2, denote the outer conormals to I';(¢) on ~(t). Note that fi; is a vector that is perpendicular
to the unit tangent ids on OI';(¢) and lies in the tangent space of I';(t). Now (2.9) can be rewritten as

ides = = (2. i) fli + (%, . 7;) 7 on ~(1), (2.11)
where 3, . ji; is the geodesic curvature and 3, . 7 is the normal curvature of y(t) on I';(¢), i = 1,2. It
then follows from the Gauss—Bonnet theorem,

Ki dH? =27 m(Ty(t)) + . i dHY, (2.12)
Li(t) v(t)
where m(I';(t)) € Z denotes the Euler characteristic of I';(¢), that the energy (2.5), is equivalent to

E((Ti(t)iz) =
- 1 . AV deQ G
Z [2 a; /Fi(t)(%l — %) + a;

i=1
We note that we use a sign for the conormal that is different from many authors in differential geometry,
and hence we obtain a different sign in the Gauss—Bonnet formula.

In some cases, in particular in applications for biomembranes, cf. [38], the surface areas of I'y(t)
and I'a(¢) need to stay constant during the evolution, as well as the volume enclosed by I'(¢). Here and
throughout we use the terminology “surface area” and “enclosed volume” also for the case d = 2, when
the former is really curve length, and the latter means enclosed area. In this case one can consider

/( | . g dH 4 27Tm(Fi(t))H +sH (). (2.13)
Yy(t

EX(Ti(t)iey) = E(Ti(t)iy) + AV (1) £ +ZAA t)H L), (2.14)

where Q(t) denotes the interior of I'(t) and £? denotes the Lebesgue measure in R?. Here, A (t) are
Lagrange multipliers for the area constraints, which can be interpreted as a surface tension, and AV (t)
is a Lagrange multiplier for the volume constraint which might be interpreted as a pressure difference.

For the convenience of the reader, we end this section by stating the strong formulations of the
L?-gradient flows for (2.5) in the presence of the matching conditions (2.2a) and (2.2b), respectively.
These strong formulations directly follow from the weak formulation introduced in Section 3, as we
show rigorously in the appendix.

The weighted L2-gradient flow, (1.2), of (2.13), for d = 2 or d = 3, then leads to the evolution law

fjﬁl = —0y AS 2 + %ai (%i —702 »; — O (%i —7,‘) |Vs ﬁz|2 on Pi(t), 7= 1,2. (2.15)

See (A.8) in the appendix for a derivation of (2.15). We remark that if the more general energy (2.14)
is considered, then (2.15) is replaced by

]_}.171- = —a; Ag s + %Cti (%i — 71')2 o, — Q (%i —71') ]Vs 2’2 + )\;4 ”n; — A on Fi(t) R (2.16)

for i = 1,2, see (A.13) in the appendix.
In the case d = 3 we introduce the second fundamental form II; of I';(¢), which is given as

L;(6, &) = [0 ] . &= —[(Ve#) B]. &2 on Ty(t), (2.17)

for all tangential vectors f}, j = 1,2. We note that I;(+,-) is a symmetric bilinear form, as Vs 7; is
symmetric. In addition, we define

7 = L(ids, i) on (1), (2.18)

ie. 7, = —(U;)s . fi; on y(t).
Still considering the case d = 3, in the C°-junction case, the boundary conditions on 7(t) are given
by

;i (s —7) +af 7, 0, =0 on ~(t), i=12, (2.19a)
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[((Oéi (Vs 24) . fli — af (1)) Ui — (3 i (36— 7%)° + o K + )\24)/1}} +c#, =0V on 4(t),

2
=1

1

(2.19D)

see (A.12a), (A.14) in the appendix. We note that (2.19a) are two scalar conditions, while (2.19b) gives
rise to two conditions as fi;, 7; and i, are all perpendicular to the tangent space to y(t). Expressing
I'y and I’y locally as two graphs, we also obtain one condition for the height functions stemming from
the CY%—condition. Altogether we have five conditions, as is to be expected for a free boundary problem
involving fourth order operators on both sides of the free boundary. In this context we also refer to
Remark 2.1 in [6].

In the C''junction case, when 7/ = i}y = iy and ji = jia = —ji1 on 7(t), the boundary conditions on
v(t) for the dissipation dynamics (1.2), with E replaced by E}, are given by

[ o — 7R+ [@S)3 32, 7=0 on ~(t), (2.20a)

(i (Vsse)3 i+ T—[afrs=0V.7 on ~(t), (2.20b)

[—5 @i (36 = 3)* + i (35 — 7) (36 — 3. ) = NJT + [of i 7%+ %, ji= 0V . i on (1), (2:20¢)

where 7 = 79 = —7 is the geodesic torsion of the curve y(t) on I'(t). We note that (2.20a—c), in the
case o = 0, agree with (3.16)—(3.18) in [23], see also [24, (2.7b,a,c)]. In terms of counting the number of
equations, we see that (2.20a—c) are three conditions, together with one condition coming from o} =
and one condition from the requirement that the two phases match up continuously, leading to five
conditions in total. We refer to (A.15a), (A.24a,b) in the appendix for a derivation of (2.20a—c).

Remark 2.1. We note that although the conditions (2.19a,b) and (2.20a—c) were derived for the case
d = 3, they are also valid in the case d = 2 on recalling that in this case we set ¢ = a? = ag =0. In
particular, (2.19a) then simplifies to s¢; = 3z; on ~(t), ¢ = 1,2, which is the same as the condition [6,
(2.13c)] that was derived by the authors for a C°-junction between two curves meeting in 2d. In
addition, (2.19b) for d = 2 and ¢ = 0 collapses to [6, (2.13b)], modulo the different sign convention
employed there.

Similarly, (2.20a) for d = 2 simplifies to a; (21 — 31) = a2 (312 — 722) on (), which is the same as
the condition [6, (2.18¢)], modulo the different sign convention employed there, that was derived by
the authors for a C'—junction between two curves meeting in 2d. In addition, (2.20b,c) for d = 2 and
0 = 0, collapse to [6, (2.18b,c)].

3. Weak formulation

In this section we derive a weak formulation of a generalized L?-gradient flow of E((I';(t))% ;). The
weak formulation of the standard L?-gradient flow is given by (3.29), below, with ¢ = 0, where fr
represents the first variation of the energy E((I';(¢))% ;) formulated in a suitable weak form. In what
follows we will define a Lagrangian involving the energy and suitable constraints, which for example
relate the curvatures to the parametrizations of the surfaces. This Lagrangian will allow us to derive
(3.28a—f), below, which defines fr in a weak formulation involving only first order derivatives. This
formulation will be suitable for a numerical approximation based on continuous, piecewise linear finite
elements, and such an approximation will be considered in Section 4.

On recalling (2.1), we define the following time derivative that follows the parameterization Z(-,t)
of I'(t). Let

0 D) Iri= (e + V.V ry Vo€ H Tir), (3.1)
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where we have defined the space-time surfaces
Lip:= |J () x{t}, i=1,2, and Tp:= |J T(t)x{t}.
te[0,T] te[0,T]

Here we stress that (3.1) is well-defined, even though ¢; and V ¢ do not make sense separately for a
function ¢ € H'(T'; 7). We note that

a (i, $idr,y = (05 Vi Bryqoy + (66 OF D)oy + (Wi 04, Vs - V) Vi d € H(Tir), (3.2)

Li(t)
see Lemma 5.2 in [21]. Here (-, -)r, ) denotes the L*-inner product on T';(t), and (-, ")y = 2,
(s )10~ It immediately follows from (3.2) that
d d—1 _ 5 _ 3 5
3 HOmi) = <vs.v, 1>w = <vs id, v, v>w) . (3.3)
Moreover, on recalling Lemma 2.1 from [17], it holds that
d 2
a g
7O =3 (Vo) (3.4)

In this section we would like to derive a weak formulation for the L2-gradient flow of E((T;(t))2_;).
To this end, we need to consider variations of the energy with respect to I'(t) = Z(T,t). Let

HA(D(8)) = {n € L*(L(t)) : nlr,;y€ H'(Ti(1),i=1,2,
(n!rl(t)) o= (lrs) o= 1lyme H (1))}
In addition, for any given x & [H% (T'(t))]* and for any € € (0,¢¢) for some gy € R, let

T.(t):={U(Z,e): 7€ T(t)}, where ¥(Z0) = Zand %(Z, 0)=x(2) VZel(t). (3.5)
Of course, we have that I'c(t) = I'1 .(t) U~:(t) UT'2.(t), where
Dic(t) = {T(Ze): ZeDi(t)}, i=1,2, and ~.(t) = O1.(t) = O (t).
Similarly to (3.3), the first variation of H9~!(I';(¢)) with respect to I'(t) in the direction x € [Hi(l“(t))]d

is given by

S HDO)] () = £ T0) o

= lim L [#9 (T3 (0) = 1O (Ti(0)] = (Veid, V. )

e—=0¢

ri(t)’ (3.6)

see e.g. the proof of Lemma 1 in [20].
In order to derive a suitable weak formulation, we formally consider the first variation of (2.5)
subject to the following side constraint, which is inspired by the weak formulation of (2.3),

o AV =i = c (HN T () i —
(Quo# )  + (Vi Vo) o= iy VAT, i=12,  (37)
where 6 € [0,1] is a fixed parameter, and where Q; ¢ are defined by
Qi,@ = 92 + (1 — 9) U; @ U; on Fz(t) . (38)

Of course, (3.7) holds trivially on the continuous level for 5} = 3; and for 1i; being the conormal i,
independently of the choice of 6 € [0, 1]. Here we remark that the natural weak formulation of (2.3)
would correspond to (3.7) with # = 1. However, under discretization that formulation would lead to
undesirable mesh effects. Hence, in line with the authors previous work in [10], we also allow 6 € [0, 1),
which under discretization leads to an induced tangential motion and good meshes for § = 0, in
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general. In rare cases we may need to dampen the tangential motion that occurs in the case § = 0. To
this end, we allow for the full range of values 0 € [0, 1].
Similarly to (3.7), we introduce the following side constraint, inspired by the weak formulation

of (2.9):
(i), + (i) =0 Ve H @), (39)

Finally, in order to model a C°— or C''-contact we require

—

Ci (g +nip) =0 on (t), (3.10)
where C; = 0 for C° and C; = 1 for C.
We now define the Lagrangian
. 2
L((F (t) %z7m’m yl)l 17 _' 'g ¢) = Z l:éa <2* - %’L 172'7 J?* - %Z 172>F1(t) + aiG <%§7rﬁz>’y(t):|
=1

+eHT2(y(t) — <;fwz> <?1 >
- Z |:<Qi,9 ;f;agi>ri() <v 1d Vs yz> (s, ;) (t)] )

=1

+Cy <m1 + mo, ¢>'y(t)

where ; € [HY(T';(t))]? and z € [H'(y(t))]¢ are Lagrange multipliers for (3.7) and (3.9), respectively.
Similarly, ¢ € [L2(v(t))]¢ is a Lagrange multiplier for (3.10). We now want to compute the first
variation fr of E((I';(t))%,), subject to the side constraints (3.7), (3.9) and (3.10). This means that
fr needs to fulfill

i) = =[5 B0 (0 v xe mErel, (3.11)

In particular, on using ideas from the formal calculus of PDE constrained optimization, see e.g. [37],
we can formally compute fr by requiring that

1) . . e o o I
=] 0 = i [, 2 02, 22, 2.6)

or =0
~L((T3(t), 8, 5i) Py, 75,2, 6)| = —fr(X) (3.12a)
[5% L] (&) = g%% [L(Fl(t)a 74 e &1,0ih, i1, Ta(t), 525, Mo, Fa, 25, 2, 5)
—L((Ti(t), 3, W4, Gi) 1, 75, 2, 5)} =0, (3.12b)
o 2] (€)= iy LT 0 28,0+ G a0, 25t 2 22, 6)
—L((T3(8), 10, )Py, 74,7, 6)| = 0, (3.12c)
[521 L_ (M) = ;1_%% [L(Fl(t),ﬁf,ﬂihzjl + e, Ta(t), 525, Mo, §o, % _’*,2’, 5)

—L((Ti(t), 2,10k, )iy, 35, 2, 5)} =0, (3.12d)

for variations ¥ € [H1(T'(t))]4, & € [LAT1(t)]4, G € [L2(v(#)]4 and 7, € [L2(T1(¢))]% and similarly

for the variations for 573, g, %, 5, Z and ¢.
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In order to calculate (3.12a—d), we note that generalized variants of (3.6) also hold. Namely, we
have that

4] - d - - .
{M‘ (w, 1>Fi(t)} (X) = de (Wise, 1>r,-75(t) |e=0= <wi Vsid, Vs X>Fi(t) Vw; € L¥(I4(1)) (3.13)

where w; . € L>(I'; o(t)), for any w; € L>(I';(t)), is defined by

w17€(\11(5,€)) = wz(z_’) VZ7Ze Fi(t) ,
and similarly for @ € [L>°(T;(¢))]%. This definition of w; . yields that 0% w; = 0, where

. d S -

P w;(2) = &wi,g(\ll(z,e)) le=0 vV ZeT(t). (3.14)
Of course, (3.13) is the first variation analogue of (3.2) with w; = ;¢ and 90¢; = ¥ ¢; = 0.
Similarly, it holds that
o . . . d .

[(SF <wi7Vz‘>ri(t)] (X) = de <wi,877/i,6>1‘i’5(t) =0

= (0. 7) Vsid, Vo X) o+ (5,00 7;) YV @i € [LP(T(1))°, (3.15)

Li(t) Li(t)

where 90 w; = 0 and #; .(t) denotes the unit normal on T .(t). Moreover, we will make use of the
following result concerning the variation of 7;, with respect to I'(t), in the direction ¥ € [H] (T(t))]%:

v =—[Vex]" % on Ty(t) = u=—[VuV]"5 on Tyt), (3.16)
see [35, Lemma 9]. We also note that for i7j; € [H'(I';(¢))]? it holds that

2 d

) . o - o B o o
[M‘ <Vs id, V; 77¢>Fi(t)} (X) = P <Vs id, V, m’€>1“z-, 0 le=0= (Vs .ni,Vs.)OFi(t)

£

+ Z {<(ﬁl)l (ﬁz)m Vs (77;)77’17 Vs ()Z’)l>Fl(t) - <(Vs)m (m)la (vs)l ()Z)mh‘l(t)}
= <Vs ﬁia vs )Z)FZ(t) + <vs . ﬁiv vs . X)Fl(t) - <(Vs ﬁz)T7£(>Z) (Vs ia)T>Fi(t)
where 8 77; = 0, see Lemma 2 and the proof of Lemma 3 in [20]. Here

D(X) = Vs X+ (Vs X)",

and we note that our notation is such that Vi¥ = (Vrx)T, with Vi ¥ = (05, Xm)fmzl defined as
in [20]. It follows from (3.17) that

4 <vs id, v, ﬁ>

o (Ve Vi V)

O Ty (t) + <Vs T V- l7>

~((Vei)", DOV) (Vsid) ")
Similarly to (3.13) it holds that

1) . d R
[ ] (0 = 5 e o= (w0 %)

where 92 w = 0. Moreover, similarly to (3.17), we note that for ij € [H; (T'(¢))]? it holds that

i) o= ()., (3.20)

ry(t)

ny | VTE (£ H\(Ty7): 00 € =0} . (3.18)

Vw e L¥(y(t)), X € [Hy(T(t)!, (3.19)

where 90 i = 0, and where
P, =1d —id, ®id, on (t). (3.21)
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Now combining (3.12a-d), on noting (3.13)—(3.21), yields that
2
() = 30 [ (V2 s Ve D + (Vo Ve D — (BT R0) (V)T

i—1 o

5 (loa |2 AP -2 Quo B Veid, VX)) iz (#,007)

+(001Qio ). 51) (t)} - (iR,

v
o (=7 0) — Qi =0  on Ty(t), i=1,2, (3.22b)
a?ﬁ;+zﬁ+01$:6 on v(t), i=1,2, (3.22¢)
2
ZaZGmZ—Z:G on ~(t), i=12, (3.22d)
=1
with (3.7), (3.10) and (3.9). As 82 %* = 0, we have that
R (Qio ] = (1 - 0) (2. 0w v + (2 . 5) i (3.23)

We observe that (3.22b,c) imply that
Qio Ui = 7 — a3 U on Ty(t) and Ji+Cid=—af 75 on (t). (3.24)

Let us now recover 527 and 5} in terms of the geometry again. To this end, we first recall the identity
/ Vg dHo ! = —/ g% 7 AH 1 4 / gl dHI? Y g e H\Ti(b), (3.25)
Ts(t) Li(t) v(t)

see e.g. Theorem 2.10 in [21] and Proposition 4.5 in [36, p. 334]. It immediately follows from (3.7),
(2.3) and (3.25) that m; = fi; and Q; ¢ %} = #; = »; U;, with the latter implying that

Hence we immediately get ;7 = %; for 6 € (0, 1]. For § = 0, on the other hand, it follows from (3.24)
and (3.26) that o ¢ = [; . Ui + «; 2] U3, and so ) = »; U; = ;. Moreover, combining (3.9) and (2.9)
yields that % = 7,. Overall, we obtain from (3.24) that

Qio¥i = a; (7 —32;) U; on T'(t) and 7 + Ch (E = —aiG iy on ~(t). (3.27)
However, if § € (0, 1], then the two conditions in (3.27) are incompatible in general if af’ # 0, since the
first condition in (3.27) yields that ¢; = «; (55 —3¢;) 7;. If C1 = 1 then the two conditions are in general
incompatible even if oziG = 0. Hence for general boundaries v(t) and oziG % 0 we need to take § = 0, at
least locally at the boundary. Therefore it may be desirable to consider a variable § € L*(I'(t)). The
calculation (3.22a-d) remains valid provided that 926 = 0. We will make this more rigorous on the
discrete level, see (4.8) below.

Using (3.16), (3.23) and (3.22¢,d) in (3.22a) yields the condensed version

2

fF()Z) = Z |:<Vs g;vvs )Z)Fl(t) + (vs 'givvs %>Fz(t) - <(vs ?E)T7Q
=1

—

© (id)"),
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-3 <[Oéi |3 — 32 ] — 2 (3% -Qi0i)] Vs id, V, >2> — Q; % <ﬁi, Ve x]" 17i>Fv(t)

Li(t)
1= 0) ([ VA )7+ G ) VAT 5] | - s (@er),

2
Gl/z2 = 3 = N - 1 d
+ ; o [<m i ids Xs) o (B (), XSM] V¥ € [HL(T()]", (3.28a)
@ (% =3 7) = QieGi =0 on Ty(t), i=1,2, (3.28b)
o %V—I-yl—{—Clqb—ﬁ on y(t), i=1,2, (3.28c¢)
<gi,9 7, 77>F7.(t) + <VS 1d7 VS ﬁ>FZ(t) = <Iﬁla my(t) v ﬁ € [Hl (Pl(t))]d ) 1= ]-7 2 ) (328d)
Cy(m; +my) =0 on ~(t), (3.28¢)
o R T o - 1 d
(sl + <1d8,ns>w) —0 Ve [H (v(t)". (3.28f)

Remark 3.1. We recall from (3.27) and the discussion below that in general we require # = 0. If
Oy = 0 then it follows from (3.28¢) that 7; = —a{’ 3, on 7(t), for i = 1,2. Combining this with (3.28b)
for & = 0 then yields that (2.19a) holds.

On the other hand, in the case of a C'—junction, when C; = 1, then (3.28¢) implies that ji; + jio = 0
and hence that 7; = v, = ¥ on ~(t), and so it follows from (3.28b,c) with § = 0 that

ai(%i—?i)+a?%7.l7+q§.l7:0 on v(t), 1=1,2,
which means that (2.20a) holds.

The weak formulation of a generalized L?—gradient flow of E((I';(¢))%;) can then be formulated as

follows. Given I';(0), i = 1,2, for all t € (0, 7] find Ts(t) = &;(y,t), i = 1,2, with V(¢) € [H'(T(£))]%,
and %(t) € [L2(E,-(t))]d, Gi(t) € [HY(T:(1))]4, my(t) € [H (y(1))]4, i = 1,2, as well as 3, € [L2(y(t))]4,
Ze [L2(1(t)]%, & € [L2(1(1))]* such that

(V.%), ()+9<V X> = fr(X) ¥ X € [Hrm) (3.29)

and (3.28a-f) hold. Here we note that o = 0 recovers a weak formulation for the standard L?-gradient
flow. As stated in (1.2), we allow for p > 0 in general, to allow for a damping of the movement of the
contact line (¢). In numerical simulations such a damping often proves beneficial, as it suppresses
possible oscillations at the contact line. On the other hand, such a dissipation mechanism at the
boundary is probably also relevant in applications.

4. Semidiscrete finite element approximation

It is the aim of this section to introduce a semidiscrete continuous-in-time finite element approxi-
mation of the weak formulation (3.29), (3.28a—f) derived in the previous section. Our finite element
discretization will be given by (4.27a—f) below, and the main result of this section is the stability proof
in Theorem 4.1 below.

Similarly to [3], we introduce the following discrete spaces. Let T"(t) € R? be (d — 1)-dimensional

polyhedral surfaces, i.e. unions of non-degenerate (d — 1)-simplices with no hanging vertices (see [17,

p. 164] for d = 3), approximating the surfaces I'(¢). In particular, let T'"(¢) = 3] 105?(75), where

{o (t ) _, is a family mutually disjoint open (d — 1)-simplices with vertices {g}(¢)}/,. In analogy to
the contmuous setting, we write T/ (t) = T (t) U~y (t) UTA(t), where ¥"(t) = oT}(t) = arh( ). Here we
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let T (t) = U‘]]’ 1 f]( ), with vertices {q‘?k(t)}kK:ll, i = 1,2. We also assume that v"(¢) has the vertices

{q%k( )}kzl. Clearly, it holds that J = J; + J2 and K = K; + K3 — K. Then let

VIIE(E) = {X € [CMO): ¥l s linear ¥ j = 1,..., Ji} = WHIE@), i =1,2,

2V

where WH(I'!(t)) is the space of scalar continuous piecewise linear functions on T7(t), with
{X?,k(" t)}kK:i1 denoting the standard basis of W"(T2(¢)), i.e.

sz(%l() )_6kl Vk,ZG{l,...,Ki},tG[O,T]. (41)
In addition, let
VMIM() = {X € [OT"(@0)]?: Xlpnye V' TEW), i = 1,2} = W(IT" (1))

We denote the basis functions of W"(I'*(¢)) by {x%(-, )}/ . Moreover, let

V'(y"(#) = {$ € [COM M) : 3 X € V'TMD) Xlyny= ¥} =2 W), (4.22)
V§(I"()) == {X € V" (T" (1)) : X|on (= 0}, (4.2b)
VE(IT7H() == {xX € VM7 () : X|yney= O} - (4.2¢)

We denote the basis functions of W’ (y"(t)) by {¢2(~,t)}kK:”1. We require that T () = X™(T"(0),1)
with X" € V*(I"(0)), and that @@ € [H'(0,T)]%, k=1,..., K.

We denote the L?-inner products on T'"(¢), I'?(t) and and 7"(¢) by (-, Jrages (s ~)F?(t) and (-, )y (1),
respectlvely. In addition, for piecewise continuous functions, with possible jumps across the edges of
{oh ' ] 1, we also introduce the mass lumped inner product

h(t) _Zde ' ,J Z qu N7

]:]_ k=1

Ji

QL

where {(jf]k (t)}¢_, are the vertices of th’j (t), and where we define n((q?]k (t)") := r lim ( )n(ﬁ).
a; t Bpﬁql ik t

We naturally extend this definition to vector and tensor functions. We also define the mass lumped
inner products (-, '>}I}‘h(t) and (-, '>:h(t) in the obvious way.

Let 7" denote the the outward unit normal to T'?(t), i = 1,2, and similarly let 7" denote the the
outward unit normal to T'"(t). Then we introduce the vertex normal functions &P(-,t) € V*(T'k(t))
with

1 d—1¢ _h —h,
= A (1) Z; HEH o5 (0) 7 ot 1) (4.3)
¢ jeer,

where for k = 1,..., K; we define @Zk, ={j: qi7k(t) € of;(t)} and set A?k( ) = co! a{l]( ). Here

we note that

S oo\t /o on\P = - vh(Th hph
<z,w 7 >F?(t) = <z, w J; >F?(t) VZe V'), we WHT(Y)). (4.4)

(3 K3

In the analogous fashion, we introduce the vertex normal function & (-,t) € V*(I'"(t)), i.e. we set

S0 = 2 Ah Z HE o (1) 7" | (4.5)

]E@h
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where for k = 1,..., K we define O} := {j : q}(t) € af(t)} and set Al(t) == Ujcona; h(t). Of course, it
holds that

(Zw > < W > v Ze VMIME)), we WHIM (). (4.6)
It clearly follows from (4. 4) and (4.6) that
- e\ AN > _ 1rh(ph
(2,0 >Fh(t) = z:1<zw >r?<t) v 7e VMITM1)). (4.7)

In addition, for a given parameter 6 € [0, 1] we introduce 6" € W"(T'"*(t)) and 67 € Wh(I'"(t)) such
that

ehw’;(t),t):{o AOENO, g e’:@z(t),t):{ (4.8)

0 qi(t) ¢4"(1),
Then, similarly to (3.8), we introduce Q" ,, € [W"(T'2(t))]**? and Q?eh € [Wh(Th (1)) by setting,
for ke {1,..., K}, o o

QZeh((ﬁfk(t)at) = 0"(g (), ) Id + (1 — 0™ (g, (), 1)) —

and similarly for Q" i gn» where here and throughout we assume that &j (qZ (1), ) #0fork=1,..., K,

and t € [0,7]. Only in pathological cases could this assumption be violated, and in practice thls never
occurred. We note that

(Qgn 2, 17>';?(t) = (2.Ql 17>};?(t) and QUi wh>rh( = wﬁ>’;?(t) (4.10)

for all Z,% € V*(T?(t)), and analogously for #" in (4.10) replaced by 0. In addition, similarly to (4.7),
it holds that ) )
h
h  =h _ h  =h >~ vh(ph
;< QL ] > oy = §< Q& >FM v Ze VMIhD). (4.11)
Following the approach in the continuous setting, recall (2.13), (3.7), (3.9), we consider the first
variation of the discrete energy

EM(TH()2y) ::i[%al<|/{ =AY, ol Kz’;,na;lyh t)—|—27rm(I‘?(t))”

i=1 i ™ (
+ ¢ HIT2 (Y (1)), (4.12)
where R € V(Th(t)), Ml € V(+"(t)), i = 1,2, and /_{2 € Vh(y"(t)), subject to the side constraints
ho b A\ s . _/=h AP o 1 ohh .
@i,en Ky 777>F?(t) + <Vs id, Vg n>rh(t) = <ml ,n>7h(t) Ve VHI(t), i=1,2, (4.13a)
h
(R1R)  + (s X =0 VX EVIRM(), (4.13b)
Cy(ml+ml)y =0 on ~"t). (4.13c)

In particular, we define the Lagrangian

Z [ i <"€ KR 1>1fi?(t) +af <Ez’m?>ih(t)] FOHTEON ) - <Ez’zh>hh(t)

=1

2
_<ias,22> —ZIK ZMMY@l(t)+<vsia,vsﬁh>Fh(t)—<rﬁ?,f;h>:h(t)]
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“h | =h Zh
+ Cl <m1 + m2, @ >'yh(t) 5 (414)
where 7' € VMTI(t)) and Rl € VR(4"(t)) satisfy (4.13a) and (4.13b), respectively, with Yh e
i Q o' A

V™I (t)) and Zh € V(v"(t)) being the corresponding Lagrange multipliers. Similarly, " € V" (y%(t))
is a Lagrange multiplier for (4.13c). It turns out that when mimicking the continuous approach from
Section 3 on the discrete level, we need several technical definitions to make the arguments rigorous.
We present the majority of the necessary definitions and properties next, before proceeding with taking
suitable variations of (4.14).

Following [21, (5.23)], we define the discrete material velocity for 2 € T'*(t) by

d
P(zt) = Z R0 e,
We also introduce the finite element spaces
WHTET) :={p € C(T}7) : ¢ 1) e WHIHE) VY ie€[0,T],
qb((j?k()a)eHl(OvT) VkE{l,,KZ}},

where I'? i1 = Urepo1] T2 (t) x {t}, as well as the vector valued analogue VT(Fh ). In a similar fashion,
we introduce Wh(o ],T) and KT( j’T) via e.g.

Wi(oly) == {¢ € C(oly) : ¢(-,1) is linear ¥V t € [0,T], ¢(gL(),") € H'(0,T) k=1,...,d},
where {(j;‘k (t)}¢_, are the vertices of O';-L(t), and where O'ZT = Useo,n o;-l(t) x {t}, for j € {1,...,J}.
Moreover, we define the analogue variants WA (T'4) and V4 (T4) on TA = Urepo,n I7(t) x {t}, as well

as Wh(v4) and VE(y2) on Ah = Utejo,m) A (t) x {t}, with the scalar space for the latter e.g. being
given by

W) = {¢ € C(vp) : 3 x € W) x( 1) [yry=9(-t) ¥t €[0,T}.

Then, similarly to (3.1), we define the discrete material derivatives on I'(¢) element-by-element via
the equations

@ D)l y= (G + V" VD) VOEWR(o)r), JE{L.... T}
On differentiating (4.1) with respect to ¢, it immediately follows that
N\ =0 Vke{l,. .. K}, (4.15)
see also [21, Lem. 5.5]. It follows directly from (4.15) that

us d
= Y x(o1) g oklt) on TM(H) (4.16)
k=1

for ¢(-,t) = 34y Gk(t) xR (-, 1) € WHIP(2)).
We recall from [21, Lem 5.6] that

d o = _ )
" /h(t)gbd’l-ld_l _ /h(t) "6+ V, VM W g e Wh(oly) .G e {1, T}, (417)
Similarly, we recall from [7, Lem. 3.1] that

<n Ohancy = (07" 1 By + 0. 07" By + (06 Ve VN V8 € Wiopr),  (4.18)
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for all j € {1,...,J}. Moreover, it holds that

d o o 3 3
a(% QS)QLh(t) = (9, * , ¢>2h(t) + (n, at’h ¢>Zh(t) + (n¢,ids. Vb:h(t) Vn,¢€ WJ}“L(%L“) . (4.19)

We also note the discrete version of the time derivative variant of (3.17),

d<mﬁyﬁ%wf{m@mﬁﬂ + (Vi 77, Vs V)

dt L7 (t) L7 (t)
~ (D", 2O (VDT , Ve {€e Vi) ot E=T),  (4.20)
as well as the corresponding version for 7" (t),
d h =
g et o= (R V) Ve (€ VG 0" €=}, (421)
which follows similarly to (3.20). Here, similarly to (3.21), we have defined
Ph=1d-id,®id, on ~"(t). (4.22)

Finally, when taking variations of (4.14), we need to compute variations of the discrete vertex
normals &, To this end, for any given X € V"(T'"(t)) we introduce I'’(t) as in (3.5) and 82" defined
by (3.14), both with I'(t) replaced by I'"(t). We then observe that it follows from (4.4) with w = 1
and the discrete analogue of (3.15) that

> 20,k ~h\ 0.0 b \" > (oh ~ h
<z,88 o; >F?(t) <z 0z >Fh( " + <(2 (Fh — &) Vs id, Vi X> o
vV Ze VMTH(t), ¥ e VT (1)), (4.23)

where 92" Z = (. In addition, we note that for all £, 7 € VP(T'2(t)) with %" ¢ = 8% 77 = 0 it holds
that

0,h _h g wlh — ('vzh h | Ah/ & = 0,h —h h
o & ) (7 || =l [ GHEm oSl on TR, (4.24)
\Wz‘ \ ‘wi
where -
1 TN 7.wt) (.3
MM = s (€ aty i+ (.o € -2 LA EE) ) (4.25)
| |2 |W¢ 2

and where 7l(t) : C(T'(t)) — W"TE(t)) is the standard interpolation operator at the nodes
{(j’fk(t)}f;l It follows that

GMEM) . &l =0 VE qeVhTh). (4.26)

We are now in a position to formally derive the L?-gradient flow of E"(t) subject to the side
constraints (4.13a—c). In particular, on recalling the formal calculus of PDE constrained optimization,

we set [ L(X) = = S (@ vh,>z> gy T X E VAMD), [52 1(€) = 0 for € € VA(TH(D),
[er D) = 0 for i € VATHD), [555 LM(#) = 0 for & € VM(3"(1), [555 L'](9) = 0 for § €

Kh( h(t)), leading to Zh = Ez laG ;‘, L;gh Lh](¢) = 0 for qb c Zh(*y (t)) and [ 9 Lh]( 7) = 0 for

77 € V*(4"(t)). Here we recall the definition of 8" in (4.8). We employ this doctored version of #" in
order to obtain existence and uniqueness for the fully discrete approximation introduced in the next
section. See also Remark 3.1 in [6], where the analogue to our situation here corresponds to two curves
meeting in the plane, i.e. N = d = 2 in their notation.

Overall this gives rise to the following semidiscrete finite element approximation of the gradient
flow (3.29), where we have noted the discrete version of (3.16), (4.23), (4.24), (4.26), variational versions
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(o,r] such that id |Fh € VT( 51“) In

of (4.18)~(4.21) and that 02" 6" = 0. Given I'(0), find (I'"(t))e(
i=1,2, & e VI (1)), *?ez(h@)),

addition, for all ¢ € (0,7] find (R, Y") e [VMIht))2,
i=1,2,and C; ®" € V"(4"(t)) such that

3 R — 55 P2 — 2 (VP QL 1)) Viaid, vsx> "

— - h
— M (GMY P RD) . M) Vs %
+ (=0 (GO RD 7 Vi, VX)L,

2
+ ; af [@2 Sl id, x‘}i ot (P8 @il)., @Wt)} — < (id., X»S>7h(t)

v x e VTR, (4.27a)
(Qg &)+ (Veid, Vo), = (k) Ve VAIThD), i=1,2 (4.27h)
B0 ray DA T e T AT e '
_n \D R _ o 1h(h
(=, x>7h(t) + <1d57X8>_Yh(t) =0 VxeV'(y'(1), (4.27¢)
Cy(mh+mh)y =0 on A1), (4.27d)
ol R4+ Y+ 13" =0 on A1), i=1,2, (4.27e)
oh — oh hooh A > _ hph o
(i (R} —20!) = Qi Y, ,th) —0 VEeVvMIhe), i=1,2. (4.27f)

We observe that choosing £ = o; 7l [ i o 7] in (4.27f) and combining with (4.27b), on recalling (4.10)
and (4.4), yields that

- h h
a7 QL Y1 QL n> o +(Viid, %ﬁ}mw (v, i) = <&?,ﬁ>rﬁ(t) Wi e VRITh().
(4.28)
Here 7l (t) : [C(TR(t))] — V*(Tk(t)) is the standard interpolation operator at the nodes {(jf‘k(t)}kK;I
In order to be able to consider area and volume preserving variants of (4.27a—f), we introduce the
Lagrange multipliers Af"h(t) €R,i=1,2,and \"""(t) € R for the constraints

d d—1/ph _ \3h _ P h _
MM = <vs.v ,1>F?(t) = <vs id, v,V >mt) =0, (4.29)

K3

where we recall (4.17), and

L@ ey = (V0,5

- = (W) =0, (4.30)

>Fh(t)
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where we note a discrete variant of (3.4) and (4.6). Here Q"(t) denotes the interior of I'*(¢). On
recalling (4.7), (4.10) and (4.11), we can rewrite the constraint (4.30) as

2 2 2
0= <ﬁh’wh>§h(t> B ; <‘7h=°7?>§a> N Zl (o ﬁh’@hx?u) - ; (i ﬁh’“hﬁ?(t) - (@3

—

Hence, on writing (4.27a) as

2 Th S\ hoo\" "
Z<Q on Vo X >F§L(t) <V > ) <T ’X>rh(t)’

i=1
we consider
2 2
; <QZ 0% VX 6>F§1( t) <Vh 4> ) <Fh’ >2>?‘h(t) - A <°7h’ Y>}Iih(t) B ; )‘ZM <VS id, v >Z>rg(t)

(4.32)
for all ¥ € V(" (t)), where A\V"(t) € R and )\A’h( t) € R, i=1,2, need to be determined. Of course,
if we consider a volume preserving variant only, then we let )\14 h( t) = )\gl’h (t) =0 and

AVh(t) = [<Fh,wh>ih(t)—g<vh,wh>zh(ﬂ /<@h,wh>h : (4.33)

T (t)
which we derived on choosing ¥ = & in (4.32), and noting (4.31).

For the general volume and area preserving flow, We introduce the projection IIft : VA(I(t)) —
VE(Th(t)) onto VE(T"(t)), recall (4.2b), and similarly I 0 : VR(T(t)) — VB2 (t)). We introduce the
symmetric bilinear forms aﬁg c VI(TR(t)) x VTR () — R by setting

. oo h
ale(C,7) = <gl,9h ¢TIy 77>

z = hmh S
F’?(t) vCa WGK (Fz (t))a 2_172a (434>
where we have noted (4.10). It holds that a (C ¢) > 0 for all { € V*(T'(t)), with the inequality being
strict if 1:'[?70 [Q ‘on ] # 0. Hence the Cauchy—Schwarz inequality holds, i.e.

—

jalo (G| < lalo(C N7 [abo(i)? V¥ E e VM), i=1,2, (4.35)

with strict inequality if ﬁ?,o [Q o ¢] and Hlo[ ?ehﬁ] are linearly independent. Then we note, on
recalling (4.7), (4.27b) and (4. 10) that

O, h
ih oh _ /o 4 (7, —~h =
<v id, v, il >F?(t) = <v5 id, v, i, >F N < RN > o (4.36a)
and
_ _h (zh zh
<V id, V, HzO R >F?(t) = a; (K7, i) - (4.36b)
In addition, it follows from (4.7), (4.10) and (4.34) that
h Fih : AN b
<W Al @ > ;< >Fh( By 2 <W¢ o &7 >F?(t) = ;%9(% ,&7) - (4.37)
Then (4.32), (4.37) and (4.36a,b) yield that (A\V:", )\A’h /\f’h)(t) are such that
i | aly(@, &) afo(RY, Q) afo(RE,&h) —iﬁh(t) bo(t)
doleal) gl 0 A | = (] (13%)
as 0(’2]21’(32) 0 al o (RS, R%) Ay () ba(t)
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where
-y =hh b =h\D h ah <k \ "
_/8h Th vh oAb =h ~h v\l h b eh .
bi(t) = (Tili V" = V", QP ] >F?(t) + (i, V >7h(t) — (7,11t 2>rh<t)’ i=1,2. (4.38¢)

On recalling (4.35), we observe that the matrix in (4.38a) is symmetric and positive definite as long
as H?,o @l and th,o [Q?Gh &M are linearly independent, for i = 1,2. The right hand sides (4.38b,c) are
obtained by recalling (4.32), and on noting that (4.10) and (4.31) imply that

2

Z <Qh9h VI g qh>rh(t) a ,z::l RQZ@Q VI & = wh>};?(t) * < pon V" Hh>?,’-l(t)]

— = . h 2 N . . B b
- ; <Vh, Ik & — wh>rg(t) = <H’g Ph P wh>Fh(t) 7 (4.39)

i=1 i

while (4.8), (4.10), (4.27b) and (4.29) yield that
oh b =h\" Sho b =h\M
<QZ or V"o i Z>ry(t) < 0 V" Qign Ri >rh(t)

- <ﬁ;l0 V-V Qhah ’%h>}rl?(t) + <rﬁ?’ﬁh>hh(t) B <VS id, Vs ﬁh>F?(t>

—. h -
= (Il V' = V", QL gh>r?(t) + (uif, V) (4.40)
We see that on removing the last two rows and columns in (4.38a), we obtain an expression similar
o (4.33) for \V'"(t), but here we test with H @& as opposed to @". Analogously, if we want to
consider phase area preservations only, then removing the first row and column in (4.38a) yields a
reduced system for the two Lagrange multipliers )\?’h(t), 1=1,2.

The following theorem establishes that (4.27a—f) is indeed a weak formulation for a generalized L?—
gradient flow of E"(t) subject to the side constraints (4.13a—c). We will also show that for § = 0 the
scheme produces conformal polyhedral surfaces T'1(t) and I'y(t). Here we recall from [10], see also [3,
§4.1], that the open surfaces T?(t), i = 1,2, are conformal polyhedral surfaces if

(Void, Vo), =0 ¥ije {eVErI®): &a®) al@®),0) =0, k=1,... . K}, i=1.2.

(4.41)
We recall from [3, 10] that conformal polyhedral surfaces exhibit good meshes. Moreover, we recall
that in the case d = 2, conformal polyhedral surfaces are equidistributed polygonal curves, see [2, 5].

L} (t)

Theorem 4.1. Let 6 € [0,1], 0 > 0 and let {(Fh 7 Rh YD Y] *z, iy, ms, éh)(t)}te[o’T} be a solution
o (4.27a—1f). In addition, we assume that K e Vh(yhy, B, HZh[Qheh KM e K’%(FQT), mh € VA (yh),
1=1,2. Then
d h L oh Sh gh Sh k"
SN0 = =30 (Qly V). vy~ 2

= yh(t)

Moreover, if § =0 then T (t) and T4(t) are open conformal polyhedral surfaces for all t € (0,T).

(4.42)

Proof. Taking the time derivative of (4.13a), where we choose discrete test functions 77 such that
0" 1] i =0, yields for i = 1,2 that

(00 @7 + (@R AT, (7.9,
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Sh » _ ST 1k ST oh =h A" b =3 ph\P
+ (V. V ,vs.n>r?(t) ((Vsii)", DOV) (Vsid) >F?() (ortat ), o+ (it dids V)
(4.43)
where we have noted (4.18), (4.19), (4.20) and that Wh[thh Kh e V%(F?T) e Vh(yh), i =1,2.

Slmllarly, taking the time derivative of (4.13b) with 9, "¢ = 0 yields, on noting (4.19), (4.21) and

Iiv € VI (), that

o Jh oh - =, = 3 =
< t 27X> < z-Xalds‘V£> h(t) <Pth7Vh> ht) =0. (4.44)
Choosing ¥ = Vh in (4.27a), 17 }7 n (4.43), ¢ = 1,2, and combining yields, on noting the discrete

variant of (3.16), that

2 ~ =\ h ~ =\ h
S (@ VIV o (VR V")

SN0 0 (1)

2
+Z{;<al|/{ — 3 )2 —2Y]. QhehE]VIdVVh> rho
=1 i

—a; 7% (Rb,Op" z7£‘>;(t) + (07" ( Qg B, ﬁ-h> o +((Qn A1 V) Vid, Vi ﬁh>ﬁ?(t)

i1 phy (AR =hy v oo SR\ hy Ghyh gty ook i \"
(a 9)(Gi(Yi,f§i).Vi)V51d,V5V>F?(t) <( — oM Gl (Y R, 6 Z>F?(t)]

1=1
2
= ol mh yh Al vYroid. Y
- Z; Rat mh, Y, >7h(t) + (. vl id,, Vi) h(t)] . (4.45)
Choosing ¥ = Y2, o mi? in (4.44) and recalling (4.27d,e) and (4.19), it follows from (4.45) that
2
\sh Y3h \sh Y3h — Vo
Z;< b VIV > (t)+g<V V > +Z[ oi (|l =5 7 V,id, V, > "
o oh sh\P oh (h  =hy yR\"
a5 (A1, OF >F?<t> o0 @ 7)., >F?<t>

(=" @R A VW), = (-6 G R, 0 )
o (ida VL) L :‘ia’(; A A L A AP R RN
oot (), o

We have from (4.10), (4.27f) and (4.4) that
2

Pt
2
; [< " Ry Qz gh >}Ii?(t) D <E§L ~ 5% 7}, 8;)’]1 Ij@h>}li?(t)

o,h -, o,h =h ~7# h
* <8t (Q%h Rl - glﬂh o &Y, Yih>rh(tJ
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2
h = (o} h —
3 [; o — %% > + (0" (QLgn 1) = QU O R Yh>rh(t)] . (4.47)
=1 1

Combining (4.46) and (4.47), on notlng (4 18) (4. 9) (4 12) oy hgh — (0 (which follows from (4.16)
and (4.8)), Kl € VT(FZIT) i=1,2, 0", r()E€ Vh(oh 1) ., Ji, i = 1,2, (which follows from the

'L
discrete analogue of (3.16) and as id \Fh(_ € vh(h)) and the invariance of m(I'?(¢)) under continuous
deformations, yields that

5J

2 2
h 3h y3h h \5h d h _

i=1 =1
where, on noting (4.9),

nogh\" 2 gh\"
poom{ (ot oot gn YO oy gohgh FiC
| h|2 ‘wh‘2
" (1) v L(t)

F'L'
. @ o gt h o L \h
-2 (1—9h)(ﬁ?-ﬁ?)(3’ih-ﬁ?)771 —<(1—9h)(G?(Ehvﬁ?)-ﬁh)vsid,Vst
|UJ | Fh(t) F?(t)
hy Gh(ph =2hy oo i\ .
— (-0 GrT R, o >F?(t), i=1,2. (4.48)

It remains to show that P; and P» as defined in (4.48) vanish. To see this, we observe that it follows
from (4.26), (4.25) and the time derivative version of (4.23) that

h JE
Po= (- 0" GHER Rt (- 0 GUT R (@ - P Veid, B

Th(t) rh(t)

_<( — oM G RDY, aoh~h>rh()_0, i=1,2.

This proves the desired result (4.42).
Finally, if # = 0 then it immediately follows from (4.27b) that (4.41) holds. Hence I'?(t) and T4(t) are
open conformal polyhedral surfaces. [ |

Theorem 4.2. Let 6 € [0,1], 0 > 0 and let {(I", &}, &, Y, Vi, &%, mih, ml, &0, A0, A" A0 (1)
beelor) be a solution to (4.32), (4.27b—f) and (4.38a). In addition, we assume that ]; € Vi),
RE T QL g BY) € VI(TEp), ) € VI(v4), i = 1,2. Then it holds that

’L7 Z

th«rh( £)i-1) = i@hehvh vy (t)—@<ﬁh,9h>h

, 4.49
= (1) (4.49)
as well as 4 4

T HEYTr ) =0, i=1,2, " LYQ"t) =0, (4.50)
where QM (t) denotes the region bounded by T"(t). Moreover, if @ = 0 then T?(t) and T4(t) are open
conformal polyhedral surfaces for all t € (0,T).

Proof. We recall that on choosing (/\V’h,)\f’h,)\’;’h) solving the system (4.38a) yields that (4.29)
and (4.30) hold, and hence the desired results (4.50) hold. The stability result (4.49) directly follows
from the proof of Theorem 4.1. In particular, choosing ¥ = V" in (4.32), on noting (4.29) and (4.30),

yields that
(@ 1}h’ﬁhx?(t) i @<9h7‘7h>’;<t) = (9,

Th(t)
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Combining this with (4.43) yields that (4.45) holds, and the rest of the proof proceeds as that of
Theorem 4.1. Finally, as in the proof of Theorem 4.1, for § = 0 it follows from (4.27b) that T'}(¢) and
I'2(t) are conformal polyhedral surfaces. |

5. Fully discrete finite element approximation

In this section we consider a fully discrete variant of the scheme (4.27a—f) from Section 4. To this
end, let 0 =ty < t1 < ... < ty—1 < tpr = T be a partitioning of [0, 7] into possibly variable time
steps Aty := tmg1 — tmy, m = 0,...,M — 1. Let ' be a (d — 1)-dimensional polyhedral surface,

approximating I'*(t,,), m = 0,..., M, with the two parts 7", i = 1,2 and their common boundary
4™, Following [19], we now parameterize the new surface """ over I'"™. Hence, we introduce the
following finite element spaces. Let I'™ = 3]:1 07", where {0}”}3-]:1 is a family of mutually disjoint
open triangles with vertices {g{*}£ . Then for m =0,..., M — 1, let

vVHI™) = {{ e [C(T™)]: )"('\g;n is linear V j = 1,...,J} = [Wh(@m™))?. (5.1)

We denote the standard basis of W (I'"™) by {x?*}X_,. In addition, similarly to the semidiscrete setting
in Section 4, we introduce the spaces W"(T'") and V(I'™), denoting the standard basis of W"(I'?)
by {XTk}ﬁp as well as V"*(4"), and the interpolation operators 7" : C(T'7*) — W"(T'7") and similarly
A (O] = VhIP).

We also introduce the L?-inner products (-, -)pm, (-, Jrm and (-, +)ym, as well as their mass lumped

inner variants (-, -}, (-, )&, and (-, )zm Similarly to (4.3) and (4.5) we introduce the discrete vertex

normals &} := Yty X @ € V(I and @™ = YR @ € VA(I™).
We make the following mild assumption.

(A) We assume for m =0,..., M —1 that Hd_l(ajm) >0forj=1,...,J, andthat@&{@’%:k:
1,...,K;,i =1,2}. Moreover, in the case C; = 1 and § = 0 we assume that dimspan{(D’Z}g :
k=1,...,K;,i=1,2}=d,form=0,...,M — 1.

In addition, and similarly to (4.8) and (4.9), we introduce ™ and ™ € W"(I'™), and then
Qs Qi € [Wh(T7)]9%4 by setting Qg (T7}) = 0™(q) I + (1 — 0™(@7) 57 237 ® OF

and QT (@) = 07 (1) Id + (1 — 07 (7)) |& | 2 @ @ @y for k= 1,... Ky, i = 1,2. Similarly
to (4.25) and (4.22), we let

. 1 - - . c
G EM = <<£.wr>ﬁ+<ﬁ.wr>s—2(” el >cv;»“)

N
and
2;” :g—i&@ﬁs on ~™.

On recalling (4.28), we consider the following fully discrete approximation of (4.27a—f). For m =
0,...,M — 1, find X" ¢ Vh(T™), (V"M mth2 € VAITP) x V(™) x VRTR) x V™),

7

USRS Vh(y™) and C; @™+ € V"(y™) such that

= - h
Xm+1 —id . . R - ~
<ZL0T Ay X - <Vs Y;'er17vs X>Fm ‘l‘OéiG <(H1,7L+1)57Xs>7m

2
s At . ;
1

i=1
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= - h
. Xm-i—l —id
m—+1 —
+<<X ,xs> . +Q<Atm ,X>
,Ym

2
=S [(%e Ve R, — (9T R0 (T,
=1 g
2 (o R =5 P = 2 (V. QP A Vid, Ve X) i (R VAT
@0 (@GP R T Vaid VX)L 0m) GR R [V x]” m’;m}
2 = o\P my (pmy o
+ ;O‘z‘G K’iv -y, ids Xs>7m + <(§+£7 ) (1215 )87Xs>7m]
2
= AV R = DoAY >z>r Y ¢ e vham, (5.2a)
i=1 @
h
Oé;l < 7,0™ Ym+17 Qz Gm >F =+ < Xm+17 Vs ﬁ>1":” = <Iﬁzm+1v 17>’ym — % <w;n>ﬁ>};‘z”
Vije VI, i=1,2, (5.2b)
<*¢+1,>z>h HEMLR) =0 vRevtem), (5.20)
Oy (P +my )y =0  on 4™, (5.2d)
af R 4 Y 401 om =0 on 4™, i=1,2, (5.2¢)

and set A"t = o L7 [Q%m YmH] + 3% @™ and T = X™mH(Tm) i = 1,2. For m > 1 we note
that here and throughout, as no confusion can arise, we denote by <" the function 2’ € vh (),
defined by Z(q/},) = Fc’?(cjzlk_l), k=1— K;, where & € V(') is given, and similarly for e.g. ym,
m!" and K

We note that if C; = af = a§ = 0 then the weak conormals mi" ™! play no role in the evolution.
However, for surface area conservation they do play a role also in that case, see (5.3¢) below. We also
remark that the parameter ¢ > 0 has a stabilizing effect on the evolution of v"*. In practice, this was
particularly useful for simulations involving surface area preservation, and for C° experiments with
Gaussian curvature energy contributions.

Of course, (5.2a—e¢) with A\V'™ = Xf"m = )\’24’7" = 0 corresponds to a fully discrete approximation
of (4.27a-f), on recalling (4.28). For a fully discrete approximation of the volume and/or surface area
preserving flow, on recalling (4.38a-c), we let (A", )\f’m, )\f’m) be the solution of

2 RN R 5 = v,
S el (@ a) el (R agy (RS (AT
o v
afe(fﬁ y Wq ) alﬂ(lﬁ ,/il ) 0 )\114 b?ln (5.3&)
azo (RS &35 0 agy Ry A7) ) \ A by

where, on noting the fully discrete variant of (4.7),

2 id — Xm— "
0 = Z <( _‘% - Id)ld;tle"‘_jm> ; <vs Y™, Vs (T (“Um)>1“m] - <fm’ I (;;m>1;m

m—1

I 2 e h
N 22: <(% _Id)IdA_tjfll’@m> — (VY T am) |, - (7T ﬁ§”>§m] . (5.3b)

m i 2
Fi
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- N h h
m - id — xm-1 b id — XM
b; :<( i’(]ig)Tl,QZGMKI > +<mi ’At1>
m— m m— ™

o . h

— (VY Ve (T R) L — (PR

h h

- id— xXm1 id— Xm1

== H - Id m _’m,
<( 1) Aty Leom R >rm+<mZ Aty1 >m
5 - oo
= (VY (R, = (PTG AT L =12, (5.3¢)

gm+l g \" .
Z [<TQI’L Tla >2> - <Vs ifierly Vs >2>1"m + Oéz‘G <(Iﬁlm+1)sy %s>7m]
= m :

~ - h
S . Xmth—id
+< <X§”“, Xs>7m +eo <At,x>
m ym

=<fm,>z>l’i — AV (gm y) ZAA’”< Vv, id vsx> V¥ e vhIm), (5.4)

i

and, analogously to (4.34), we have defined a; L VI(TM) x V(T — R by setting
m (7 = » =m A\ g hpm :
Ay = (@ (T )y, ¥ VI, i=1,2.

As before, we note that the matrix in (5.3a) is symmetric positive definite as long as Hlow and

ﬁi,O [Qi’em R7"] are linearly independent, for ¢ = 1, 2.

Theorem 5.1. Let § € [0,1], 0 > 0 and a1, > 0. Let the assumptions (A) hold. Then there exists
a unique solution X™+1 ¢ VH(T™), (YT, m"thH2 € VMIP) x Vi(y™) x VT x V™),
Rt e V(™) and Cy @™ € V(™) to (5.2a-¢).

Proof. As (5.2a—e) is linear, existence follows from uniqueness. To investigate the latter, we consider

the system: Find X € V"(I'™), (Y;, )7, € V'(IT") x V'(y™) x VITF) x V(y™), &y € V(™)

and C; ® € V"(y™) such that
2

1 3 o o Gmy = G ¢ o\

Z |:At <Q1 07” X X> <VS }/iu vs X>Fzm + az’ <(mi)87 Xs)wm:| + S <X87 8>7m + Y <X7 X>'Ym - 0

v X evhrm, (5.5a)
" h "

a7 Qi Vs Qg 1), + (Ve X, V) = (Wl V7€ VHIT), i=1,2, (5.5b)

Ry 0+ (Ko X)), =0 Y XEV'(™), (5.5¢)

Cy (M + mg) = 0 on ™, 5.5d

of Ry +Y;+C1®8=0 on 4™, i=1,2 (5.5e)

174



GRADIENT FLOW DYNAMICS OF TWO-PHASE BIOMEMBRANES

Choosing ¥ = X in (5.5a), 7 =Y, in (5.5b), ¥ = ni; in (5.5¢) and noting (5.5d,e), leads to
2 1 o o\ h Lo -\ h
;Ttm <Q%m X,X>F;ﬂ +§<X5,Xs>7m + g<X,X>7m
-\ h ~\ h -

-3 [<rﬁ 7)., = o (Q Y Qi V), — af <(rﬁl)s,xs>w}

- > o \P G)= = -1 m ¥ m 2\
- ; KY; mi>7m +af (Wi, 7)) m — 0 <:Z.79m Vi, Qg y;>rr}

_.\ h

= _Za_l < 7,0™ K?Qz om >FI" . (56)

It follows from (5.6) and the definition of Q’pm that X = 0on~™, and so (5.5¢) implies that Ry =0.In
addition, (5.6) yields that 7" [Ql hm ] —6, i = 1,2. Hence, on adding the two equations in (5.5b) with
7= X, we obtain that <VSX, Vs X>Fm =0, and so X = 0. Then (5.5b) implies that m; = my = 0.
Next, we have from (5.5¢), on recalling that &, = 0, that there exists a Y € V*(I™) such that
Y, =Y |1"Zm, i = 1,2. Choosing 77 = Y in (5.5a) yields that <V5 Y, V, ?>1‘m = 0, and hence Y is
constant. If C; = 0 we megdiately obtain from (5.5¢) that Y = 0. If C; = 1, on the other hand, it
follows that Q%m((j;””;g) Y=0fork=1,...K;,%=1,2, and hence

V.a™@h) =0 k=1,..K;,i=12 (5.7)
The definition of Q}ym, recall the fully discrete version of (4.9), and (5.7) then yield that 0Y = 0.

Hence for 6 € (0,1] we immediately obtain that Y = 0, while in the case § = 0 it follows from
assumption (A) and (5.7) that Y = 0. Finally, we obtain that ® = 0 from (5.5¢). [ |

5.1. Implicit treatment of volume and area conservation

In practice it can be advantageous to consider implicit Lagrange multipliers (AV’mH, )\f’mﬂ, )\’24’W+1)

in order to obtain better discrete volume and surface area conservations. In particular, we replace (5.4)
with

xm+l _ a h R
> K%;ﬂ Atl,>3> - <Vs VAR VA >Z’>Fm +af <(Iﬁ§"+1)s, >Z’s>w

=1
m — —
+§<XS ’XS>7m - Q< Atm ’X>'ym

. h 2 .
= (F"X) 1 = AT @G™, Do — b3 N XLV, Y XEVITT), (5)

and require the coupled solutions X™*! € V*(I™), (YmJrl w2 € VI x V(™) x V(T3 x
Vh(y™), R7HL € Vh(y™), C1 @™+ € Vh(y™) and (A AL 1 ALY € R3 to satisfy the
nonlinear system (5.8), (5.2b—e) as well as an adapted variant of (5 3a— C) where the superscript m is

replaced by m + 1 in all occurrences of m}", <" Y-m AV and )\A " In addition, ldAtXiml in (5.3b,c)
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is replaced by 7_“1 In practice this nonlinear system can be solved with a fixed point iteration as
follows. Let (AVmH 0 \AmALO AAmAL0) _ (\Vim zdm zdmy and Xm0 = id [pm. Then, for j > 0,
find a solution (Xm“ﬂ“7 YmH’JH7 RGBT gmALitl) ¢ the linear system (5.8), (5.2b—e), where
any superscript m 4+ 1 on left hand sides is replaced by m+1,7+1, and by m+1,j on the right hand
side of (5.8). Then let /_{ZmH’jH oy Lam [Ql om mH’]H] +7; ;" be defined as usual, and compute

; AmAl i+l Aml,j+1 .
(AVmALgHL ZAmELIHL ALmELIHY a5 the unique solution to

2 -m gLt - ZmtLitl - ;
>ie 1a@9(wm7%m) alg( I G a29( R ) _\VimA1,5+1

m —»m—‘,—l,j—‘,—l —m am —»m—&—l,j—&-l _m—+1,7+1 Am~+1,54+1
ale(H 1 1’w1) 19(H ' ) 1 01 1,j+1 )\il +1,541
m+1lj+1 —m m (zm+1,j+1 -m+1,j+ m~+1,)

g 9(“ ,65") 0 a2,9("f2 ) ) Ag
1,7+1
bm+ 5]
0
1,7+1
b

bm+1,]+1

where

' 2 gmAlitl _ g h .
+1,j+1 = X a ymtly+l 3
b =D << %—M>At’“’m> — (WYL v (),
i=1 m rm '

I

(e,

- ) - h . ) -\ h
. m+1,5+1 _ s m+1,5+1 _
bm+17]+1 . = Id X J ld _,m+17]+1 —m+1 X J ld
i = (M —d) ————— Qilpm F; +H(m; T,
At,, rm At,, m

7

(fm Ty *m+1,]+1>rm, i=1,2;

Fm+1,j+1 gL+l
(VT (g ), -

and continue the iteration until
i i 1,j+1 1,5 1,j+1 Am+1,5 _
’)\V,m+1,j+l _ )\V,m+1,j‘ + ‘)\f,’nﬁ- R )\114,m+ ,]| + |)\124,m+ J+L AQ ,m+ 7]’ <1078,

We remark that the implicit scheme is chosen such that no new system matrices need to be assembled
during the fixed point iteration. In particular, all integrals are evaluated on the old interfaces I'".

But all the quantities that are calculated during the linear solves are treated implicitly, i.e. X mtl

(YmJr1 gl ommth? /?32”1 C; ™1 as well as the Lagrange multipliers.

6. Solution methods

Let us briefly outline how we solve the linear system (5.2a—e) in practice. First of all, similarly to
our approach in [4] for the numerical approximation of surface clusters with triple junction lines, we
reformulate (5.2a) as follows.

On introducing the following equivalent characterization of V*(I'"™), recall (5.1),

VhI™) = {71, 7h) € >< Vh( 7)) L[y =1 |y }

we can rewrite (5.2a—e) equivalently as: Find (Xm+1 Xty e virm), (Y @mth2 e (D) x
V(™) x VI(Tg) x VI(y™), &0 € V' (y™) and Cp @™+ € V(™) such that
X —id

2 h
> <:n9;n ZT, )Z'z> - <Vs VAGER )Zi>rm +af <(rﬁ§"+1)s, [)Zi]s>7m
i=1 T m e @
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- h
. B X —id
+%§<[Xz +1]37[Xi]5>,y + 2 Q<AtaX’L> ]

— - h h
(las |7 =27 = 2 (V™ Qg B Vi, Vi Xi ) — 52 (R (Ve X7 7))

1
2
(=M @) 7 VL VT, — (-0 R, (9T ),
2
3 af [(mp o d %)+ (@ 2y 0 ).

2
—Avm Z G X = A V) Y (LK) € V) (6.1)
i=1 i

and (5.2b—e) hold, where in (6.1) we have used the fully discrete version of (4.7).

The above reformulation is crucial for the construction of fully practical solution methods, as it
avoids the use of the global finite element space V"*(I'™). With the help of (6.1), it is now possible
to work with the basis of the simple product finite element space Kh(f‘m), on employing suitable
projections in the formulation of the linear problem. This construction is similar to e.g. the standard
technique used for an ODE with periodic boundary conditions.

We recall from [10, (4.4a-d)] the following finite element approximation for Willmore flow of a
single open surface I';(t) with free boundary conditions for 9T;(t). For m = 0,...,M — 1, find
(371, V) € VAT VAT, with £/ = id o+, and (R, 571) € [VA O]
such that

Xmtt_id " Sl = m+1 G +1
m ‘T — m X i X i ;" X
<z‘,91” JAN . ,X> <v8 YV X>rm T <[XZ Jss S>8I‘m ta <[mZ ls XS>3F§”

S

= (VT VX~ (BT DD (V) L, — a5 (R (9. 007 77
5o R =5 P — 2V Qo AT Vi, VX
(=) (@ ) ) Vi VX)), — (1= 0m) GP i), v )

af (Rgy, iy ide 0 +af (14 PR [ 6, - A (Vi VX)L

orm
v x e Vham,

(
o (@ Y, Qg 7 >;m + (V. X1V, ﬁ>Fm = (i m+1,ﬁ>’;rm 2@, e Y € VAT

[ @ [

6.2a)

(6.2b)
h
(af R4 Y ¢>W =0 Vgevhory, (6.2¢)
——m+1 n m+1 = _ = h m
< ’17>arm <[Xi ]8’775>ap1m =0 VeV (ory). (6.2d)
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The corresponding linear system from [10, (5.1)] is then given by

:‘T —ﬁ /\71_'@* - A} 0 —OziG_’/Tar,p }_/;m+1
Mgz A 0 —Mprr sX !
(Mor,r)" 0 o Mor 0 Ror
0 (Aorr)” Mpr 0 my !
[B* — B+ R)Y" + (Ag + A + X" A) X" + by — ba
ff)? — %M(Z)'m
_ . . (6.3)
—(Aprr)t X

On replacing A, with (3 A+ 5 M, o), where the definition of MQ is clear from (6.1), and similarly
adapting the first entry in the right hand side of (6.3) to account for the term involving AV, we
write (6.3) as

BiZi = g; .
Hence we can rewrite the linear system for (6.1), (5.2b—e) as
Z1 g1
PpB Pz Z2 =Ps |92], (6.4a)
(i;erl 0
where
0
0
b 0 C1 MY
0
B = 0 : (6.4Db)
0
0 B C1 MY
0
(000 Cy M) (000 Cy M) 0

and where M7 is a mass matrix on ~™. Moveover, Pp and Pz are the orthogonal projections that
encode the test and trial space V*(I'™) in (6.1), i.e. they act on the first and fifth block row in (6.4b),
and on the second entries of Z; and Zs, respectively.

The system (6.4a) can be efficiently solved in practice with a preconditioned BiCGSTAB or GMRES
iterative solver, where we employ the preconditioners

Bt 0 0
Pz 0 32_1 0| Pe and Pz B! Pg
0 0 Id

for the cases C1 = 0 and C; = 1, respectively. Here we recall from [10] that By and By are invert-
ible. The inverses By 1 and By 1 can be computed with the help of the sparse factorization package
UMFPACK, see [16]. Similarly, the inverse B~!, which existed in all our numerical tests, can also be
computed with the help of UMFPACK.

In practice we note that the preconditioned Krylov subspace solvers usually take fewer than ten
iterations per time step to converge. We stress that the chosen preconditioners are crucial, as with-
out appropriate preconditioning the iterative solvers do not converge. This suggests that the linear
systems (6.4a) are badly conditioned.
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7. Numerical results

We implemented our fully discrete finite element approximations within the finite element toolbox
ALBERTA, see [34]. The arising systems of linear equations were solved with the help of the sparse
factorization package UMFPACK, see [16]. For the computations involving surface area preserving
Willmore flow, we always employ the implicit Lagrange multiplier formulation discussed in §5.1.

The fully discrete scheme (5.2a—e) needs initial data &Y, 17;0, mY, i = 1,2, and /%’g. Given the initial

triangulation T, we let MY € V(1°) be such that
h
S0 = ) . h
<m?,n>70 = <ﬁ?,n>70 viie V"),

with i denoting the conormal on 9TY, i = 1,2. In addition, we let
20 _ 2 =0

R; 7 Wi
for simulations where I';(0) is part of a sphere of radius R, i.e. [';(0) C dBg(0), and otherwise define
7 € V(1Y) to be the solution of
h . h
20 = . N /=0 2 =~ 1/h(T0
<’€z‘ ) 77>F? + <Vs id, Vs 77>F? = <mz ) 77>W0 VvineV (Fz) :

Then we define

Y;-O = [EO — cUO] .

% )
Moreover, we let Fig € V(4% be such that
h -
-0 = T _ = = 1/h(0
</€7,n>vo + <1ds,773>70 =0 VigeV'(y).

Throughout this section we use uniform time steps At,, = At, m =0,..., M —1, and set At = 1073
unless stated otherwise. In addition, unless stated otherwise, we fix oy = 1 and 7%; = of =0, i = 1,2,
as well as ¢ = 0. At times we will discuss the discrete energy of the numerical solutions, which, similarly
to (4.12), is defined by

2 h h
BT ) = 3 (b (IR = 1), o (RrHLmre)” o zmm(@y)||
i=1 v

+HOHT(™).

Finally, we fix 8 = 0 throughout, unless otherwise stated.
For the visualization of our numerical results we will use the colour red for I'f”, and the colour
yellow for I'y*.

7.1. The C'—case

In Figure 7.1 we show the evolution of the outer shell of a torus joined with two spherical caps. Here
the two caps make up phase 1, with the remainder representing phase 2. The initial surface I'’ satisfies
(J1,J2) = (2048,4096) and (K, K2) = (1090,2112) and has maximal dimensions 6 x 6 x 6, i.e. up
to translations, the smallest cuboid containing I'° is [0,6]3. For the parameters 3 = 7 = 0 and
¢ = 0.1, the surface evolves towards a catenoid. In Figure 7.2 we show the same evolution for the
values 77y = —2 and 77 = —0.5, which is now markedly different. The same evolution with ¢ = 2,
which shows the slowing influence of ¢ > 0, is shown in Figure 7.3. In both experiments the effect of the
two different spontaneous curvature values for the two phases can clearly be seen. The same evolution
as in Figure 7.3, but now for surface area preserving flow, is shown in Figure 7.4. Here the observed
relative surface area loss is 0.12%. The interplay between the different values of 7z;, the surface area
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FIGURE 7.1. (C°: 32, =% = 0, ¢ = 0.1) A plot of (T7*)2_; at times ¢t = 0, 0.5, 1, 2.
Below a plot of the discrete energy E™*1((T™)2_,).

FIGURE 7.2. (C% 32 = -2, 3% = —0.5, ¢ = 0.1) A plot of (I'™)2Z, at times t =
0, 0.5, 1, 2. Below a plot of the discrete energy E™F1((I'"™)2_,).

constraints, and the C?-attachment condition lead to an interesting evolution. A completely different
evolution is obtained when we replace surface area conservation with volume conservation. This new
simulation is visualized in Figure 7.5, where the observed relative volume loss is 0.00%.

A simulation with four disconnected components for phase 1 is shown in Figure 7.6. The initial
surface I'0 satisfies (Ji,J2) = (1816,4328) and (K, K2) = (1000,2250) and has maximal dimen-
sions 4.2 x 4.2 x 1.1. The evolution for the parameters 3¢, = 3¢5 = 0 and ¢ = 1 goes towards a fournoid.

We now consider surface area preserving experiments for setups where phase 1 is represented by six
or eight disconnected components on the unit sphere. For these experiments we use the time step size
At =10"% and let 37y = —4, 7y = —2, ¢ = 1 and p = 2. The initial surface I'° in Figure 7.7 satisfies
(J1,J2) = (1032,7160) and (K7, K2) = (614,3668) and is an approximation of the unit sphere. Phase
1 is made up of six disconnected components. Here the observed relative surface area loss is 0.36%. A
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FIGURE 7.3. (CY: 32, = —2, 329 = —0.5, ¢ = 0.1, o = 2) A plot of (I'™)%Z_; at times
t=0, 0.5, 1, 2. Below a plot of the discrete energy E™T((I'"™)2_,).

FIGURE 7.4. (C%: 7, = =2, 375 = —0.5, ¢ = 0.1, o = 2) Surface area preserving
flow. A plot of (I'™)2_; at times ¢t = 0, 0.5, 1, 2. Below a plot of the discrete energy
EmH((TM)E )

simulation with eight disconnected components for phase 1 is shown in Figure 7.8. The initial surface
I'0 satisfies (J1,Jo) = (2048,6144) and (K;, Ko) = (1184,3218). Here the observed relative surface
area loss is 0.28%.

An example for volume and surface area preserving flow is shown in Figure 7.9. The initial surface '
satisfies (J1, Jo) = (2274, 2274) and (K7, K3) = (1188, 1188) and has maximal dimensions 1.5x1.5x2.8.
In this experiment we choose 77y = 775 = —1, ¢ = 1 and p = 2. The relative surface area loss for this
experiment is 0.07%, while the relative volume loss is 0.00%.

The next set of experiments illustrates the impact of the Gaussian curvature energy. The initial
surface ' is made up of two halves of an approximation of the unit sphere and satisfies (Jy, J2) =
(2274,2274) and (K7, K2) = (1188,1188). An experiment for 32, = 375 = 0, ¢ = 1 and ¢ = 2 is shown
in Figure 7.10. The evolution eventually reaches a slowly shrinking disk. Choosing the parameters
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FIGURE 7.5. (CY: 72 = —2, %% = —0.5, ¢ = 0.1, o = 2) Volume preserving flow. A plot
of (T'™)2_, at times t = 0, 0.5, 1, 2. Below a plot of the discrete energy E™T((I'"™)2_,).

N % 8 o

FIGURE 7.6. (C: 32 = 32, = 0, ¢ = 1) A plot of (I'")%_, at times t = 0, 0.1, 0.5, 1.
Below a plot of the discrete energy E™H((I'™)2_,).

0410 = ag = —1, and using the time step size At = 107°, we obtain the simulation in Figure 7.11.
We remark that the conditions (2.7) trivially hold. Moreover, and in contrast to the Cl-case, a
nonzero Gaussian bending energy coefficient has an influence on the evolution even if af = of.
In this example we observe that for a negative af = af, the term Y7, o Jr, Ki d#H? for the
initial sphere is negative, and hence the evolution remains convex throughout, in contrast to the
evolution in Figure 7.10. Moreover, the evolution in Figure 7.11 is generally slower, since large values
of the Gaussian curvatures make Y2, of Jr, Ki dH? more negative. Repeating the computation for
of = —1 and of = —1.5 yields the results in Figure 7.12. We note once again that the conditions (2.7)
hold. For the evolution in Figure 7.12 we observe that the curvature of phase 2 is decreasing slower
due to the fact that large values of fm ICo dH? decrease the energy.
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FIGURE 7.7. (C°: 72y = —4, 75 = —2, ¢ = 1, o = 2) Surface area preserving flow.
A plot of (T'7*)2_; at times t = 0, 0.1, 0.3, 0.35. Below a plot of the discrete energy
EmHH((T™M)7).

© O 9 ¢

FIGURE 7.8. (CY: 321 = —4, 35 = —2, ¢ = 1, o = 2) Surface area preserving flow. A
plot of (T7)2_, at times t = 0, 0.05, 0.1, 0.11. Below a plot of the discrete energy
EmHH((T™M)7).

7.2. The Cl—case

We remark that in the C'-case, with uniform data a1 = as = o, 371 = 3% = Zand ¢ = o = «

onG = 0, our finite element approximation collapses to the scheme from [8] for the Willmore flow of
closed surfaces. Indeed, as a numerical check we confirmed that Table 1 in [8], for the approximation
of the nonlinear ODE [8, (5.1)], is reproduced exactly by our implementation of the scheme (5.2a—¢).

A repeat of the simulation in Figure 7.3 in the context of a C'—condition on 7 is shown in Figure 7.13,
where for this experiment we use the time step size At = 10~%. The evolution goes towards a cylinder

with two round caps, which is dramatically different to the evolution in the C%case.
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FIGURE 7.9. (CY: 721 = 325 = —1, ¢ = 1, o = 2) Volume and surface area preserving
flow. A plot of (T7*)?2_; at times ¢t = 0, 0.05, 0.1, 0.2. Below a plot of the discrete
energy E™H((T™)7,).

FIGURE 7.10. (C% 37 = 720 = 0, ¢ = 1, o = 2) A plot of (T'"")2_; at times t =
0, 0.01, 0.02, 0.1, 1. At time ¢t = 1 the evolution has reached a disk. Below a plot of
the discrete energy E™TL((I"™)2_,).

If we project the initial surface from Figure 7.13 to the unit sphere, we obtain the evolution shown in
Figure 7.14. The evolution goes towards a cylinder with two round caps. Using the same parameters as
in Figure 7.14 to simulate surface area preserving flow, we obtain the evolution shown in Figure 7.15,
where here we have chosen ¢ = 2. The evolution goes towards a more elongated cylinder with two
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———

FIGURE 7.11. (C%: % =32 =0,5 =1, af = af = —1, 0 = 2) A plot of (T")2_; at
times ¢t = 0, 0.01, 0.1, 0.2. Below a plot of the discrete energy E™T1((I'"™)2_,).
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FIGURE 7.12. (C: %2 =% = 0,c = 1, af = —1,af = —1.5, o = 2) A plot of (T7")2_,
at times t = 0, 0.1, 0.2, 0.3. Below a plot of the discrete energy E™*1((T™)2_,).

round caps. Here the observed relative surface area loss is 0.18%. The volume preserving variant is
shown in Figure 7.16, where in order to dampen the tangential motion we choose ¢ = 0.05. Here the
observed relative volume loss is —0.12%.

A repeat of the simulation in Figure 7.6, now in the context of a C''-condition on ~, is shown in
Figure 7.17. Once again, we observe that the C''-condition has a dramatic effect on the evolution.

In the next experiments we investigate the possible influence of the Gaussian curvature energy. If we
choose the initial surface as in Figure 7.11, and running with 3, = 3% = —0.5 and ¢ = of = af =0,
then we obtain an expanding sphere, with symmetric phases 1 and 2, which approximates the solution
to the nonlinear ODE [8, (5.1)]. On the continuous level, thanks to the Gauss-Bonnet theorem, the
same solution is obtained when choosing o’ = a§ = 0.5, and this is also replicated by our numerical
approximation. Choosing af = 0.5 and a§ = 1, on the other hand, leads to phase 1 growing on the
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FIGURE 7.13. (C': 32, = =2, 37y = —0.5, ¢ = 0.1, o = 2) A plot of (I'"*)2_; at times
t=0, 0.1, 0.2, 0.5. Below a plot of the discrete energy E™+1((T"™)2_,).

FIGURE 7.14. (C': 32y = —2, 325 = —0.5, ¢ = 0.1) A plot of ()2, at times t =
0, 0.01, 0.02, 0.03. Below a plot of the discrete energy E™+1((T™)2_,).

expanding surface. Here we remark that (2.8) clearly holds, and that reducing the relative size of phase
2 is energetically favourable. See Figure 7.18 for the evolution.

A well known phenomenon is the moving of the phase boundary in relation to the neck of a dumbbell
for different values of the Gaussian bending rigidities, see e.g. [24, §4.3]. We now demonstrate this
behaviour in the sharp interface context. To this end, we choose as initial data a membrane with a
neck, and then start an evolution of volume and surface area preserving flow with off € {~2,0,2},
while a§ = 0 and ¢ = 9. For these experiments we choose At = 107* and let ¢ = 1. See Figure 7.19
for the different evolution. Here we can clearly see that for af' = 2 the interface moves down relative
to the neck of the dumbbell, while for af = —2 it moves up. Of course, this is due to the neck having
negative Gaussian curvature.

In the final experiments we approximate well-known equilibrium shapes from [29, Fig. 8]. To this
end, we consider volume and surface area conserving flow for initial surfaces with reduced volumes

186



GRADIENT FLOW DYNAMICS OF TWO-PHASE BIOMEMBRANES

FIGURE 7.15. (C': 77y = =2, 3% = —0.5, ¢ = 0.1, o = 2) Surface area preserving
flow. A plot of (T7)2_; at times t = 0, 0.1, 0.2, 1. Below a plot of the discrete energy
EmH ()7 )-

FIGURE 7.16. (C': 32y = —2, 3% = —0.5, ¢ = 0.1, o = 2, § = 0.05) Volume preserving
flow. A plot of (T7)%_; at times ¢t = 0, 0.1, 0.5, 1. Below a plot of the discrete energy
EmH (T2,

vy € {0.95, 0.91, 0.9}, where

3L3(00) 677 £3(Q0)

H2(10)\3 3

an (502 (A1)
with Q° denoting the interior of I'?. In addition, the two phases are chosen such that they have a surface
area ratio of 0.1. See Figure 7.20 for the initial shapes, where in each case we have that the initial
discrete surface 'V satisfies (J1, J2) = (2274, 2274) and (K7, K3) = (1188,1188) and H?(I'Y) = 4 7. For
these experiments we set ¢ = 9 and o = 4. Choosing a time step size of At = 1074, we integrate the

volume and surface area conserving flow to a final time of t = 0.25 and report on the obtained shapes
in Figure 7.21. These configurations appear to agree well with the computed shapes in [29, Fig. 8].

=
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FIGURE 7.17. (C': 37y = 375 = 0, ¢ = 1) A plot of (I'"™)?2_; at times t =

7

0, 0.05, 0.1, 0.14. Below a plot of the discrete energy E™TL((I'"™)2_,).

(2

FIGURE 7.18. (C': 32 = 5% = —0.5, ¢ = 0, af = 0.5, a§ = 1) A plot of (I'™)2_, at
times t = 0, 0.1, 0.2, 0.25. Below a plot of the discrete energy E™H1((I'™)% ).

FIGURE 7.19. (C': % =% =0,¢ =9, af = 0, o0 = 4) The initial shape on the left,
and (T7)2_; at time ¢ = 0.01 for af' = —2, 0 and 2, respectively.
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© ¢

FIGURE 7.20. The initial shapes for v, = 0.95, 0.91 and 0.9, respectively.

& ¢

FIGURE 7.21. (Cl: 32, =3 = 0,5 =9, o =4) A plot of (I'")%_, at time t = 0.25 for
the reduced volumes v, = 0.95, 0.91 and 0.9, respectively.

Appendix A. Derivation of strong formulation and boundary conditions

We recall from Section 3 that our numerical method is based on the weak formulation (3.29) and (3.28a—
f) of the generalized L?-gradient flow of the energy E((T;(t))?_,), see (2.13). It follows from (2.3),
(3.28b) and (3.16) that

%.07=0,  02(Qis) =—(1-0) VX 7,
% {Ozi ’J?Z — ¥ 171"2 — 2@@93}} . }_'fz} = —% o (%12 —?12) on Fi(t), 1=1,2.

We recall that on the continuous level mi; = fi; and that § € [0,1] is a fixed parameter. Here we
need to choose 6§ = 0, as otherwise the two conditions in (3.22b,c) are incompatible in general. Then
this weak formulation can be formulated as follows. Given I';(0), for all ¢ € (0,7] find I';(¢) and
7i(t) € [HY(T';(t))]? such that

2
(X e (V7). = 2 (950 ¥ D + (Ve Ve Dy — (9307, DR (V)

a4 - N, - 0-0) Gad V0T 7Y, =@

2
#3008 (7 il X))+ (B @)Xy, | v T e @, (A1)
=1

with v(t) = 9T'1(t) = 9T2(¢),

Ui = yiV; +4;, where y;=oa;(34—7%) and @;.7; =0, onTy(t), i=1,2. (A.2)
Of course, (3.28b) implies that @; = 0if § € (0, 1]. Hence, as 7; . [V X 7 = ([Vs Xi] %) . % = 0.7 = 0,
it holds that

(1-10) <%i?7ia (Vs )" 17z'>F 5= (1-19) <%z' Yi i, [Vs Xi] '7z>F ) +(1-10) <%i i@, [V Xi]" 771'>

= (=0) (ati [Vl ), = (et [VaxlTa), o (A3)

r;(t)

i
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for all 6 € [0, 1].

In (A.1) the mean curvatures s; are defined by (2.3), the curve curvature vector i, is given by (2.9),
and the conormals [i;(t) are defined by (2.10) and satisfy C) (fiy + i) = 0. In addition, we have
from (3.28¢) that

g = —af Ay — Cid on y(t), i=1,2. (A.4)

Starting from the weak formulation (A.1), we will now recover the corresponding strong formulation
together with the boundary conditions that are enforced by it. It follows from (A.1) and (A.3) that

2
<97>?>F(t) +o <9,>?>7(t) = Z [(Vs (i Vi), Vs X,y + (Vs - Wi %), Vs - Xy )

=1

(Ve (i 7)) D(F) (Ve

-

T Lo (62— 32) V.. ¢ B
d) >Fi(t)+§al <(%z %z)aVS'X> +<VSUZ’VSX>F1-(7€)

(1)
+ (Vs . 1, Vs . Y>Fi(t) - <(Vs ﬁz’)TaQ()Z) (Vs ia)T> - <%i i, [Vs Y]T 17i>ri(t)}

Ty(t)

2
+< <ﬁ77 )Z>ry(t) + 12::1 aiG |:<Q’Y - g, ids X‘S>'y(t) - <£’y [ﬁi]87 >2‘S>'y(t):|

2 8
_ ZE:ITE +5(2,X), +Za {<ﬁv.ﬁi,ids.)_(’s>’y(t)+<7>v [ﬁi]sﬂ(’s%(t)}

=1/
v ¥ € [Hy (D))" (A.5)

In order to identify the first term on the right hand side in (A.5), we now recall (A.21) and (A.30)

n [10], where we note that in our situation S = 0, and that the results there are for d = 3, but are

also true for d = 2, where we always assume that ¢ = o = af = 0. Hence we have that

8 .
ZTg(Z) = <—Oéz‘ Ayt + 5 i (56— 32)° 56 — o (36— 5;) Vs ]2, X V1> + i (Vs 2a) - fli, X - 7i) )

i (t)

~ i = 7) (Va7 i Xy — o (G = )AKi) + B YR e AT
(A.6)

where
BY = (Vs ity X i) g — (Vs s i © Xy — (56 i - figs X - Bidy gy + (Vs @) fiss (X ) B2 0
4 .
=Y D, (A.7)
(=1
It immediately follows from (A.6) that the strong formulation of the flow equation is
f) = {—ozi AS 2 + %ai (%1 — 702 i — QU (%1 - 71) ]VS 171|2} 171 on Fl(t) . (A8)

Collecting the boundary terms arising in (A.5) and (A.6), similarly to [10, (A.32)], gives:

2{V:%), = 0 +ZZB"1

i=1/4=1

§<%'an +Z [ 042 V %z) :u”LaX V)y(t) <1az (%z *ii)2ai-ﬁi>
=1

v(t)

A2 — ANTIARY; Gl = 0 &
— {0 (55 — 72:) (Vs 1) s, X>'y(t) +a; <%'y - iy ids XS>’y(t)
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+af (B Tulide) , +BO| YR EE@ON. (19

We now investigate the boundary conditions arising from (A.9) in the case C7 = 0. To this end, we
recall from (A.2), (A.4) and (2.11) that

;i (o 7)) +af 72, ;=0 and @ = —af (3, . ;)@ on (), i=1,2. (A.10)
Using the simplifications in (A.34)—(A.41) in [10], as well as (A.10), the right hand side of (A.9) can

be simplified to obtain
2 6

SN L (i)
0 <V, X>7(t) = (3, X>7(t) + ;Z:l By
2

= <G Xy + 2o (3 G = )° = ol K) i (00 (Vo) i = of (1)2) X))

i=1
VXe [Hi(F(t))]d. (A.11)
It follows from (A.10) and (A.11) that the necessary boundary conditions are
Q; (%Z-—%Z-)—f—oz-GJ?,y ;=0 on 7(t), i=1,2, (A.12a)
<3y + Z —3%)% — of Ki) fii + (i (Vs sa) - fi; — o (73)s) ;= 0V on 4(t). (A.12b)

In the case of surface area preservation, there is an extra term

—Z)\A< ld st> = —XQ:AZA (Vs . X, Z)\ [ #i Uiy X, Ti(t) — <L>Z-/Ii>fy(t)}
=1

on the right hand side of (A.1), on recalling (2.14), (3.6), (3.11) and (3.25). Similarly, in the case of
volume conservation, there is an extra term —\Y Y7, (i, X)r;(¢) on the right hand side of (A.1), on
recalling (2.14), a variational variant of (3.4) and (3.25). Hence overall we obtain

Vb = —a; Ay 5 + % ay (55— 52) 2 56 — o (3 — 52) Vs G2 + M = AV on Tu(t), (A.13)
in place of (A.8), as well as
Z[ a; (Vs 7 .ﬁi*O[z-G(Ti)S)Iji7(%Qi(%i77i>2+alclci+)\?)ﬁii| +¢iy = oV on A(t),

=1
(A.14)

in place of (A.12Db).

We now investigate the boundary conditions arising from (A.9) in the case C1 = 1, where we recall
that in this situation 7 = /) = iy and i = fiy = —ji; on 7(¢). To this end, we obtain from (A.2), (A.4)
and (2.11) that 3o — 1 = —(a§ — af’) 5z, on 7(t), and hence

a1 (o —750) + ol %, T =ag (2 — %) +a§ 2,7 on (), (A.15a)
ity — iy = —(aS —af) (3%, . @) i on ~(t). (A.15Db)

We now rewrite some of the terms in (A.9). To this end, we first note that it follows from (2.11), (2.4)
and (2.17) that

Sy Uy = idgs . U5 = —id, . [7]s = Li(ids,ids) and ¢ = W(ids, ids) + Wi(f@i, i) on y(t). (A.16)
Moreover, it follows from (2.18) and (2.10) that
[7i]s X ids = —73 fi; x idg = (—1)' 77 on (1), (A.17)
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where we have observed that [;]s is perpendicular to 7;. We also note from (A.17) and (2.10) that

[i)s = (=1 ([7)s x idy + 7 x idys ) = 755 + (<) (Zy - fis) 7 X fis = 73 75 — (% i) iy on 4(t).

Now it follows from (2.17) that
(Vs 7) fii - X = —X;(fis,ids) X - ids — Li(fds, ) X - fii
and so
B = a; (36 — 52:), Wil ids) X ids + Wi, ) ¥ ﬁ> "
= i ((a —32) mi X ida - s = 2 B) X 1)
where we have noted (2.18) and (A.16). It follows from (A.36) and (A.37) in [10] that

By + B = of ([ 7im = (3 Fa)elids + [ = (3 B X))

We have from (A.7) above and (A.39) in [10] that
DY + DY = ((@)s, (- fis) ids — (¥.ida) fir)_ -
V(1)
As @; . U; = 0, we have from (A.7), (2.17) and ( )
DS+ DY = i+ (5.5 iy (-7 )

= <Ti Uy . ids — (32 . ) U - s, X - Z/Z'>7(t) .
Therefore (A.7), (A.21) and (A.22) yield that

2
D s o N T T SR
DB = (@ = e (-7 i, - (T ),
— (42 — 1) /Z(Qv U)X ﬁ>-y(t) )
where 7 = 19 = —71. Hence we obtain from (A.15b) and (A.18) that
2 .
B = [af 1} (3 - i)eids - (- i) i+ (2 ) (3 D) DY)

=1
Combining (A.9), (A.19), (A.20) and (A.23) yields, on noting (A.15a) and (2.11), that

o(V, >7 < (7,7, +ZZBZ—<azwz>1%.ﬁ—[a?ﬁn+% X
i=14=1

(b = 0+ [0 (o = 72) (s — 2 D)+ [0 72 4 2 X

(A.18)

(A.19)

(A.20)

(A.21)

(A.22)

(A.23)

> 0

Vxe [Hl( ())]

This yields the boundary conditions

[ (VS%Z-)]%.,J— [aiG]%Ts—i-giy.ﬁ: Qﬁ.lj on (t),

— 5l (s = 32)° + [ (55 = 55) (50 — 3, . D)

—
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as well as pV.id, = 0 on (¢), which has no effect on the evolution of (Ti(t))2;. Clearly, (A.15a) and
(A.24a,b) yield the conditions (2.20a—c), on accounting for the surface area constraints analogously to
the case C7 = 0.
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