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Abstract. Multiresolution provides a fundamental tool based on the wavelet theory to build adaptive numerical
schemes for Partial Differential Equations and time-adaptive meshes, allowing for error control. We have previously
introduced this strategy to construct adaptive lattice Boltzmann methods with this interesting feature. Furthermore,
these schemes allow for an effective memory compression of the solution when spatially localized phenomena (such
as shocks or fronts) are involved, to rely on the original scheme without any manipulation at the finest level of grid
and to reach a high level of accuracy on the solution. Nevertheless, the peculiar way of modeling the desired physical
phenomena in the lattice Boltzmann schemes calls, besides the possibility of controlling the error introduced by the
mesh adaptation, for a deeper and more precise understanding of how mesh adaptation alters the target equations
describing the physics. In this contribution, this issue is studied by performing the equivalent equations analysis of
the adaptive method after writing the scheme under an adapted formalism. It provides an essential tool to master
the perturbations introduced by the adaptive numerical strategy, which can thus be devised to preserve the desired
features of the reference scheme at a high order of accuracy. The theoretical considerations are corroborated by
numerical experiments in both the 1D and 2D context, showing the relevance of the analysis. In particular, we show
that our numerical method outperforms traditional approaches, whether or not the solution of the reference scheme
converges to the solution of the target equation. Furthermore, we discuss the influence of various collision strategies
for non-linear problems, showing that they have only a marginal impact on the quality of the solution, thus further
assessing the proposed strategy.

2020 Mathematics Subject Classification. 65M99, 65M50, 76M28.

Keywords. lattice Boltzmann method, adaptive mesh refinement, multiresolution analysis, equivalent equa-
tions.

1. Introduction

The lattice Boltzmann schemes are used to investigate many interesting problems for which the solu-
tions have variability unevenly distributed in space. Therefore, one can take advantage of this property
to reduce both the memory footprint (especially when deployed to solve large problems) and the com-
putational cost of each iteration by selectively adapting the computational mesh. In our previous
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contributions [3, 4], we have introduced and tested a novel way of implementing lattice Boltzmann
methods to be deployed on spatially adapted grids generated by multiresolution analysis (called LBM-
MR method). The collision phase (due to its inherent local nature) was performed only on the leaves
of the corresponding adaptive graded tree where the data are directly available by using the equi-
libria of the reference lattice Boltzmann scheme. The advection phase, which is linear but non-local,
was performed with a technique closely related to the Corner Transport Upwind scheme (CTU), see
Colella [10]. Using the multiresolution formalism, we first build a piece-wise constant reconstruction
of the particle distribution functions at the finest level of resolution, then advect the reconstruction
exactly, and finally project the new functions on the adapted grid. The finest level of the resolution
dictates the global time-step across all the mesh levels, so no adaptation of the speed of sound is
needed. This approach to time discretization has also been used by Fakhari et al. [18, 19, 20] in com-
bination with the AMR (Adaptive Mesh Refinement) technique. The method reaches the following
goals and has the following peculiarities: it reduces the memory trace of the procedure by employing
and storing the distributions only on an adaptive hybrid partition of the domain made up of leaves
of an underlying graded tree structure; being fully adaptive, thus working only on the compressed
representation of the mesh, it provides potential reductions of the computational time of the method;
the use of the multiresolution analysis, decomposing the distributions on a wavelet basis and using a
functional analysis theoretical background [12], ensures (under reasonable assumptions) that we can
control the error of the adaptive method with respect to the reference method using a unique threshold
small parameter; finally, the original lattice Boltzmann scheme on the uniform grid does not need to
be modified to handle non-uniform lattices.

Even though the previous method allows to bound the difference between the solution of the adaptive
method and that of the reference method and has proved to be highly accurate, it does not say much
about the perturbations on the target equations induced by this new lattice Boltzmann method.
The question of determining the equations approximated by the lattice Boltzmann method has to
be discussed with particular care, especially when one wants to introduce diffusion terms with a
specific structure, as commonly done in the literature. For example, when using an acoustic scaling,
the diffusive terms do not show up at leading order. Therefore, in order to build reliable methods, we
have to ensure that our adaptive approach does not alter these contributions.

Until nowadays, two main formal approaches (which consistently yield the same results) are devised
to analyze the equations simulated by lattice Boltzmann methods: the Chapman—Enskog expansion [§]
and the Taylor expansion method [13]. The former approach is based on a Hilbert-like asymptotic ex-
pansion, whereas the latter follows the tracks of the consistency analysis for Finite Difference methods
based on Taylor expansions. These methods remain formal because they assume that the derivatives
of negligible terms are also negligible.

In this contribution, we clarify how the quality of the utilized multiresolution analysis impacts
the physical model approximated by the adaptive numerical scheme. More precisely, we show that
the central tool to perform the multiresolution analysis, the so-called “prediction operator”, must
be accurate enough so that the adaptive method does not significantly alter the behavior of the
numerical scheme performed on the finest level of grid. Otherwise, large deviations from the behavior
of the reference scheme are theoretically expected and numerically observed. This pertains both to
the phenomena present in the macroscopic target model (transport and diffusion, for example) and to
higher-order terms that play a role in determining the stability of the numerical method. The latter
were generally ignored by the analyses available in the literature but may lead to unexpected behaviors
of the adaptive strategy. The analysis is conducted on locally uniform parts of the mesh at some coarser
level of resolution than the finest available mesh size. We then show, using Taylor expansions, that the
adaptive scheme acting on such group of coarse cells does not perturb the original lattice Boltzmann
algorithm up to a certain order in the space step. This accuracy result holds uniformly with respect
to the local level of the grid, thus can be applied globally to any adapted mesh.
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ANALYSIS OF THE LBM-MR SCHEMES VIA THE EQUIVALENT EQUATIONS

Thanks to the particular structure of the multiresolution analysis we have utilized, the extension to
the multidimensional case is straightforward. Moreover, we observe that the conclusions of the paper
are valid both for scalar equations and systems of conservation laws. This holds because the adaptive
scheme modifies only the advection phase, which is agnostic of the number of conserved moments.

The theoretical study is thoroughly assessed numerically both in one and two spatial dimensions and
for linear and non-linear problems, showing very good agreement between the effective and expected
behavior of the adaptive scheme. This confirms the predictive power of the analysis based on the
equivalent equations. Moreover, we present a concise numerical study on the effect of different strategies
for the treatment of the collision operator on the reliability of the adaptive method. This study confirms
the relevance of the local approach, introduced in the previous works [3, 4], in which the collision phase
is performed on the leaves. This yields accuracy levels comparable to those of more computationally
expensive strategies, which are briefly introduced in this work.

The paper is structured as follows: in Section 2, we present a quick recap on the multiple-relaxation-
times lattice Boltzmann schemes, setting the ground for Section 3 which introduces the adaptive spatial
discretization and the adaptive LBM-MR method. Particular care is devoted to the presentation of
the two basic bricks of the method (called “prediction” and “reconstruction” operators) because of
their preeminent role in the subsequent analysis. With these ideas in mind, we can go to the central
sections of the work, namely Section 5 and 6, where the “reconstruction flattening” allows to deploy
the equivalent equations technique to the new LBM-MR method, by rewriting the reconstruction
operator, usually seen in a recursive fashion, in a more friendly “flattened” way. This approach is used
to analyze two of the most simple adaptive LBM-MR techniques as well as a Lax—Wendroff scheme
present in the literature [18, 19, 20] for comparison purposes. This theoretical analysis is corroborated
by 1D and 2D simulations presented in Section 7. The final conclusions are drawn in Section 8.

2. The reference lattice Boltzmann scheme

The lattice Boltzmann methods are a class of numerical schemes used to solve numerous problems
in applied mathematics and fluid mechanics. Their fundamental building blocks are a particular link
between the temporal and the spatial discretizations and a finite family of discrete velocities, a local
collision phase and a linear stream phase. The aim of this section is to provide the basic ideas and
notations about these methods as we shall employ them. Still, we do not aim at encompassing all the
possibles shades and flavors of the lattice Boltzmann method: we refer the interested reader to the
book [24] for more information.

2.1. Discretization

The lattice Boltzmann method is based on a regular lattice of fixed step AX = 0. The time discretiza-
tion is performed by considering a uniform time discretization of step

At= 22 (2.1)

where A > 0 is the so-called “lattice velocity”. Another possible choice is the so-called “parabolic
scaling” At [CAIX?: the following analysis is still valid for this choice. Then, one introduces g CN™
velocities (ea)gzg_l [AZY compatible with the lattice, namely multiple of the lattice velocity A. We
write Cq := eq/A A% a = 0,...,q — 1, which are the dimensionless velocities. The distribution
function of the population moving with velocity eq shall be denoted . It is customary to indicate
schemes with the notation DdQQ, where d is the spatial dimensionality and g is the number of discrete
velocities.
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2.2. Collide-and-stream

We now assume thatt is the discrete time at which we know the solution and that we want to update
it towards time t+ t, where tis given by (2.1). Any lattice Boltzmann method can be resumed as
a collide-and-stream algorithm made up of the following steps:

The collision phase is performed locally at each point of the lattice. To employ multiple relax-
ation times, it is common to set it in the space of the moments to obtain a diagonal collision
matrix [25]. It reads

m(t;x) = Mf (t; x);
f7x)=M 1 (1 S)m(tx)+ SmeImOt; x);::::m% Yt x)) (2.2)

where the star? denotes any post-collisional state. Vectorial notations are usedt = (f ) !
for the particle distribution functionsand m =(m ) ZJ ! for the moments vector. The matrix

M 2 RY 9 is the invertible matrix that gives the moments from the particle distribution
functions. The collide operator then behaves as a diagonal relaxation on the moments vector
associated with the singular matrix S 2 RY 9. The rank of the matrix S isq @, whereq is
the number of conserved moments. The vector of the moments at equilibrium, function of the
conserved moment, is indicated by m 9.

The stream phase is non-local but linear and corresponds to a shift of the data along the
characteristics of each velocity eld. It reads

f @+ tx)=f?(@tx c Xx); =0;:::;q9 L (2.3)

In order to recover the desired macroscopic equations on the conserved moments, one can act on
the choice of the relaxation matrix S and on the equilibria m 9.

3. Adaptive space discretization and adaptive lattice Boltzmann scheme

The lattice Boltzmann methods introduced in the previous Section are de ned on regular uniform
lattices. However, in practical applications, especially when localized structures such as propagating
fronts are present, a ne discretization of the whole spatial domain is extremely demanding in terms
of memory and computational time. This calls for the adoption of a spatial discretization with di er-
ent levels of re nement. In this Section, we summarize our adaptive approach presented in [3, 4] to
transform a method acting on a uniform mesh at the nest available scale into another working on a
spatially adaptive grid spanning many spatial scales. The adaptive grid is dynamically updated at each
time step using a regularity evaluation through the multiresolution analysis, ensuring error control.
Then, multiresolution is used to evaluate the lattice Boltzmann scheme as if we were on the nest
scale, which is the one of the reference scheme presented in the previous section. Particular attention
is paid to the way of devising the stream phase, because of its pivotal role in the forthcoming analysis.

3.1. Spatial discretization

The starting point to design the adaptive LBM-MR method is the choice of a spatial discretization,
which is performed using dyadic Cartesian grids with possibly di erent levels of resolution. Consider,
for the sake of a simpler presentation, a bounded domain= [0 ;1]9, typically for d = 1;2; 3. Following
our previous contributions [3, 4], we can build a hybrid partition of such a domain formed by cells at

1Those with relaxation parameter equal to zero.
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Figure 3.1. Example of hybrid mesh where di erent colors represent di erent levels
of resolution spanning™ = L;:::;L, in particular, from L =4 (dark blue) to L = 8
(white).

di erent levels of resolution betweenL and L. An example is given in Figure 3.1. A cell of the level,
"= 1L;:::;L, is given by

Yo . .
Ckx= [2 ka2 (ka+1)]; k2f0:::;2 1gh:

a=1

For the sake of notation, we have introduced ° as the distance between the current level and the
nest level L givenby =L . The center of the cellC- is given by x~, :=2 (k+1=2) and its
Lebesgue measure i x-)9, where x- =2 = x with x =2 L that corresponds to the space-step
of the nest grid.

Remark that, by (2.1), the time-step is constant across all the levels and is dictated by the nest
resolution allowed for the hybrid grid, which corresponds to the resolution of reference scheme on the
uniform nest mesh. This approach complies with [18, 19, 20] and with our previous works [3, 4]. Other
choices are possible to build lattice Boltzmann methods on non-uniform grids: the predominant one
consists in taking a di erent time-step for each level of resolution [16, 21, 29]. The main drawbacks of
this approach are that one generally needs to modify the scheme to be consistent with the target model
and that time interpolations with storage of the solution at the previous time steps are necessary.

In this contribution, the way of constructing the hybrid partition of at each time step is of little
interest for the theoretical analysis we aim at performing. We shall come back on this point later.
The interested reader may refer to our previous works [4] and [3]. Consequently, as we shall expose
in Remark 3.2, the meshes considered in this paper are mostly uniform but made up of cells at a
smaller level of re nement than the maximum allowed level L, which still dictates the time-step of
the method (2.1). We just mention that the mesh is constructed using multiresolution analysis, which
allows, given a threshold parameterQ < 1, to control the quality of the solution with respect
to the reference scheme on the uniform mesh at the nest leveL. We sometimes refer to the cells
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yielding this hybrid partition of the domain as leaves because they can be seen as such in a binary
tree (for d = 1), a quadtree (for d = 2) or an octree (ford = 3).

In the sequel, the quantities that can be interpreted as mean values on the corresponding cell-.y
shall be denoted with a bar. The quantities without a bar are to be intended as point-valued quantities
and are most of the time taken at the cell centerx-.y.

3.2. The adaptive LBM-MR method

Based on the space/time discretizations introduced in the previous section, we can recap the basic
ingredients used to build the adaptive LBM-MR method. These are the prediction operator and
the reconstruction operator. The latter is generated by the recursive application of the former. The
special care devoted to the design of these operators is the key to achieve the error control. Then,
we adapt the two basic operations making up the lattice Boltzmann scheme, namely the collision
and the stream phase. The former is applied locally on each cell whereas the latter relies on the
reconstruction of incoming and outgoing pseudo- uxes only close to the edges of each cell, thus used
a modest number of times. This yields a signi cant reduction of the number of performed operations
on adapted grids. Moreover, we are able to break the recursivity of the reconstruction operator as
illustrated in Section 5.2, allowing both for a cost reduction of the method and for the forthcoming
theoretical study.

3.2.1. Prediction and reconstruction operators

The prediction operator is an important ingredient both of adaptive multiresolution [9] and of our
adaptive LBM method [3]. In many applications [5], this operator for d 2 is essentially built from
the one ford = 1. For this reason, we present the casa&l = 1 and then we brie y sketch how the
multidimensional extension is done. The predicted value (indicated with a hat) over a cellC- 41 .ox+
is given by

~ _ X _ _

frogoe =F (1) w o fa (3.1)

=1

for = 0;1, where the weights(w ) Z; are given in [4]. The parameter 2 N is the size of the
prediction stencil. The predicted value is a tentative one built using information on a coarser level of
resolution. The weights are constructed as follows. The local reconstruction polynomial of degre2
is written in the canonical basis

“k (X) = A‘;;rIP Xm;
m=0
where the coe cients (AE‘ )mig are obtained by enforcing that the following linear constraints hold
Z
1 _
— G )dx = oy S O (3.2)
X C‘;k + ’ '

and depend onf . This yields a linear system with invertible matrix T 2 R *1) @ *1) ‘independent
of the data.

TAR Mz =(Fe ) I7 e (33)
This means that one requests that the averages of the local reconstruction polynomial at level are
exactly equal to the datum f . Once the coe cients (Ai.rll1 )ng are known, the prediction operator
and the corresponding weights are obtainedZ by averagihg the reconstruction polynomial at level+ 1

= 1
fotoke =

< (X)dx; =0;1;
X 41 Coi1 2k + ,
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nally giving (3.1).
In this work, we emphasize the dierence between the case = 0, called Haar casé or direct
evaluation, and the case =1 (with wy = 1=8).

Remark 3.1 (Polynomial exactness) The prediction operator of stencil width  has been built in
order to exactly recover the average on the celC-41.2x+ when the function f is polynomial of degree

at most 2 + 1. However, as we shall see, the consequence of this fact on the equivalent equations
needs a more careful discussion.

The multidimensional generalization is carried out following the path of Bihari and Harten [5] in
a tensor product fashion. It is useful to present it because it provides us with a formalism to speed
up proofs in the multidimensional framework. For d = 2, one considers a reconstruction polynomial
~k(X) made up only of terms belonging to the product of two uni-dimensional polynomials -, (x)
and \;ky(y), one for each Cartesian direction. This yields

‘;k(X) = ‘;k(X;y) = A\;;T;n men:
m=0 n=0
It can be easily shown that, thanks to the tensor-product structure, (3.3) becomes
(T T)(A’,rkn’n mlgzg :(fi‘;k+ ) 2f e + gz;

.....

where is the Kronecker product of matrices. A useful property of the Kronecker product is that
(T T) =T 1 T 1 therefore we can inverse the tensor product by inverting each of its terms.

Starting from the prediction operator, we can construct the reconstruction operator, denoted by
the double hat>. This is used to recover information at the nest level L using a recursive application
of the prediction operator until reaching information stored on the considered level . This is needed
due to the fact that, when we predict on the nest level L in (3.1), the values on the right hand side
could not be well de ned, because their cell at levelL 1 could not belong to the adaptive mesh.
Therefore, their value must be approximated by another application of the prediction operator, and
so on and so forth.

3.2.2. Collide-and-stream

Once we have a reconstruction operator generated by a prediction operator for some given stencil
2 N, we are ready to devise a LBM-MR method as shown in [3, 4]. Like the standard lattice
Boltzmann method, it is made up of two di erent steps:

The collision phase is performed on each cel-.x, " = L;:::; L,k2f0;::::2 1gd, of the
hybrid mesh at time t and is completely local. It reads
fTT‘;k(t) =M F‘;k(t);

=M 1 (I S)mu(t)+ Smey(m, (t);:::;m% (1) : (3.4)

The stream phase at velocitye , for :8; 215 g 1, is linear but non-IlocaI. It reads
_ . 1 X Y. X 2.
fat+ 1= 7 (0)+ T%, FACE ook (3.5)
K2E. k2A

2Because one can show that this approach can be linked with the theory of the Haar wavelet.
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where we have taken
Bu=fk2 + : 2f0;:::;2  1¢%;
E.x=(Bw c¢)r Buy; Ay=Bxr (B c):

The idea behind the formula is to build, via the reconstruction operator ¥, the piece-wise
constant solution on the uniform mesh at the nest level L. This reconstruction is exactly
advected by the constant velocity eld e and then averaged on the cells of the hybrid mesh.
This procedure is really close to the so-called Corner Transport Upwind scheme [10]. Cells
indexed by elements ofE., can be seen to yield an incoming pseudo- ux into the current cell

C-k, whereas those linked withA.., give an outgoing pseudo- ux. An example is given in
Figure 3.2.

Figure 3.2. Example of sets involved in the stream phase fod = 2, velocity ¢ =
(1;1)" and ° = 3. The cells yielding an incoming pseudo- ux are colored in blue
whereas those giving an out-going pseudo- ux are highlighted in green. The perimeter
of the cell C-. is traced with a thicker black line.

Observe that the LBM-MR method on a given mesh (excluding speci ¢ considerations about bound-
ary conditions which are beyond the scope of this work) preserves the conservativity of the original
lattice Boltzmann method. This comes from the fact that the collision phase is untouched and the
stream phase is in a conservative form where the pseudo- uxes are estimated with the reconstruction

S . -P — — .
operator, which is conservative, namely1=2¢° Ezsakf LL_?E(t) = f\';"li (t). The interested reader can
consult [3, 4] for more details.

3.3. Mesh adaptation

Though the mesh adaptation algorithm is not the focus of this paper (see [3, 4] for the details), we
brie y describe it. At each time-step, a cell of the hybrid mesh can be eliminated from the structure
if its associated detail, namely the di erence between the actual stored average and the predicted
averagevia (3.1), is smaller than a given level-dependent threshold. Conversely, if the detail on the
considered cell is large, we re ne it in order to ensure that abrupt changes in the solution are correctly
followed by the method. Then, the adaptation strategy reads

Coarsen C.x if max jf . foyj 29
5 ‘ (3.6)
Rene Cu if max jf., foj 2 40~ D+
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where~ 0is a free parameter to be chosen linked to the expected regularity of the solution (see [4]).
The process is repeated until no modi cation of the mesh are made. Indeed, the example of hybrid
grid given in Figure 3.1 has been built using this very algorithm. Observe that the fact of using a
volumetric standpoint to perform mesh adaptation guarantees the conservativity of the procedure.

The interest of having used a rather expensive and complex operato¥ to build the adaptive
stream phase (3.5) is that it ensures that if the grid is adapted at each time step using (3.6) we
are able to control the additional error introduced by the adaptive strategy with  for any lattice
Boltzmann scheme. To the best of our knowledge, this is unprecedented in the literature concerning
mesh adaptation for lattice Boltzmann schemes and cannot be achieved with other mesh adaptation
strategies such as the cell-based AMR [17, 18, 19, 20, 29], which relies on strongly problem-dependent
heuristic criteria.

Remark 3.2 (On the use of uniform grids in the paper). The analysis that we shall develop in
Section 5 and 6 and most of the numerical tests of Section 7 are conducted, as previously stressed, on

of an adapted mesh for the following reasons:

Given a leafC-. at some level, it is surrounded by enough cells (both leaves or halo cells) at
the same level of re nement. Therefore the mesh can be considered to be locally uniform [9],
which perfectly ts the local character of the analysis.

The theoretical analysis is based on the assumption that the distributionsf are smooth on
the whole domain at every considered time. Thus, once one xes a small but nite tolerance
and the authorized level rangeL L 0, letting L increase (imagineL ! +1 ,thus x! 0),
even the uniform mesh at levelL will allow to control errors by via multiresolution.

Before switching to the analysis through the theory of equivalent equations, let us come back to
several interesting variants for treating both collision and stream phases.

4. Alternative treatments of the collision and the stream phases

Clearly, the LBM-MR scheme presented in the previous section is not the only possible strategy to

adapt the reference numerical method. Therefore, the aim of this section is to present and discuss
some alternative ideas, which will also be analyzed in the following in order to shed some light on how
the various strategies behave.

4.1. Enhanced collision treatments

In the unidimensional case [4], we studied the e ect of considering the collision operator only on the
leaves of the adaptive mesh (3.4) in terms of multiresolution and the possibility of recovering a control
on the additional error. When the equilibria are linear functions of the conserved moments, this does
not have any e ect on the outcome of the method. In the non-linear case, the control on the additional
error is still possible except in marginal pathological cases. Even if the scope of the present work is not
to fully discuss the di erent approaches to build the collision operator, we present two strategies that
are eventually tested to build more reliable (though costly) collision phases. In the sequel, we shall
call LBM-MR-LC scheme the one where the collision is done locally at the level of the leaves (3.4), to
distinguish it from the other approaches.

4.1.1. Reconstructed collision

The rst alternative approach we present, introduced in our previous work [4], is called reconstructed
collision. The resulting scheme is called LBM-MR-RC. The collision phase is done on each cel-.; of
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the hybrid mesh at time t reconstructing the information needed in the (possibly) non-linear equilibria

using the reconstruction operator™. This is (the change of basis is understood)
|

_ X ~
f?;k(t)z M 1 (1 S)m )+ —S meq(rﬁ RO ch l(t)) : (4.2)
k2B k
The idea bZehind is to make the following approximation
X ~
. ! . meImo(t; x);::;m% Yt x)dx ' —— ! . jCEEjmeq(rﬁ AU ch l(t))
1Cuk] o 1Cokl - '
k2B k
1 X =
- 2d § meq(m (t) ..... ch l(t))
k2B

It can be shown that this way of proceeding (4.1) coincides with (3.4) whenever the moments at
the equilibrium are linear functions, because the information added by the use of the reconstruction
operator disappears once we project back onto the current level of resolution. However, this is false
for non-linear equilibria. The notable disadvantage of this approach is that the reconstruction is needed
on every cell belonging toB-.x and not only on those close to the cell edge as for the stream phase (3.5).
This is what the next strategy tries to alleviate.

4.1.2. Predict-and-quadrate

This approach closely follows that of [23] for treating the forcing terms in Finite Volume schemes and
shall be called LBM-MR-PQC. Reminding us of Section 3.2.1, consider the reconstruction polynomials
for the moments around the cellC,x at time t given by ( -, (t; )) = o =M k() =0 ! where
-k (t; ) is the local reconstruction polynomial around C-;i for f (t) the distribution function of the
-th population, see Section 3.2.1. Having this continuous approximation of the solution, one performs
the foIIowinZg steps .

1 eq Offe v \evro- 1 1 O (toy)r-o-- g 1
. . m°(t; x m% Yt x)dx ' —— m €4 tx);in; o(E x))dx
ﬁwlok (m™(t; x);: (t; x)) iCud c ( =kt x);: (t; x))

_~  wm® tRi) i - % Lt e):
Caf L, MR B e)
where one employs a quadrature formula withN 2 N” weights (w;)!Z]N and quadrature points (;)!Z]N
Therefore, the collision phase reads

|

X
1 wim®( O (e % M) o (4.2)
JC\;kJ i=1

=M 1 (I S)m(t)+

We point out that the weights w do not have anything to do with the weights w in (3.1). This
procedure is certainly less computationally expensive than that of the LBM-MR-RC scheme (4.1)
because one utilizes only one stage of prediction (indeed, compute -, (t; )) - ‘q 1) and the number
N is generally not so large. It relies on the fact that the solution is expected to IocaIIy behave like a low
degree polynomial, which is transformed by the equilibria into another non-linear function and hoping
that the quadrature formula is accurate enough to approximate the integral over the considered cell.

4.2. Lax Wendro stream phase

In our multiresolution framework, constructing the adaptive stream phase by using the reconstruction
operator was a compulsory choice since we wish to recover a control on the numerical error of the
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adaptive strategy. However, for methods based on the heuristic AMR, simpler and more physically
funded approaches are possible. Indeed, before going on with the analysis of our adaptive method,
we present, for comparison purposes, the so-called Lax Wendro method proposed by [18, 19, 20] for
a D2Q9 scheme to be used on adaptive grid constructestia an AMR algorithm. We may imagine
that in our framework the mesh adaptation could be done using multiresolution as presented in the
previous section. The collision phase is the same as (3.4). What changes is the stream phase coming
under the form

_ 1 . 1 1 1 1
fat+ n= 1 = f\';"f((t)+2fl 1+ 5= SR () 5o L o5 e (1); (4.3)

working for schemes wheramax jc ji1 1, like the D2Q4, D2Q5 and D2Q9 schemes. Fod =1 and
any scheme withmax jc j 2, the Lax Wendro stream reads
|

fa(t+ 0= 1 J% 77 (1) +

icj icj
5w 15 Tl o5e (@

ic | icj & _
2 41 1 2 f‘;k+c :jcj(t)'

(4.4)

It can be shown that this scheme has some link with the prediction operator (3.1) but is not a
multiresolution scheme, namely that it not built relying upon the reconstruction operator. This is the
meaning of the following.

Proposition 4.1. Let d = 1, then the Lax Wendro scheme given by (4.4) is obtained by approxi-
mating the pseudo- uxes in (3.5) in the following way:

- Z

— 1

f;'k(t) ' — » E (t; x)dx; k 2 Ex [A (4.5)

—

where E (t; ) is the local reconstruction polynomial off i (t) for the cell C-, taking =1.

Proof. Set = 1. The time variable and the collision are understood in this proof not to overcharge
the notations. After some computations, we obtain that the reconstruction polynomial comes under

the form
2

‘;k (X) — &\;;kz X Xk + 'Q‘;;kl X ))((“;k + ’&‘;;ko;
with 8
3R = 3001 ot 3
§R‘;:kl = 3fa 1t 3w
' 'Q‘;;koz safl 1+ D w24l wen
Taking the integrals in (4.5) and plugging into (3.5) yields the claim. [ |

One might ask whether it could be possible to see (4.4) as a multiresolution scheme by using
prediction operators dierent from (3.1) for = 0;1. The path would be to consider prediction
operators based on two values. These are employed, for example, in the point-wise multiresolution
analysis [22] but are not suitable to be used with volumetric representations. A symmetric prediction
operator, ful lling (3.2), would be of the form

!
. 1. 01 -~ 1 (1) - 1
frotoe = 5T 8 foe 1t > 8 ke =0;%
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but it has two issues, the rst one is that it is not conservative, that is, (f . 3.5 + f 1 .5041)72 =
(f 1+ Fys1)=26 ., and the second one is that we might show that it cannot yield the Lax
Wendro scheme (4.4) when applied in a recursive fashion. On the other hand, if we look for non-
symmetric prediction operators, enforcing (3.2) necessarily gives that they are equal to the Haar
prediction = 0. Once more, it is not possible to recover (4.4) in this way. The previous proposition
and remark emphasize the fact that, for the Lax Wendro scheme, the reconstruction polynomial for

=1 is not used in a recursive manner, thus it is not a multiresolution scheme. We shall study this
in terms of impact on the quality of the approximation.

5. Equivalent equations analysis on the stream phase in 1D

We now enter the core section of the present contribution, where we make the link between the
analysis of the lattice Boltzmann schemesvia the equivalent equations [13, 15] and our adaptive
LBM-MR method (3.4), (3.5), for d = 1. The aim is to nd the maximum order of accuracy of
our adaptive strategies according to the size of the prediction stencil . In particular, we study the
conditions guaranteeing that the equivalent equations for the adaptive schemes and for the reference
scheme are the same until a certain order in the space step x. As one might expect, the larger ,
the better the behavior of the adaptive scheme. This high accuracy is here quantied in terms of
numerical analysis. This analysis pertains to the way of performing the stream phase and does not
take the di erent models for the collision phase into account. Having left the collision phase untouched
and the time step being global across levels, this phase does not have an impact on the equivalent
Partial Di erential Equations the scheme solves. This assumption is rigorously justi ed as long as the
equilibria are linear functions but we shall numerically verify that the results of the present study apply

to more complicated non-linear equilibria. Examples of the complete equivalent equations, taking into
account the speci c collision model, are given in Section 7 for illustrative purpose.

5.1. Target expansion

As it is common in the volumetric context (see [27]), we adopt the point of view of Finite Di erences,
where the discrete values are point-values at the cells centers-. rather that averages. This allows
us to study the scheme from the point of view of the equivalent equations, by assuming that the
underlying distribution functions are smooth in space and time. When considered the current cell is
at the nest level of resolution L, the stream phase (3.5) coincides with (2.3), yielding what we call
reference scheme. This is simply a translation of the datum along the characteristics of the velocity
eld, since we are working at Courant number equal tojc ji: f};k(t + t)= ffLi?k . (t), which written
in a Finite Di erence formalism and assuming to deal with d = 1, reads '

fot+ txg)=f7(txg )=f7(txg ¢ x):

Thus we can apply a Taylor expansion to both sides of the equation, yielding

Xt (e xs ..
?@f (tXpy) = (S,)@f 7 (X ) (5.1)
s=0 s=0 ’
2 3
=t7 ¢ x@f ;?+022X @ f 7 C36X @ 7 + o( x%;

where the argument is omitted when understood. This expansion (possibly truncated) is the basic
brick of the equivalent equations [13, 15], which are used to study the consistency of the reference
lattice Boltzmann scheme. In our analysis, we shall only be interested in the right hand side of (5.1),
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since the left hand side is not a ected by the adaptive gri® because our algorithm is based on a
unigue time step imposed by the nest resolution (2.1). Notice that, for a given discrete velocity, the
Courant number at nest level L is exactly jc ji, whereas at a given level, it is provided by jc j1=2 .
Therefore, roughly speaking, after2 ~ time steps, information shall have traveled the same distance
that it would have traveled at nest level L, namely the size of the current cell timesjc jq, that is
2 jc j1 x.We call the development on the right hand side of (3.5) target expansion. Each power of

x has a di erent role in determining the equations approximated by the lattice Boltzmann scheme.
In particular:

c x@f ? is what we might call an inertial term, because it yields inertial contributions
in the approximated model at leading order.
¢ ZXZ@Xf > might be called diusive term since it results in dissipative terms in the ap-
proximated model at order X.

¢ 6"3 @f ** might be called dispersive term in analogy with Finite Di erences. Its physical

meaning is less clear than for the other terms but it can have a non-negligible impact on the
stability of the lattice Boltzmann method.

Looking at (3.5), it is not immediately clear how to apply the previous analysis, because the evo-
lution of the solution is written in term of the reconstruction operator acting on the distributions.
The connection with the previous expansion strategy shall be achieved using what we might call
reconstruction attening. Intuitively, considering Remark 3.1, our method is expected to show less
discrepancies from the reference method as the width of the prediction stencil grows.

5.2. Reconstruction attening

f_\

k 2 k 1 k k+1 k+2

Figure 5.1. Example of attening procedure for d = 1 with = 1 for a velocity
¢ =2.The cells in blue correspond to those belonging td., . The prediction operator
is recursively applied (arrows) until reaching the level we are looking for, namely .

In what follows, we assume that the stream stencil of the considered method implies at most two
neighbors in each direction, this ismax jc j 2. Therefore this analysis covers schemes such as the
D1Q2 [7, 22], D1Q3 [14] and even D1Q5 [4] schemes. However, the study can be extended to larger

31t would be a ected for a level dependent time-step in the spirit of [21].
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stencils upon considering sums in (5.2) spanning on a larger set of integers. The generalization to
2 is achieved in the same manner.
Flattening the reconstruction operator means that we are able to compute the set of weights
(F m=+2 R such that

“m/m= 2
0 1
_ _. 1 X ¥ X ¥, . 1 X2
fut+ 1= @0+ 5 © f f?R(t) f ;;?E(t)g = fig (1) + 5
EZE\; k2A .. m= 2

F m fi‘;;’li+ m (t);

(5.2)

which corresponds to the illustration of Figure 5.1. This means that we have condensed the computa-
tion of the total pseudo- ux at the nest level L as a weighted sum of values on ve neighbors at the
current level . Recall Remark 3.2.

Remark 5.1. It is important to observe that both our multiresolution (3.5) and the Lax Wendro
scheme (4.4) can be put under the formalism introduced in (5.2).

The fundamental advantage of this representation is that we can safely develop (5.2) in Taylor series
around the considered cell by adopting a (I):inite Di erenceoooint of view. T?is yields

Xl s ” XL o (s D x)s X2 . ”
?@f (X)) =7 (Exouw) + @f@ m°F ‘;mA @f 7 (txK)A (5.3)
s=0 ' s=0 ' m= 2
0 5 1 0 X 1 0 X 1
1 X . X . . X 2 .
- @1+ — F ‘;mAf'? + @ mF ., A x@f 7+ @ m2F \;mAix @xf *?
2 m= 2 m= 2 m= 2 2
0 1
.oX2 x3 . .
+ @22 m3F ., A T@f 7+ 0( xY:
m= 2

The aim is to equate as most coe cients as possible between (5.1) and (5.3) in order to have an
adaptive scheme at the local level of re nement with approximated equations and hopefully stability
conditions (which are beyond the scope of this paper) as close as possible to that of the reference
scheme at levelL. We stress that these conditions are checked locally but we request them for any
possible level. By doing the comparison term-by-term, we end up with the following de nition.

De nition 5.2  (Match). Let d = 1. We say that the adaptive stream phase (5.2) matches that of the
reference scheme (2.3) at ordes 2 N’ whenever

* 0 X E (el 1 (5.4)
“m =0; mPF . = -~ for p=1;:::;s: .
m= 2 m= 2 2 D
regardless of the level, thus forany ~ 0 and for every velocity =0;:::;9 1.

With this de nition in mind, we study how this property holds for the most common multiresolution
schemes, namely =0 and =1 and for the Lax Wendro scheme.

5.3. Haar wavelet: =0

We start by analyzing the simplest scheme, generated by the Haar wavelet for = 0. We provide the
weights for the correspondent reconstruction attening (5.2) in the following statement

Proposition 5.3 (Match for =0). Letd=1, =0 and "> 0, then the attened weights of the
adaptive stream phase given by5.2) read

F\,():JCJl F‘;C:jcj:jcj;
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and those not listed are equal to zero. Therefore, the adaptive stream phase matches that of the reference
scheme up to orders = 1. This also writes

X2 X2
Fm=0; mF ., = c:
m= 2 m= 2
Proof. Looking at (3.1) with = 0, each stage of the reconstruction operator acts by looking for

the father of the cell we predict on. Overall, for a cell at the nest level, it returns the value on its
ancestor at level". Therefore (consider positively moving velocity for the sake of presentation) we have
forc =1,B, =f2 k 1g, A, =f2 (k+1) 1gand

= — 7 . i, — 7.
fE;z k _f‘:k 1 fE;z‘(|<+1) 1_f‘:k'

1
For the casec =2, we haveE, = f2 k 1,2 k 29, A, =f2 (k+1) 1,2 (k+1) 2gand
<,

)?

; _ £ . —
fE;z k 1_f‘;k 1

2 2
L2k 2- Foe o
? — £3?. )7 —_ 7.
L2 " (k+1) 1_f‘;k’ 2 " (k+1) z_f‘;k'

Plugging into (5.2) completes the rst part of the proof, giving F .,= jcjandF . Sc | T ic j.
The second part is an immediate consequence of the rst. [ |

RS

I«

On the other hand, the term di usive term at O( x2) in (5.3) does Igot match that of the target
expansion in (5.1). This can be easily seen by taking = 1. Then 2 m?zz m2F m =2 " 61.
This has a major consequence on the applicability of the method based on the Haar wavelet, because
it correctly recovers the inertial terms but fails in correctly accounting for the dissipative terms,
yielding a wrong di usion structure with respect to the equations targeted by the reference method.
The well-known D2Q9 scheme [25] for the incompressible Navier Stokes system is one possible example

of lattice Boltzmann scheme which would be deeply altered by the 2D generalization of this strategy.

5.4. Third-order wavelet: =1

Afterwards, we consider the case =1, which has been thoroughly investigated in [3, 4]. We are going
to see that the limitations of the Haar case =0 can be solved by consider a larger prediction stencil:
indeed (for most of the applications) employing =1 is su cient.

Proposition 5.4 (Matchfor =1). Letd=1, =1 and " > 0, then the attened weights of the
stream phase(5.2) are given by the recurrence relations
0 1 0

F.o. % 180 o0 o F. 5,
Fg 2 98 0 1-8 F1a
F.o&=8B0 98 2 98 F o0&,
F o 18 0 938 F .
F . 0 0 18 0 F ..

2 {z ) L2

=P
where the initialization is given by F,. . =1 and Fop = 1 and the remaining terms set to zero.

Therefore, the adaptive stream phase matches that of the reference scheme up to order 3. This
also writes

X2 X2 X2 02 X2 C3
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Proof. The initialization trivially gives the scheme (3.5). Assume to know the coe cients of the
attened advection for level *~ + 1, that is for ~ 1. We have (we omit the time t for the sake of
compactness) 0 1 0 1
X ¥, X ¥, X Y o X Y o X Y o5 X Y o5
ook fEE_%{ S ijE{+E@7 O K
K2E., k2A ., K2E.,, K2A ) K2E. ) i K2A 1 oy
X2 ¥, X2 ¥,
= Foamf oem * Fooumf et m
m= 2 m= 2
X2 v X3 -
= F 1;mf ‘Y41;2k+m+ F - Im 1f "4.-1;2k+m
m= 2 m= 1
X3 i
= B amf ke ms
m= 2
with
8
3F - 4 m= 2
Fe‘l;ngF‘l;meF‘l;m 1 m= 1,0;1;2
CF o0 m=3
Using the prediction operator
X3 g
e 1;m]c ‘14'-1;2k+m
m= 2
— 7 1657 1657 ; ? 1637 137
SENETIPIR R | AP | A S AN RS LIPS L
2 L 16? 1472 2 7 .2
+F g Fuor gt Pk T 1 Fe BT 1t BTk
7 1637 1437 7 1637 1637 .
B P rgtue e TP s Pl gtk taf ke
so that after tedious computations, we arrive at
X3 o
B gmf oem
m= 2
- 1 2 9 1 —3?
= gF o Pyt P ot gF o 5F o e
9 9 —i?
+ gF 1t 2F ot gF o fy
1 9 7 1 —? .
+ o ogF o atgF 1t 2F g fha t o gF 1 ks
concluding the rst part of the proof. Then, the second one is done by recurrence on . [ |

Again, we ﬁannot go further in matching the target expansion (3.5), considering for example =1,
we have that MZ=*2, m4F,., = 7=86 1=8. This means that the method for =1 can be successfully
employed in contexts where we want to control both the inertial and the diusive physics, like

in the D2Q9 scheme for the quasi-incompressible Navier Stokes system [25]. Moreover, since we also
match the target expansion at order 3, the achievements accomplished on the reference scheme at
this order are also preserved by the adaptive scheme. This is a highly desirable feature for scientists

who have a good understanding of their reference scheme and who would like to employ our adaptive
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strategy as a black-box. Even if we are performing an asymptotic analysis in the limit of small space-
steps, thus corresponding to a low-frequency study of the stability, we conjecture that this feature
yields lower discrepancies in terms of stability constraints on the whole spectrum. This shall be the
object of a future contribution.

5.5. Lax Wendro scheme

To conclude on the one-dimensional analysis, let us analyze the consistency of the Lax Wendro
scheme (4.4).

Proposition 5.5 (Match for LaxWendro) . Letd=1 and "> 0, then the attened weights of the
stream phase given by4.4) are given by

jc j®. _c ] icj . _ e :
2 Fruesim i Mo Freaem b gm0 69
Therefore, the adaptive stream phase matches that of the reference scheme up to order 2. This
also writes

Ic )

F o= F F

X2 X2 X2 2
m= 2 ’ m= 2 m= 2

Proof. The rst part of the claim is true by direct inspection of (4.4). The second part comes from
the usual straightforward computations. [ ]

However as exBected from such a kind of scheme, the dispersive order, namely third-order, is not
matched, because 2, mF . = c®=jc j26 =4 . Thisis not trivial when considering Propo-
sition 4.1, because the stream phase is built using the same reconstruction polynomial as the multires-
olution scheme for =1. Still, what changes is that the multiresolution approach employs the recon-
struction operator with recursive application of the prediction operator, whereas the Lax Wendro

scheme uses the reconstruction polynomial only once.

5.6. Conclusions

In this section, we have seen that in the case of multiresolution scheme, the prediction stencil has
to be taken large enough in order to match a su cient number of desired orders. In particular, the
number of matched orders is equal to2 + 1. Therefore, for most of the applications, =0 (Haar
wavelet) is not enough, because it modi es the second-order terms which are frequently used to model
di usion phenomena. On the other hand, = 1 is often su cient for most of the applications and

its reliability on the third-order terms is an interesting icing on the cake. Finally, the Lax Wendro
scheme, which is not a multiresolution scheme, matches sharply until order two as claimed in [20],
so it successfully handles di usive terms but can lead to di erent stability constraints and oscillatory
behaviors for the scheme, due to its intrinsic dispersive nature.

The reader might have noticed that we have done half of the work compared to [13, 15], because
we perform only the Taylor expansion of the stream phase but we do not couple it with the collision
phase to recover the nal expression for the equivalent Partial Di erential Equations on the conserved
moments. However, since the collision phase is untouched and we have fully characterized the pertur-
bation of the original lattice Boltzmann scheme, which only a ects the stream phase, the procedure
by [13, 15] can be easily implemented starting from (5.3) instead than (5.1). The computations for
the matched terms shall not be repeated since they are the same as for the reference scheme. We shall
provide an easily understandable example for a speci ¢ scheme in Section 7.1.
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6. Equivalent equations analysis on the stream phase in 2D

So far, we have analyzed our LBM-MR schemes with the help of the equivalent equations once the
reconstruction attening is done. In this section, we succinctly show how the previous analysis can
be extended to the multidimensional cased 2 by exploiting the tensorial product structure of the
prediction operator, in order to simplify the computations. The conclusions we can draw are the same
as ford = 1, namely that the scheme for = 0 perturbs starting from second-order, the scheme for
=1 does so from fourth-order and nally the Lax Wendro approach perturbs from third-order. As
for the previous section, the analysis holds as long asax jc j; 2. For the sake of presentation,
we present the casal = 2. Therefore, the advection phase reads, in a Finite Di erences formalism

ft+ txg)=f7@Exg )=F7txg ¢ x);

thus a Taylor expansion (assuming that we are allowed to commute derivatives along di erent axis by
virtue of the Schwarz theorem) yields

Xl s KL XL x)S*P( e )S( Cy )P
. —_ 3 Yy ,’) .
?@f (6 Xy ) = St pl Q@f * (txpy)
s=0 s=0 p=0
: : : 1 . : :
=f7  x(cx@f 7 +cy@f 7)+ 5 x? % @xf 7 +2cxcy @f 7+ & @yf 7
1 . . . .
5 x2S @f 7 +3% cy @yf 7 +3cx &y @yf 7+, @f 7+ 0( xY):
This is the new target expansion analogous to (5.1). Now, the reconstruction attening reads
B . 1 X2 X2 .
fat+ = Fim+ =~ F o Tk mee np(); (6.1)
m= 2n= 2

where { and [' are respectively the versor of thex and y Cartesian axis. Observe that the coe cients
(F ~mn mﬂ ?22 are not directly linked to their equivalents for d = 1. Nevertheless, the recurrence
relations they satisfy are inherited from the one-dimensional case because of the construction of the
prediction operator by tensor product. Expanding the attened scheme as ford =1 provides

X1 s
?@f (& X))

s=0 0 0 1 1

KL KL 9 (stp 2 x)stp X2 X2 -’
@ @ m*nPF .. A @@f 7 (6 xp )A

— £ 32 (v
=P Exg) e sl p!

s=0 p=0 m= 2n= 2
0 5 ) 1
1 X X .
:@1+T FoomnATY
m= 2n= 2
0 1 0 1
1 X2 X2 - 1 X2 X2 2
+ @T mF A x@f ° + @T nF nn®  x@f *
m= 2n= |2 m|: 2n= 2 |
X x2 _ X ' _ X X2 _
+ m?F sm;n ?@Xf 7+ mnF sm;n Xz@yf 7o n’F sm;n ?@yf 7
m;n m;n m;n
+ 0O( x3):

Thus
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De nition 6.1  (Match). Let d = 2. We say that the adaptive stream phase (6.1) matches that of the
reference scheme (2.3) at ordes 2 N’ whenever

X2 X2 ( Cx )P( Cy )P
-n- X 1 Px — ; y ). e :
| F mn =0; | mPnPpE .= > orm 2 for pc+py=1;:::;s:
mn= 2 m;n= 2
(6.2)
regardless of the level, thus for any = 0 and for every velocity =0;:::;9 1

We focus on the case = 1, indeed the interesting one, and provide the following result, whose
proof is detailed in the Appendices and based on the tensorial construction of the prediction operator
ford 2.

Proposition 6.2 (Match for =1). Letd=2 and =1, then the adaptive stream phas€3.5) is

matches that of the reference scheme at ordes= 3.

Remark 6.3. It is interesting to notice that the method constructed by tensor product matches
crossed terms until order 6 (takepx = py = 3) but cannot match pure x or y terms to orders larger
than 3.

To summarize, this shows how to generalize the study of the adaptive LBM-MR scheme whett 2
to recover the same results than the study ford = 1. Again, for most of the applications, one needs
to consider 1

7. Numerical simulations

In the previous sections, the expansions we have performed were formal and valid for smooth solutions
in the limit of small  x- for any considered level . The aim of the following numerical simulations is to
assess the previous approach by showing that it provides a useful tool ta priori study the behavior

of the adaptive scheme. In this section, we shall observe that the result from the actual numerical
simulations adhere to the formal expansions we have detailed in Section 5 and 6.

Table 7.1. Summary of the test cases for the analysis of the stream phase without
use of mesh adaptation within the LBM-MR-LC framework.

Number and Section d Equation Ref. scheme Con guration
1-7.1 1 Linear advection eq. D1Q2 Fixed L L, increasing L
@u+ @Vu=0

2-72 1 Linear advection-di usion eq. D1Q3 Fixed L, decreasingL
@u+ @(Vu) @xu=0

3-73 1 Viscous Burgers eq. D1Q3 FixedL, decreasingL
@u+ @(u*=2) @xu=0

4-74 2 Linear advection-di usion eq. D2Q9 Fixed L, decreasingL

@u+r (Vu) u=0

A rst batch of tests (spanning Sections 7.1, 7.2, 7.3 and 7.4) is performed on uniform meshes
which are corsened until reaching the lowest authorized levell, where the adaptive scheme is utilized.
Indeed, the main focus of this work is not to evaluate the quality of the grid adaptation with respect
to the parameter . This has been the subject of our previous papers [3] and [4]. Besides the fact that
this setting is relevant according to Remark 3.2 and because the match properties hold uniformly in
*, it also provides a worst case scenario to undoubtedly prove the resilience of our numerical strategy.
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This could be the case when one performs mesh adaptation yet selecting a very large thresholdso
to that the smoothness of the solution allows to coarsen the grid everywhere. As a matter of fact,
similar scenarios can also take place when the mesh is updated using some sti numerical solution
(for example a phase- eld variable as in [18]) but we still want to achieve a good accuracy in the
coarsely meshed areas for the non-sti variables (for example the velocity eld in the incompressible
Navier Stokes system [28]). In these tests, the standard leaves collision given by (3.4) is used and
the study of the di erent collision strategies is postponed to Section 7.6. The summary of the four
con gurations we test is given on Table 7.1: they include both the 1D and the 2D framework with
linear and non-linear equations.

When the reference scheme is expected to converge Bs! +1 , we consider a xed number of
coarsening steps. L and we increase the maximal leveL to observe convergence. On the other hand,
when the reference scheme is not convergent to the solution of the target equation, the maximum level
L is xed and the number of coarseningsL L is increased. The rst kind of study aims at evaluating
the possible interference of the adaptive strategy with the order of convergence of the reference
scheme and precisely show that the theoretical analysis allows to study such phenomenon. On the
other hand, the second kind of study tries to quantify the e ect of the adaptive scheme compared to
the error of the reference scheme and shows that the previous analysis allows to construct a comparative
evaluation of the various methods.

We monitor the following quantities (which are all normalized *! norms) at the nal time T:

Eret: error of the reference scheme with respect to the exact solution of the problem. This is
intrinsic to the numerical method and, depending on the speci ¢ scheme, the target model
and the scaling between space and time discretization, it can converge or not asx ! 0. This
point shall be elucidated for every speci c example in the following pages.

Eidap: error of the adaptive scheme with respect to the exact solution measured at level.

Egdap: error of the adaptive scheme with respect to the exact solution measured at level,

using the reconstruction operator.

Dadap: di erence between the reference and adaptive scheme, where the adaptive datum has
been reconstructed at nest level in order to compare it with the solution of the reference

scheme. It is convergingas mn:=L L! O

The objective is to keep Dagap Eef regardless of the fact thatE; converges, so that the error of
the adaptive scheme is largely dominated by that of the reference scheme. Generally speaking, this
is the aim of the multiresolution analysis, see [4]. By the triangle inequality, the following control on

the error of the adaptive method holds Egdap Eref + D adap: the error of the adaptive method is the
result of two contributions, the error of the reference scheme (which in principle cannot be alleviated)
and the di erence between the behavior of the adaptive and the reference scheme (to be alleviated by
increasing ).

A second kind of test, see Section 7.5, is the only place in the paper where we actually consider
spatially dynamically adapted grids via the multiresolution procedure. The aim is twofold. On one
hand, we want to show that multiresolution is able to correctly capture the evolution of steep solutions
arising from non-linear equations, even when the mesh at the initial time is heavily coarsened due to
the regularity of the initial datum of the problem. On the other hand, we show the importance of using
time-adaptive meshes once the smoothness of the solution decreases during the simulation. Indeed,
we see that in this case the smoothness assumption to perform the theoretical analysis is no longer
valid and using uniform coarsened meshes produces unpredictable behaviors. Multiresolution strongly
alleviates the issue by following the steep zones of the solution.
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A third kind of test (Section 7.6) comes back to uniform coarsened meshes and its scope is to
compare the di erent collision strategies presented in Section 4.1 in a non-linear context, which is the
one where one can potentially observe discrepancies between di erent strategies.

Remark 7.1 (Number g conserved moments) For the sake of this work, all the schemes have only one
conserved variablet = f , but all the previous study is independent of the number of conserved
variables, since it pertains to the stream phase of the method.

7.1. 1D linear advection equation

The aim of this test case is to validate our analysis in a case where, on one hand, we know that the
reference scheme converges asx ! 0 because the relaxation parameters do not depend on x and,
on the other hand, the equilibria are linear thus the collision strategy does not alter the quality of
the method. We expect that all the tested methods match enough terms in order to maintain the
convergence of the reference method. However, two interwoven phenomena can take place. The rst
is a modi cation of the convergence rate because dDagap. Second, at some point, the termDagap Can
become non-negligible with respect toE .

7.1.1. The problem and the reference scheme

To this end, consider the linear advection equation with constant velocityV 2 R (see Table 7.1) with
solution 2!
L 1 x Vit
u(t; x) = @t o exp Ato
We simulate using the following parameters:T = 2,tp =1,V =0:5, = 0:005 For the sake of the
computation, we consider a bounded domairl 3; 3] with copy boundary conditions. The numerical
scheme we adapt is a D1Q2 with velocitiexg = 1 and ¢; = 1 with change of basis and relaxation

matrix given by

(7.1)

M = 11 ; S =diag(0;s):
Taking m%€4 = vV mO, it has been theoretically shown [11] (conditionally for the ! norm and uncon-
ditionally for the 2 norm) and numerically veri ed [22] that the scheme converges linearly towards
the solution (7.1) for s 2]0; 2[ and quadratically for s=2 as x ! 0. In this test, we take =1.

7.1.2. Results and discussion

The test is conducted xing the di erence between the maximum level L and the minimum level L,

at which we perform the computation, either at “in =2 or “min = 6 for two di erent relaxation
parameters, namelys = 1 and s = 2. We progressively increase the maximum level to observe
the convergence of the reference scheme towards the solution and to study how the adaptive schemes
behave in such a situation.

The results are provided on Table 7.2 and 7.3 for “mj, =2 and on Tables 7.4 and 7.5 for “min = 6.
Moreover, they are also presented in a more e ective way on Figures 7.1 and 7.2. In all of them, we
observe the expected behavior of the reference scheme, converging linearly for 1 and quadratically
for s=2. Let us comment on the behavior of each adaptive strategy:

Multiresolution scheme for = 0. In the case where the reference method is rst-order
convergent (s = 1), we observe that Egdap is also rst-order convergent but, especially for

“min = 6, Dadap dominates against Ef, which is the reason why the green full line and
the green dashed lines are not superposed in Figure 7.1. Moreover, this is the reason why
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Figure 7.1. Results for the test 1 with the 1D linear advection equation taking
‘min =2 and s = 1. As expected,Dadap = O( x) for =0, Dadap = O( x3) for
=1 and Dadap = O( x?) for Lax Wendro . All - Egy,, = O( X).

Table 7.2. Test 1 for the 1D linear advection equation taking “min =2 ands=1.

PR
RhEBowo~ourw| M

| Haar =0 | =1 | Lax Wendro
L L L L L L
Eref E adap E adap D adap E adap E adap D adap E adap E adap D adgap
1.20e+0 1.21e+0 1.09e+0 8.92e-1 8.41e-1 1.06e+0 8.31le-1 8.58e-1 1.07e+0 8.40e-1

1.01e+0 (0.25) 1.43e+0 1.41e+0 7.04e-1 (0.34) 1.07e+0 1.16e+0 2.30e-1 (1.85) 1.13e+0 1.23e+0 3.95e-1 (1.09)
7.93e-1 (0.35) 1.24e+0 1.29e+0 6.73e-1 (0.06) 9.27e-1 8.89%-1 1.12e-1 (1.04) 9.55e-1 9.26e-1 2.66e-1 (0.57)
5.67e-1 (0.48) 1.08e+0 1.09e+0 6.22e-1 (0.11) 6.21e-1 6.07e-1 5.02e-2 (1.16) 6.19e-1 6.11e-l 1.48e-1 (0.84)
3.71e-1 (0.61) 8.68e-1 8.66e-1 54le-l (0.20) 3.86e-1 3.83e-1 1.67e-2 (1.59) 3.8le-1 3.80e-1 7.16e2 (1.05)
2.22e-1 (0.74) 6.37e-1 637e-l1 4.3lel (0.33) 2.26e-1 225e-1 4.02e-3 (2.05) 2.24e-1 2.24e-1 2.88e-2 (1.31)
1.24e-1 (0.84) 4.29e-1 4.29e-1 3.09e-1 (0.48) 1.25e-1 1.25e-1 7.26e-4 (2.47) 1.25e-1 1.24e-1 9.79e-3  (1.56)
6.61e-2 (0.91) 2.64e-1 2.64e-1 1.99%-1 (0.64) 6.62e-2 6.62e-2 104e-4 (2.80) 6.62e2 6.6le-2 293e3 (1.74)
3.42e-2 (0.95) 1.5le-l 15le-l 1.17e-1 (0.77) 3.42e-2 3.42e2 124e-5 (3.06) 3.42e-2 3.42e-2 8.10e-4 (1.86)
1.74e-2 (0.97) 8.13e-2 8.13e-2 6.39%-2 (0.87) 174e2 174e2 227e-6 (2.46) 1.74e-2 174e2 213e-4 (1.92)

for s = 2, despite the fact that E,es converges quadratically, Egdap converges only linearly
due to the limitations imposed by the convergence ratio ofDagap. In this case, we showcase
the resulting equivalent equation when utilizing the expansion (5.3) with the speci ¢ collision

phase pertaining to the present test, using the procedure detailed in [13, 15]. This is

x 1 1

@m®+ v @m° > < (V2 oh@m 7X(2‘ D@m= o x?):
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Figure 7.2.  Results for the test 1 with the 1D linear advection equation taking

‘min =2 and s = 2. As expected, Dagap = O( x) for =0, thus Egdap = O( x),
Dadap = O( x3) for =1, thus Efy,, = O( x?) and Dadap = O( x?) for Lax
Wendro , thus Egy,, = O( x?).

Table 7.3. Test 1 for the 1D linear advection equation taking “min =2 ands=2.

| Haar =0 | =1 | Lax Wendro
- L C L C L C
L E ref E adap E Iédap D adap Eadap E eLmap D adap E adap E Iédap D adap
3 1.27e+0 1.15e+0 1.08e+0 9.96e-1 9.20e-1 1.09e+0 8.29e-1 8.56e-1 1.08e+0 9.70e-1
4 7.53e-1 (0.75) 1.37e+0 1.37e+0 1.07e+0 (-0.10) 9.20e-1 1.09e+0 8.29e-1 (0.00) 1.22e+0 1.36e+0 9.59e-1 ( 0.02)
5 2031 (1.89) 1.20e+0 1.23e+0 1.20e+0 (-0.16) 7.54e-1 7.09e-1 6.64e-1 (0.32) 1.09e+0 1.07e+0 9.85e-1 (-0.04)
6 5.06e2 (2.01) 1.0le+0 1.02e+0 1.02e+0 ( 0.24) 3.00e-1 3.05e-1 2.96e-1 (1.17) 6.13e-1 6.09e-1 5.84e-1 ( 0.75)
7 1.27e-2 (2.00) 7.91e-1 7.92e-1 7.91e-1 (0.36) 7.48e-2 7.27e-2 6.98e-2 (2.09) 2.23e-1 2.22e-1 2.1le-1 (1.47)
8 3.17e-3 (2.00) 5.67e-1 5.67e-1 5.67e-1 (0.48) 1.17e-2 1.12e-2 1.03e-2 (2.77) 5.99e-2 5.98e-2 5.67e-2 (1.90)
9 7.92e-4 (2.00) 3.71le-1 3.71e-1 3.71e-1 (0.61) 1.68e-3 1.54e-3 1.25e-3 (3.03) 1.52e-2 1.52e-2 1.44e-2 (1.98)
10 1.98e-4 (2.00) 2.22e-1 2.22e-1 2.22e-1 (0.74) 2.75e-4 2.45e-4 1.4le-4 (3.15) 3.80e-3 3.80e-3 3.60e-3 ( 2.00)
11  4.95e-5 (2.00) 1.24e-1 1.24e-1 1.24e-1 (0.84) 557e-5 5095 1.46e-5 (3.27) 9.49e-4 9.49%-4 9.00e-4 ( 2.00)
12 1.24e-5 (2.00) 6.6le-2 6.6le-2 6.61e-2 (0.91) 1.29e-5 1.23e-5 2.34e-6 (2.64) 2.37e-4 237e-4 2.25e-4 (2.00)

Once more, this shows that even fors = 2, if
consistent with the target equation.

Multiresolution scheme for re
Dadap is third-order. Therefore, we always obtain the same convergence rate s for Egdap.

= 1. We observe that in any case the convergence rate of
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Table 7.4. Test 1 for the 1D linear advection equation taking “min =6 ands=1.

| Haar =0 | =1 | Lax Wendro
— L L L L L L
L Eref EQap E;dap D adap E;ap Elédap D adap E@ap Elﬁ_\dap D adap
7 3.71e-1 1.20e+0 1.08e+0 1.05e+0 7.52e-1 1.07e+0  1.00e+0 1.22e+0 1.14e+0 1.08e+0
8 2.22e-1 (0.74) 1.44e+0 1.4le+0 1.31e+0 (-0.32) 1.03e+0 1.28e+0 1.09e+0 (-0.12) 1.83e+0 1.95e+0 1.79e+0 (-0.73)
9 1.24e-1 (0.84) 1.25e+0 1.30e+0  1.23e+0( 0.10) 7.71le-1  7.37e-1 6.23e-1 ( 0.81) 1.62e+0 1.65e+0  1.55e+0( 0.21)
10 6.61e-2 (0.91) 1.10e+0 1.11e+0  1.06e+0( 0.21) 2.12e-1 2.03e-1 1.53e-1 (2.03) 7.59-1 7.6le-1 7.13e-1 (1.12)
11 3.42e-2 (0.95) 888e-1 8.85e-1 858e-1 (0.30) 4.7le-2 4.47e2 1.89e-2 (3.01) 2.34e-1 233e-1 218e-1 (1.71)
12 1.74e-2 (0.97) 657e-1 6.57e-1 6.4le-l1 (0.42) 1.90e-2 1.80e-2 1.94e-3 (3.28) 6.17e-2 6.16e-2 579-2 (1.91)

Table 7.5. Test 1 for the 1D linear advection equation taking “min =6 ands=2.

| Haar =0 | =1 | Lax Wendro
— L L L L L L
L Eref EQap Elédap D adap Egap Elé_\dap D adap Egap Ela_‘dap D adap
7 1.27e-2 1.20e+0 1.08e+0 1.08e+0 7.47e-1 1.07e+0 1.07e+0 1.22e+0 1.14e+0 1.14e+0
8 3.17e-3 (2.00) 1.44e+0 1.4le+0 1.41e+0 (-0.38) 1.05e+0 1.31e+0 1.31e+0 (-0.29) 1.86e+0 1.98e+0 1.98e+0 (-0.80)
9 7.92e-4 (2.00) 1.25e+0 1.30e+0 1.30e+0( 0.12) 7.84e-1 7.65e-1 7.65e-1 (0.77) 1.68e+0 1.72e+0  1.72e+0( 0.20)
10 1.98e-4 (2.00) 1.10e+0 1.10e+0  1.10e+0 ( 0.23) 2.00e-1 1.94e-1 1.94e-1 ( 1.98) 8.05e-1 8.07e-1 8.07e-1 ( 1.09)

11 4.95e-5 (2.00) 8.84e-1 8.82e-1 8.82e-1 (0.32) 2.33e-2 2.22e-2 2.22e-2 (3.13) 241le-1 241e-l 2.4le-l1 (1.74)
12 1.24e-5 (2.00) 6.53e-1 6.53e-1 6.53e-1 (0.43) 2.57e-3 2.12e-3 2.12e-3 (3.39) 6.09e-2 6.11e-2 6.11e-2 ( 1.98)

Lax Wendro scheme . Since the convergence rate oDqqp is second-order, we always ob-
serve no alteration of the convergence rate of the reference scheme by the adaptive method.

Finally, observe that for any method the convergence rates 0Dq4qp are erratic for small L allegedly
because Taylor expansions are not fully legitimate for coarse resolutions. These numerical experiments
con rm the theoretical study and show that the adaptive method should match enough terms to avoid
alterations of the convergence rates of the reference scheme. In particular, if the reference method
converges at orders, the adaptive stream phase must match at least at orders as well.

7.2. 1D linear advection-di usion equation

In this test case, the choice of collision phase still does not play any role because of the linearity.
However, the reference method is not longer convergent because the relaxation parameters are adjusted
to recover the right diusion terms (see [6] for the pure diusion equation). Despite this lack of
convergence, the aim of the simulations is to show that the LBM-MR scheme for = 0 is not accurate
enough to reproduce the physics of the reference algorithm. Moreover, we shall observe that the Lax
Wendro scheme correctly accounts for the di usion terms but can introduce spurious oscillations due

to the lack of matching of the third-order terms. This is not the case for the LBM-MR scheme with

=1.

7.2.1. The problem and the reference scheme

Consider the solution of the linear advection-di usion equation (see Table 7.1) whereV 2 R is the
advection velocity and > 0 is the di usion coe cient
!
1 jx V2
u(t;x) = ex — 7.2
E0% @ o =™ T+ (7:2)

The parameters of the problem and the computational domain are the same as in the previous Sec-
tion 7.1. We consider a D1Q3 scheme with velocitiegg =0;¢c; =1 and ¢, = 1 with change of basis
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and relaxation matrix given by

0 1 1 1 1
M = @0 A, S =diag(0;sv;sw):
0 2=2 22
The scheme is determined by = 1, the equilibria m%¢ = Vvm°® and m?¢d = m?° with =05

ands, = (1=2+ = ( x(2 V2)) lands, =1.Itis in general not convergent, because we are
makingsy,! Oas x! O0in order to obtain the right di usion structure.

7.2.2. Results and discussion

Since we are no longer interested in convergence, we take a xeld = 11 and we vary the minimum
level at which we perform computations. The results are given on Table 7.6 and the solution at nal
time T for some i is shown on Figure 7.3. We observe that:

Multiresolution scheme for = 0. The inertial term (advection) is correctly represented

in accordance with the theoretical analysis for any “min, because the packet is transported
at the right velocity until reaching the point x = 1. Nevertheless, the dissipative (di usion)

term is not correct because we have an excess of di usion as long as min grows. This was
predicted by the theoretical framework. Even if the dispersive term is not matched either, this
does not a ect the stability of the method because of the large amount of available numerical
di usion. As expected, Dagap iS not negligible compared toEes for any “min 1.

Multiresolution scheme for = 1. We observe that both the inertial (advection) and dissi-
pative (di usion) term are correctly represented. Moreover, according to our intuition, since the
dispersive terms are untouched compared to the target expansion (5.1), the adaptive method
remains stable when the reference method is stable. Looking at the errors more carefully, we
see that the additional error Dagap is negligible compared toEet for  “min < 6 0r 7.

Lax Wendro scheme . It correctly matches the inertial and dissipative phenomena. Nev-
ertheless, as "min grows, we observe the formation of spurious oscillations and the packet is
not perfectly centered atx = 1. This is allegedly due to the modi cation of the third-order
dispersion as theoretically observed. For the tested case, this is not enough to induce insta-
bilities. This shows that this adaptive method can be subjected to instabilities even when the
reference method is stable because of the modi cation of the dispersion. The additional error
Dadap is negligible compared toEet for “min < 3 or 4.

Once again, the theoretical analysis is fully corroborated by the numerical behavior of the schemes
and show that, even in this quite simple framework, LBM-MR schemes for 1 are the most reliable
ones.
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Table 7.6. Test 2 for the 1D Linear advection di usion equation taking L = 11 and
performing the computation using a mesh at levelL as indicated.

Haar =0 | =1 | Lax Wendro

" min Eiap Ebdap Dadap E;:Iap Exdap Dadap E;ap Ezdap Dadap
1.94e-2 1.94e-2 0.00e+0 1.94e-2 1.94e-2 0.00e+0 1.94e-2 1.94e-2 0.00e+0
2.30e-2 2.30e-2 1.55e-2 1.94e-2 1.94e-2 7.88e-7 1.94e-2 1.94e-2 3.63e-5
4.68e-2 4.68e-2 4.52e-2 1.94e-2 1.94e-2 3.4le-6 1.92e-2 1.92e-2 1.82e-4
9.92e-2 9.92e-2 9.94e-2 1.94e-2 1.94e-2 1.3le-5 1.87e-2 1.87e-2 7.63e-4
1.91e-1 1.91e-1 1.92e-1 1.94e-2 1.94e-2 5.40e-5 1.65e-2 1.65e-2 3.09e-3
3.33e-1 3.33e-1 3.34e-1 1.93e-2 1.93e-2 2.78e-4 8.18e-3 8.32e-3 1.24e-2
5.25e-1 5.24e-1 5.26e-1 1.84e-2 1.84e-2 1.74e-3 3.11le-2 3.16e-2 5.03e-2
7.51e-1 7.47e-1 7.48e-1 1.10e-2 1.07e-2 1.89e-2 1.93e-1 1.96e-1 2.15e-1

~NOoO O~ WNEO

Figure 7.3.  Solution in test 2 (on a chosen sector of the domairj 3;3]) at the nal
time T of the 1D linear advection-di usion equation for di erent i, and schemes.
We observe unmatched di usivity for =0, excellent agreement for =1 and good
agreement but spurious oscillations for Lax Wendro .

7.3. 1D viscous Burgers equation

We now turn to a non-linear problem. In this case, the choice of model for the collision phase is no
longer negligible and shall be studied at the very end of the work in Section 7.6. For the moment,
we aim at proving that our previous analysis is still meaningful in this context upon veri cation of

the smoothness assumption. Indeed, we see that in the case of singularities the previous analysis is
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Table 7.7. Test 3 for the 1D viscous Burgers equation takingL = 11 and = 0:05
(large di usion) and performing the computation using a mesh at levelL as indicated.

\ Haar =0 | =1 | Lax Wendro

: min Eijap Esdap Dadap Eijap Eédap Dadap E;ap Eédap Dadap
1.23e-2 1.23e-2 0.00e+0 1.23e-2 1.23e-2 0.00e+0 1.23e-2 1.23e-2 0.00e+0
1.24e-2 1.24e-2 9.99%e-4 1.23e-2 1.23e-2 1.88e-7 1.23e-2 1.23e-2 1.60e-6
1.27e-2 1.27e-2 2.99e-3 1.23e-2 1.23e-2 9.34e-7 1.23e-2 1.23e-2 8.02e-6
1.41e-2 1.4l1le-2 6.95e-3 1.23e-2 1.23e-2 3.89e-6 1.23e-2 1.23e-2 3.37e-5
1.94e-2 1.94e-2 1.48e-2 1.23e-2 1.23e-2 157e-5 1.22e-2 1.22e-2 1.36e-4
3.26e-2 3.25e-2 3.00e-2 1.23e-2 1.23e-2 6.30e-5 1.19e-2 1.19e-2 5.48e-4
6.04e-2 6.03e-2 5.90e-2 1.23e-2 1.23e-2 2.60e-4 1.08e-2 1.09e-2 2.20e-3
1.13e-1 1.13e-1 1.12e-1 1.22e-2 1.22e-2 1.18e-3 8.32e-3 8.62e-3 9.08e-3

~No ok WNEO

Table 7.8. Test 3 for the 1D viscous Burgers equation takingL =11 and = 0:005
(small di usion) and performing the computation using a mesh at level L as indicated.

\ Haar =0 | =1 | Lax Wendro

L C L L L L
Eadap Eadap Dadap Eadap Eadap Dadap Eadap Eadap Dadap

5.31e-3 5.31e-3 0.00e+0 5.31e-3 5.31e-3 0.00e+0 5.31e-3 5.31e-3 0.00e+0
4.96e-3 4.96e-3 1.16e-3 5.31e-3 5.31e-3 3.47e-6 5.29e-3 5.29e-3 2.72e-5
4.62e-3 4.61e-3 3.4l1e-3 5.31e-3 5.31le-3 2.34e-5 5.21e-3 5.22e-3 1.38e-4
6.81e-3 6.78e-3 7.76e-3 5.28e-3 5.30e-3 1l.4le-4 4.90e-3 4.92e-3 6.17e-4
1.48e-2 1.47e-2 1.64e-2 5.28e-3 5.31e-3 8.63e-4 4.54e-3 4.58e-3 3.54e-3
3.23e-2 3.20e-2 3.34e-2 5.92e-3 6.14e-3 6.08e-3 1.43e-2 1.48e-2 1.70e-2
6.67e-2 6.49e-2 6.57e-2 2.91e-2 3.36e-2 3.37e-2 9.97e-2 1.05e-1 1.04e-1
1.07e-1 1.24e-1 1.25e-1 2.55e-1 2.45e-1 2.42e-1 8.03e-1 8.18e-1 8.19%e-1

5

N~No oA wNE o5’

no longer well-grounded due to the lack of smoothness and we thus understand the strong interest of
dynamic mesh adaptation using multiresolution, discussed in Section 7.5.

7.3.1. The problem and the reference scheme

Consider the solution of the viscous Burgers equation (see Table 7.1) given by

r Riq h 1 X at! 2
a1 exp g erf p=— . e d
ut;x)= —-g h Ato g o
’ t “lexp Lerf pt- L e 2d
1 Pz 4to to

where the exact solution has been obtained following [26] and the integrals with weighe ? shall
be approximated by Gauss Hermite formulee with one hundred points. We considerT =1, tg = 1
and either = 0:05 (large di usion) or = 0:005 (small di usion) for the continuum problem. The
computational domainis[ 3; 3]with copy boundary conditions. We again use a D1Q3 as in Section 7.2.
The scheme is determined by = 4, the equilibria m%®9 = (m°)2=2 and m%¢9 = (m%3=6+ m 0=2,
with =4 (large diusion) and =1 (small diusion) and s, =(1=2+ = ( x )) 'ands, =1.

7.3.2. Results and discussion

We rst perform the same kind of test than in Section 7.2 and the results are on Table 7.8 and 7.7
and Figure 7.4 and 7.5. We point out the following facts:
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Figure 7.4.  Solution in test 3 (on a chosen sector of the domaif 3; 3]) at the nal

time T of the 1D viscous Burgers equation with = 0:05 (large di usion) for di erent
“min and schemes. We remark wrong di usivity for = 0 and reliable results for
=1 and Lax Wendro .

Multiresolution scheme for = 0. In the case of large di usion, we see that the method

adds much numerical di usion yielding unreliable results. On the other hand, for the small

di usion, the result seems good from a graphic point of view because of the secondary role of

di usion on the shape of the solution. However, the discrepancies from the reference scheme

are important in both cases. Compared to the other strategies, the di erence with respect to

the reference algorithm is larger, as expected: starting from “min = 3 (for large di usion) and
“min = 2 (for small di usion), the term Dgagap Can no longer be neglected.

Multiresolution scheme for = 1. The plots of the solution show that it agrees well with
the expected one. We can notice a slight crushing of the solution for the large di usion which
can be considered a fourth order e ect. In the case of small di usion, despite the fact that
the reference scheme does not oscillate close to the steep zone of the solution, we see that the
adaptive method does so for large "min. This cannot be due to third-order terms, since they
are matched, so one may argue that these are fth-order e ects (not likely) or the consequence
of the fact that we are no longer allowed to perform Taylor expansions either because the
spatial step is too large or because the solution is not smooth enough. Indeed, as already said,
this is the proof that using a xed coarsened mesh is not a good approach to deal with moving
singularities. This context calls for dynamically adapted meshes and error control. Still, the
di erence with the reference scheme is minimized for this choice of reconstruction and the
impact of the adaptive scheme can be neglected for any ", for the large di usion and until
“min =4 for the small di usion.
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Figure 7.5.  Solution in test 3 (on a chosen sector of the domaij 3; 3]) at the nal
time T of the 1D viscous Burgers equation with = 0:005 (small di usion) for di erent

“min and schemes. All the methods produce spurious oscillations since the solution
lacks of smoothness. These oscillations are slightly damped for = 0 by virtue of the
large numerical di usion.

Lax Wendro scheme . The result for the large di usion seems reliable, even if the method
slightly overshoots the exact solution allegedly due to the third-order mismatch. On the
other hand, the test with small di usion clearly shows that the method perturbs the dispersive
terms at third order, inducing oscillations near the kinky zones of the solution. Compared to
the reference solution, the behavior of the Lax Wendro scheme is situated half-way between
those for =0 and =1, as expected. in particular, the impact of the adaptive stream is
negligible until  "nin =7 (for large diusion) and  "min =3 (for small di usion).

For each stream strategy, we see thaDaqap Stops to be negligible comparecE,es earlier for the small
di usion than for the large. This is coherent with the fact that the solution develops more high-
frequency modes. Moreover, one limiting factor of the theoretical analysis are the implicit smoothness
assumptions on the solutions. In the case where the solution is close to singular and especially for large
“min » the behavior of the numerical scheme on a uniform coarsened mesh deviates from the theoretical
predictions because the smoothness assumption is not valid. From a multiresolution perspective, the
lack of smoothness translates into the fact that the details of the solution at the nest levelL are not
small close to the blowup.
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7.4. 2D linear advection-di usion equation

Before ending with a demonstration with mesh adaptation and a study on the in uence of the collision
phase on the quality of the numerical solution, we repeat the test of Section 7.2 fad = 2, to corroborate
the extension of the previous analysis to the multidimensional setting done in Section 6. We selected
a quite rich numerical model in terms of degrees of freedom to show the generality of our analysis.

7.4.1. The problem and the reference scheme

The target equation is the same as (7.2) just takingd = 2 (see Tabltle 7.1), therefore the solution is
1 oo X Vij2

4 (trt) " Ao+

The scheme we usg is the D2Q9 with velocities given by

u(t; x) =

3 (0;0); =0;
C = _ cos 5( 1) ;sin 5( 1) ; =1:2,3,4,
cos 5( B)+ z:sin 5( 5+ 7 =5,6,7,8,
with the moments by Lallemand and Luo [25] relaxing with S = diag(0;s;s;1;1;1;1;1;1)
0 1 1 1 1 1 1 1 1 l1
0 0 0
0 0 0
4 2 2 2 2 2 2 2 2 2 2 2 2 2
M = 0 23 0 2 3 0 3 3 3 3 .
0 0 2 3 0 2 3 3 3 3 3 ’
4 4 2 4 2 4 2 4 2 4 4 4 4 4
0 2 2 2 2.0 0 0 0
0 0 0 0 0 2 2 2 2

with s=(1=2+3 =( x)) ! to enforce the di usivity. The equilibria are based on the second-order
expansion of the Maxwellian as in [18]

med = v, mO; m%ed = \,m°; m3ed=( 2 2+3jVj>)m°;
m4;eq - 2VXmO; m5;eq — 2Vym0; m6;eq — ( 4 3 ZjVjZ)mO;
m7e=(vZ  VAHm’; m8ed = v, vym°:

The parameters of the problem areT =0:5,to =1, Vx =0:5 VW, =05 =0:005 =1.The
computation is done on the bounded domain] 1=2; 1]°.

7.4.2. Results and discussion

We perform the same kind of test than for the unidimensional problem, by takingL = 9 and using dif-
ferent minimum levels L. The full results are on Table 7.9 and some plots of the solution in Figures 7.6

and 7.7. We observe the following facts:

Multiresolution scheme for = 0. As one expects, the diusion term is not correctly
handled. This results in a non-negligible additional error Dagap in Table 7.9 and Figure 7.7
clearly shows that the packet is crushed way too rapidly. It is also interesting to notice that since
the most important contribution to  Dagap is an additional isotropic di usion, the structure of
Dadap (see the white contours on Figure 7.6) is essentially isotropic.
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Figure 7.6.  Spatial patterns of Dagap in test 4 at the nal time T with logarithmic
(to compare =0;1 and Lax Wendro ) color-scale for each choice of “nin. We also
plot ten isocontours to show the main trends which are hidden behind the logarithmic
scale. We notice the isotropic behavior for = 0; 1, whereasDgqap is highly anisotropic
for Lax Wendro as consequence of the alteration of the dispersive terms.

Multiresolution scheme for = 1. On the other hand, this method successfully copes with
the di usion phenomena, being able to have a negligibleDagap until  “min = 5. Figure 7.7
shows a very good agreement with the expected solution and Figure 7.6 shows that the dis-
crepancies from the reference scheme are essentially isotropic, since made up of fourth-order
terms, with additional rapidly oscillatory terms when i, increases. This creates the dense
amount of contours we can observe.

Lax Wendro scheme . Again as expected, the method does not alter the di usion terms but
Dadap Starts to be a dominant term earlier than for =1, namely around “yin = 3. This can
be also understood when looking at Figure 7.7, where one clearly notices the alteration of the
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